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Abstract. We study properties of the eigenvectors of adjacency ma-
trices of G(n,p) random graphs, for p = w(logn)/n. This connects to
similar investigations for other random matrix models studied in physics
and mathematics. Motivated by the recent paper of Dekel, Lee and Linial
we study delocalization properties of eigenvectors and their connection to
nodal domains. We show the following for an eigenvector z (normalized
st ||zl = 1):
1. For any S C [n] and |S| = dn, we have

4.6

Zm? > 37]? w.h.p.

= log™(1/pé)
A similar statement proved for § > 1/2 by Dekel, Lee and Linial.

2. Let p > n~ /2% Then z has exactly two nodal domains whp. (i.e.,
the subgraph of vertices with x; > 0 is connected and so is the
subgraph of vertices with z; < 0). Previously such a statement was
not known even for p = 1/2, unless one is allowed to discard O(1/p)
“exceptional” vertices of the graph.

Our techniques involve using Wigner’s semicircle law on “short scales”,

an idea previously used in mathematical physics by Erdés, Schlein and
Yau.

1 Introduction

Eigenvalues and eigenvectors of random matrices is a topic that spans multi-
ple disciplines of science, and is related to topics as diverse as the zeros of the
Riemann Zeta function, properties of hamiltonians of atomic nuclei, and con-
ductance properties of metallic lattices. The seminal work of Wigner [1] studied
matrices whose entries are i.i.d. (standard) gaussians, and identified the distri-
bution of eigenvalues, which he quantified in the celebrated semi-circle law. Our
knowledge of the finer distribution of eigenvalues has grown in the decades since,
and extensions of these results to other random matrix models have been found.
In this paper we are interested in adjacency matrices of random graphs in the
Erdds-Renyi model G(n,p) wherein each edge is picked iid with probability p.
The eigenvalue results in Wigner tradition have also been proved for it (see [2]).



Establishing the properties of eigenvectors has proved much harder than for
etgenvalues in most models. Hints from a variety of disciplines suggest that eigen-
vectors of random matrices should look like random vectors in ™. A natural
conjecture is that the entries are distributed like i.i.d. Gaussians. This is easy
to prove via a symmetry argument when the random matrix has i.i.d. Gaus-
sian entries (note that this distribution is invariant under rotation), and with
some effort weaker results are provable for the case of Gaussian Orthogonal En-
sembles (we refer to the excellent survey of [3]). Recently Tao and Vu [4] and
Erdés, Schlein and Yau [5] have proved strong theorems about distributions of
eigenvectors for more general distributions.

When a full characterization of eigenvector properties eludes us, we may try
to prove delocalization properties of eigenvectors as a first step. Delocalization
says that the “mass distribution” over the coordinates of the eigenvectors is not
too lumpy. If the eigenvector entries were truly Gaussian, one would expect en-
tries to be about 1/4/n in magnitude, so the following is a small list of properties
one may expect to hold with high probability (throughout the paper, “whp.” will
mean with probability bigger than 1 —n~¢ for a large constant c):

. |z|ls <logn (Posed by T. Spencer, see [3].)
e < k\’/gﬁ". (Stronger than the previous statement.)

logn
NG

. Say S C [n] and [S] = dn. Then ), g 7 is bounded from above and below
by ‘reasonable’ functions of § w.h.p.

el < w.h.p. for every unit vector u.

N N

Dekel, Lee and Linial [6] were led to some of the above questions because
of their study of nodal domains. Given an f : V +— R, its nodal domains are
defined as the connected components formed by vertices having the same sign for
f (some care is needed in dealing with v s.t. f(v) = 0, which we will get to later).
Nodal domains arising out of physical systems have been studied extensively. For
a review of the subject, we refer to the articles in [7]. For instance, Blum et al
have shown that nodal count statistics can be used as a criterion for quantum
chaos. Closer to home, in computer graphics they are used as a way to distinguish
between surfaces whose associated graphs happen to be iso-spectral (see [8] for
these and other examples).

Courant’s celebrated nodal domain theorem (c.f. [7]) says that the kth eigen-
vector (after sorting based on increasing eigenvalues) of the Laplacian of a graph
has at most k& nodal domains. A canonical example is that of harmonics on a
string: the kth eigenfunction is a sine function with k peaks and k sign changes.
Connections are also known between nodal domains and chromatic number (we
refer to the survey [9]).

In G(n,p) graphs which are dense enough, we do not expect the eigenvectors
to have more than two nodal domains (one each for positive and negative). The
intuition is that each vertex with a negative value in the eigenvector is very likely
to have an edge to a vertex in the domain corresponding to negative vertices,
so the entire negative domai should just be connected. Dekel, Lee and Linial
[6] studied this question, and proved that this is true, provided we throw away



O(1/p) “exceptional” vertices. As p gets smaller, this is number is quite large,
and thus they cannot obtain a good bound on the number of nodal domains.

Our results. We prove that there are precisely two nodal domains in any eigen-
vector of G(n,p) whp., for p > n=/19t¢ (any ¢ > 0). Our proof has two key
ingredients: the first is a strong delocalization result (in this case an ¢, bound)
on the eigenvectors proved very recently due to [10].! The second is a stronger
“spreading” result we prove — it says that for any subset S of dn coordinates,
an eigenvector has non-trivial £5 mass on S whp. Dekel, Lee and Linial [6] also
prove such a result, however they can do this only for § > 1/2.

The emphasis of our results is on the connection between delocalization (in
this case, saying that mass is “spread-out”, even to sets of a small constant size),
and properties of nodal domains. Our techniques are inspired by the work of
Erdds, Schlein and Yau [5] who give a beautiful technique to prove properties of
eigenvectors starting with refined versions of the semicircle law. (Section 2.1) A
key component of their argument is proving that the gap between two eigenvalues
is small for most of the spectrum — it is only around 1/n, if eigenvalues are
normalized to lie in [—2, 2]. Gaps between eigenvalues are interesting in their own
right, and are related to, for instance, the distribution of roots of the Riemann
zeta function [3]. We rely on results of this flavor for G(n, p), proved recently in
work by Tran et al [11], and Erd6s et al [10].

Outline. The delocalization result is proved in Section 3. This is used to prove
the theorem on nodal domains (Section 4). We end with a discussion on other
natural delocalization properties and directions for future work.

2 Notation and Preliminaries

We consider the Erdés-Renyi graph model G(n,p), in which we have n vertices
and each possible edge is picked independently with probability p. We study
properties of the adjacency matrix of G ~ G(n, p).

Define D,, to be a random variable which takes value 1 w.p. p and value 0
w.p. 1 —p. Define X, to be the “shifted” variant: it takes value 1 —p w.p. p, and
—p w.p. 1 —p (and hence has a mean zero). Note that the adjacency matrix has
zero on the diagonal, other entries are distributed according to D, (and they are
independent, modulo symmetry constraints).

Let 1,, denote the vector in ™ with every coordinate (in the standard basis)
equal to 1/4/n (thus it is a unit vector for each n). Also, J,, ,, will refer to an mxn
matrix with each entry equal to 1. Finally, whenever we say that a statement is
true ‘whp.’, we mean that it is true with probability 1 — m. As is standard,
there will be constants which can be chosen so as to make the statements true
for any given polynomial. We also take union bounds over polynomially many
events that are true whp., and the result will be true whp. Let us now outline
some standard results from random matrix theory.

! An earlier version of this paper used a weaker bound due to [11].



2.1 Semicircle law and the eigenvalues of G(n, p)

Let G be drawn from G(n, p), with p > w(logn)/n and let A denote its adjacency
matrix. The following facts are well known about the eigenvalues of A (we refer
to the excellent lecture notes due to Tao [12] for details):

Fact 1 The largest eigenvalue \pqq is np(l £ O(ﬁ)) Further, the eigenvector

corresponding to the largest eigenvalue is ‘close’ to the vector 1,, (see [6] or [13]).

Fact 2 The rest of the eigenvalues (apart from the first) satisfy |A\;| < 2(1 +

o()yv/n (=2(1+o(1))y/np(1 - p)).

Fact 3 (Semicircle law) Let ¢ > 0 and t,t + ¢ € [—2,2]. Let N(t,e) denote
the number of eigenvalues of A that lie between ty/n and (t + €)yy/n. Then for
any § > 0, we have

t+e t+e
‘N(t, €) — n/ psc(x)dz| < 5n/ psc(x)dx
t ¢

whp., where psc(x) denotes the ‘semicircle density’: i\/él —z2.

A lot of work has been aimed at proving the semicircle law for € (in the state-
ment above) as small as possible. These are called local semicircle laws, and play
a crucial role in all the existing results on properties of eigenvectors ([5],[11],[10]).

2.2 Singular values of random matrices

The distribution of singular values of random rectangular matrices has also been
extensively studied in literature. We consider rectangular m x n matrices (think
of m > n), with entries drawn iid from a distribution D with mean zero and
variance v2. Bai and Yin [14] showed asymptotic (in m,n, with fixed ratio m/n)
bounds on the smallest and largest singular values, for fairly general D. This
was extended to more general m,n in later works, culminating in the result of
Rudelson and Vershynin [15], which we state for the special case of D = X,
(defined earlier in this section).

Theorem 1. [15] Suppose A is an m X n matriz with entries drawn #id from
X,, and let v* = p(1 — p), as earlier. Then we have

Tmax(A) = (I+o(1))v(Vm+vn), and  omin(A) = (1-0(1))7(vVm—+v/n)whp.

We will only need fairly innocuous applications of this theorem — for instance
the o(1) terms could be, say 1/2. Such versions are in fact much easier to prove.



3 Support on §-sized sets

In what follows, let G be a graph drawn from G(n,p), and let A denote its
adjacency matrix. Let us fix 1 < 7 < n, and let v € R" be the eigenvector
corresponding to the ith largest eigenvalue of A.? The main result of this section
considers the distribution of mass on this eigenvector. More precisely,

Theorem 2. Let G, A and v be defined as in the paragraph above, and let S C
[n] be a set of indices satisfying |S| > dn, for some parameter 6 > 0. The we
have .
p
Ivisl > 2(—52—)  who,
log™(1/pd)

where ||v|s||3 := Zjesvjz.

Comments. Note that the “whp.” is after fixing an S. It would be nice to say
that every set of size dn has a large mass, but we do not know how to do this.
Another point is that the bound degrades (quite badly) as p gets smaller — this
is a common issue with G(n,p) and it is not clear how it can be removed.

As a warm-up, we will consider a simpler case. Here we will look at a sym-
metric matrix with entries drawn i.i.d. from the distribution &, (instead of an
adjacency matrix). More precisely,

Lemma 1. Let M be an n X n symmetric matriz with the upper diagonal entries
drawn t.i.d. from the (symmetric) distribution X,,. Let S C [n] be a set of indices,
with |S| > dn, and § > 1/2. Lastly, let v be an eigenvector of M, normalized to
have unit length. Then w.h.p., we have ||v|s||3 > $2(1).

Having entries from &}, and not D, simplifies things. The other (more crucial)
simplification is in assuming that ¢ is a constant > 1/2. The difference will
determine the constant in the 2(-). This is the key lemma in the work of Dekel
et al.

Proof. Let X be the eigenvalue corresponding to v. Now let us view the matrix M
as blocks based on indices being in S and V'\ S. We write the equation Mv = Av

) EAHE <1>

(To be clear, the vector v is split into vectors z, y based on indices in S, V'\ S, and
matrix M is split into B, H, HT, D, since it is symmetric). Let us denote |S| = m
(= 0n), and let 7 = n —m; thus the dimensions of B, H, D are m xm, m Xr,r Xr
respectively. v is normalized, thus ||z|* + ||y[|* = 1. From (1), we have

Bx 4+ Hy = Az,
HTz + Dy = \y. (2)

2 We do not deal with i = 1 since it is very simple — in this case standard results
(c.f. [13]) say that the eigenvector is close (entry-wise) to the all-ones vector (w.h.p.),
and all our claims follow from this.



Assumption. We will assume that neither B nor D has A as an eigenvalue, and
will thus freely use the expression (Al — B)~! and the like. This is a technical
issue — we can deal with it by either adding a small amount of noise (as in Section
3.1 of [11]), or by working with the pseudo-inverse.

Now from the first equation of (2), we have that x = (A — B)~'Hy. Since
llz||?+|ly||* = 1, and we are done if ||z]|?> > 1/4, we may assume that ||y > 3/4.
The key now is that for § > 1/2, H is an m x r matrix, with m > ¢r for some
constant ¢ > 1. Thus H is well-conditioned, more precisely (see Section 2), we

have that
Omin(H) > y(vVm — /1) > y/m - ¢,
2

min

for some constant ¢’ (depending on ¢). Since |Hz||?> > o 1
have in particular that ||Hyl||? > m~? - 2.

We will claim that the largest eigenvalue (in magnitude) of (Al — B) is at
most 6v+/m. This would imply that the smallest eigenvalue of (A\I — B)~! is at
least ﬁ in magnitude, thus for any vector z, ||[(Al — B)~'z|? > 367127n||z||2,
so plugging in z = Hy and using the earlier bound, the lemma follows.

It thus remains to verify that the largest eigenvalue of AI — B is at most
6vy/m. First, note that \ is an eigenvalue of M, a symmetric matrix with entries
i.i.d. copies of the symmetric r.v. X,. Thus A < 2yy/n < 3yy/m (since m >
n/2). Second, since B is a symmetric random matrix with entries from X, the
eigenvalues of B all have magnitude smaller than 3vy+/n w.h.p. These imply the

desired bound.

|z]|? for any z, we

General case. The main difficulty in the general case (§ < 1/2) is that we
no longer have a good lower bound on ||Hy|* — indeed such a bound is false
for arbitrary y (there will even exist non-zero y s.t. Hy = 0!). Another (more
technical) difficulty is that we wish to deal with the adjacency matrix, whose
entries are distributed according to D, and not the symmetric X},: this means
that (A — B)~! will have one eigenvalue which is tiny (of the order of 1/n if we
think of p as a constant), and we need to ensure that Hy does not have most of

its mass long this eigenvector.

Outline. For the sake of intuition, suppose the second issue did not exist (i.e., we
are dealing with symmetric matrices with upper-diagonal entries i.i.d. from &X},).
Then the first issue is dealt with by observing the following: even though || Hyl||
could be small for certain y, it is still true that given y, this quantity is large
with high probability (over the choice of H). So the key idea is to try to restrict
the possible y to a “small” set (which does not depend on H), and then take a
union bound. The restriction is achieved by observing that the second equality
in (2) implies that y = (A — D)"'HTz, and if 2 is “too short”, then so is H  x,
and hence (A — D)~! should “stretch” H”x by a large amount (because y is
close to length 1). This in turn implies that y is essentially supported on the
large singular vectors of (A — D)~! (which is independent of the choice of H!).
This allows the union bound argument to go through.

Dealing with the second issue above, namely working with D, will involve
many technical difficulties, but the rough outline is as described above: first



analyze for a fixed y, then impose a “structure” on y, followed by an e-net
argument.

3.1 Theorem 2: Analyzing a fixed y

Let us now show, for a given vector y, how (Al — B)~!Hy has a large norm w.h.p.
(over choice of H). This is step is more or less straightforward if the entries of
the matrix B ii.d. from A),. However in our case B is the adjacency matrix
of the induced (also random with edge prob. p) graph on S. It has mp as its
top eigenvalue and all other eigenvalues are < 3yy/m whp. Since the parameter
A < 3v4y/n, we have that all except possibly one, of the eigenvalues of (A — B)
have magnitude at most 6v/n. Let u € R™ be the eigenvector corresponding
to the only “large” (> 6v4/n) eigenvalue. Now if the vector Hy has “enough”
mass orthogonal to u, it turns out we can give a lower bound on the length of
(M — B)~'Hy. We thus show the following.

Lemma 2. Suppose u € R™ is a unit vector s.t. |[u—1,,||*> < 1, and let y € R".
Let H be a matriz in R™*" whose entries are i.i.d. copies of D, (it is rectangular
— we do not have any symmetry conditions). Then we have

—m 2
Pr [||Hy||2 — (u,Hy>2 < mp72||y|\2/10] < e~ mPY"/200

Proof. First, let us write H = H' +pJ,, », as before. Also since the statement is
invariant under scaling y, let us assume ||y|| = 1. Further, let y = y'+al,., where
(y,1,) = 0. Then Hy = H'y+ (mr)*/?pa- 1,,. Let us write ¢ := (mr)'/?pa, and
let Z = H'y. Thus for random H, Z is a vector with i.i.d. mean-zero entries.
The quantity we are interested in is now

|24+l = (0, (Z + 1))’
=121 + eLnll? + 202, L) — ({0, 2) + {u,eL) + 2(u, Z)(u, 1)

= (1217 = (0. 2)?) + ((Lns L) = (0,€L0)* + 2L, Z) (L, L) = 21, Z) (1, c1,))

Let 71 and 73 denote the terms in the first and the second parentheses. The idea is
now to manipulate the terms, 77 and 75 separately and using Azuma’s inequality
to prove that they are both large, whp. The details are somewhat tricky, though
morally straightforward. The entire proof of the lemma is reproduced in the
appendix (Section A.2). O

3.2 Theorem 2: Imposing structure on y

First, we show how to restrict the possible set of y. To this effect, we show the
following:

Lemma 3. Let z € R™, y € R", with ||z|| < £2d/2n, and suppose ||y|| > 3/4.
Further, let y = (A — D)"*HT2 (with H, D as before). Then there exist a set
S of at most d vectors, determined entirely by D, such that y = s + z, with
s € span(S) and ||z|| < e.



Before going into the proof, let us show: (proof in Section A.3)

Lemma 4. Suppose M € R"*" and u,v € R", with v = Mu. Suppose ||v|| =1,
and ||ul| < e/T, for some e,7 > 0. Then v =v" + z, where ||z|| < e, and V' is in
the span of the eigenvalues of M of magnitude > T.

Proof ((of Lemma 3)). Let us write H = H' + pJ,, », so we get
y=\ —D)" " (HT +pJp)r =N — D) "H 2+ p(\ — D) ' Jp

The second term is a vector which is parallel to (Al — D)~11,.. Let us add a unit
vector along this direction to S. Now consider the vector 1 := (Al — D) *H'Tz.
If [|n]] < e, we are done: we have expressed y as the span of a small set of vectors
(which depend only on D) plus an € noise. Thus suppose ||n|| > . We now
observe that H'T has entries which are iid copies of X,. Thus from Theorem 1,
we have oyax (H'T) < v(\/7 + /m) whp., and thus ||H' 2| < 4v+/n|/z].

Now we ask: how many eigenvalues of (A\I — D)~! have magnitude >

C_9
2y’
(for some parameter C). It is precisely the number of eigenvalues of D Whicﬁge
in a 2v4/n/C interval around A. By the semicircle law (Fact 3, in a scale roughly
1/C), this number is at most 4n/C (recall that we assumed § < 1/2, and hence
r>n/2). We set C = 4n/d.

Let us now recall that ||n|| > ¢, and further we saw that || H'" z|| < 4v/n||z| <

2v4/n - E%d. Thus (A — D)~ ! stretches H'"'z by a factor at least - - 27{/%. Thus

by Lemma 4 (in the hypothesis, the vector is stretched by a factor 7/¢), we have
n =1+ z, where ||z|| < &, and 7 is in the span of eigenvectors of (A — D)~! of
eigenvalues with magnitude at least % - ﬁ The number of such eigenvectors,
as we saw above, is precisely d. This completes the proof.

O
We will use this lemma with & = (pd)'/2/20, and d = QOﬁng/E) 5 fz:g?:/e)a
e?d _ 5%p3

S = Thog(i/ps)» for some absolute constant C'.

for which we need ||z|| =

3.3 Theorem 2: The e-net argument, finale

In Section 3.2, we saw that we could restrict y to vectors of the kind s+ z, where
s is a unit vector in the span of a set of d vectors (we can assume s is unit even
though we did not technically prove it, since y is extremely close to a unit vector
if ||z| is small), for some “small” d, and ||z|| < e. Let us denote the set of all
such y by V.

Modified e-Net. We will need an e-net with additional property. In particular,
we need a set N, s.t. for every y € ), we have y = y'+n, where ¢/ € N, ||n|| <&,
and further |(n, 1,)| < ¢/r. The additional requirement is to handle the fact that
we deal with D, and not &,.

We can find an N, of this kind as follows: first we consider a “usual” e-net,
so we have a set M¢, such that ) C | ¢, B(z,€). Now we can chop up B(z,¢)



for each e into 2r “slices” where for any u,u’ in one slice, (u,1,) and (v, 1,)
differ by at most ¢/r, and pick the ‘center’ of each slice (the number of slices is
2r because in B(z, ¢), the dot-product with 1, can vary by at most 2¢). Now we
use Lemma 2 to prove:

Lemma 5. Let u be a unit vector in R™ satisfying ||u — 1,,]|*> < 1, and H be a
matriz in R™*" whose entries are i.i.d. copies of Dy. Then w.p. > 1 —
we have

1
poly(n)’
IHy||” — (u, Hy)*> > mpy?||y[|*/10  for ally € ¥

Proof. Let IT : R™ — R™ be the operator which projects to the (dimension
m — 1) subspace orthogonal to u. Now let € := (pd)'/2/20, and N. be an e-net
for Y in the modified sense as above. Now for each y € N, we have by Lemma 2,

_ 2
| ITHy||? > mpy?||y]|?/10 w.p. > 1 — e ™mP7 /10,

By our choice of parameters (i.e., d, and because dnp? > logn), we have r -

d
(%) < exp(mpy?/10), we have that w.p. > 1—%, | ITHy||* > mpy?||y||*/10
for all y € N,. In particular, since |ly|| > 3/4 for all y € Y, we have |[[THy| >

~vy/mp/6 for all y € N, w.h.p.
Now suppose 1 € R", with the property that ||n|| < ¢, and |{(n,1,)| < &/r.
Write n = ' + pl,., where (n',1,) = 0. So we have |p| < ¢/r. Thus

[Hnll = | H'7' + p(mr)"/?p1|| < eomax(H') + yv/me.

From section 2, we have opax(H') < y(v/m + +/r) w.h.p. Combining this with
the above, we have that

[ITHy|| > ~/mp/6 — 2y(v/m + V/r)e  for all y € Y, whp.
This completes the proof, noting € < (pd)*/?/20.

Lemma 6. Let B be the adjacency matriz of a G(m,p) random graph, and let
H be an m X r matriz with entries picked iid from D,. Then whp. (over the
choice of H, B), we have

1L = B) oyl = Y2 for all y € 3.

See Appendix A.4 for the proof. This completes the three step proof of Theo-
rem 2.

4 Nodal domains

Let G ~ G(n,p), and let us consider an eigenvector v of the adjacency matrix
A. Let the corresponding eigenvalue be A, and that it is not the largest (this
means (v, 1,,) is small, and hence we expect it to have both positive and negative



components). Recall that nodal domains of v are maximal connected components
of v which have the same sign. For technical reasons, we will consider only weak
nodal domains, i.e., if a coordinate v; = 0, we allow it to be in multiple domains.
In fact, Courant’s nodal domain theorem in a discrete setting applies only to
weak nodal domains (though there is a different version for strong nodal domains,
it is not as clean to state) [9].

Intuitively if a graph is fairly dense, we would expect much fewer than n
nodal domains for any function f on the vertices, unless the graph has a certain
structure (for instance if a graph is bipartite, there exists an f with n different
nodal domains). Thus for dense enough random graphs, we would expect to see
precisely two nodal domains (one each for positive/negative) when we consider
the eigenfunctions. This will be the subject of this section.

We crucially use the following (very recent) result of Erdds, Knowles, Yau
and Yin [10]. A weaker result (used in an earlier version of the current paper)
was proved by Tran et al [11].

Lemma 7. [[10], Theorem 2.16] Let A be the adjacency matriz of G(n,p), and
let v be any eigenvector of A, normalized to |v||2 = 1. Then we have

log®n
v’

For convenience, we will denote this upper bound by 3. Let us start with
some simple observations, along the lines of [6]. First, observe that the size of
the largest independent set in G is O(logn)/p whp. (By a standard calculation
— Observation 1). Thus there cannot be more than O(logn)/p domains of each
sign (because vertices in different domains cannot have an edge by definition).
Further there can be at most one domain of each sign of size > C'log n/p, because
otherwise we have two sets of size C'log n/p with no edges between them and this
cannot exist whp (calculation & la Observation 1). Thus let My and M_ denote
the largest positive and negative domains respectively. We claim that both are
‘large” whp.

([V]|oo < whp.

Lemma 8. Supposep > n~/?>*=. Then both |My| and |M_| are at least log® n/p
whp.

The proof is an application of Lemma 7, and can be found in Section A.5. Now,
following [6], we will call the vertices in M, = V\ (M+UM_) exceptional vertices.
At most C'logn/p of these have v; > 0, because otherwise these along with M
are two large sets with no edges between them. Thus the number of exceptional
vertices is only C'logn/p. This crude upper bound will be helpful in showing
that there are in fact no exceptional vertices w.h.p.

Theorem 3. Let p > n~ /197 and v be an eigenvector of G ~ G(n,p) for
non-first eigenvalue \. Then v has precisely two nodal domains whp.

Proof. Equivalently, we wish to prove that there are no exceptional vertices.
Suppose for the sake of contradiction that M, # @, and let ¢ be an exceptional



vertex. Wlog, we may assume that v; > 0. Thus 7 can have edges only to M_UM,,
because if it has an edge to M it is in the same connected component and hence
not exceptional. Consider the ith coordinate in the equality Av = Av

Z v; + Z v; = Av;, e, Z v; — Z lvj| = Av;

JEM.NI (i) JEM_NI(i) JEM.NT (i) JEM_NI(3)
(3)

The proof is along the following lines: for every vertex ¢, we wish to claim that
>_jere) [vj] is large. This is because Theorem 2 implies 3 ;) v? is ‘large’ (be-
cause the ¢5 mass on any set is large, and we apply this to the set of neighbors),
and then using Lemma 7. Then we will claim that the other two terms are both
very small — the first is because there are too few terms, and the last by Lemma 7
and the fact that A is a non-first eigenvalue.

Formally, we first note that |I'(¢)| > np(1 — o(1)) for every ¢ whp. Thus by
Theorem 2 applied to I'(i),3 Zjer(i) ’UJQ- > s whp., where s denotes the RHS of
the bound in Theorem 2. We can then take a union bound and conclude this for
all i. Now by Lemma 7 we have |v;| < B for every j, thus }>. ) [v;] = s/B.

We showed that |M,| is at most W, and thus

for some constant C'. We will verify that our choice of parameters satisfy

LR 4CBlogn

S
> , and —
2f P 26

These will together contradict (3), thus finishing the proof of the theorem.
Plugging in the bound from Theorem 2 with § = p, the first inequality above

10
. . P 4C'logn
simplifies to o2 (T77) > oy

inequality in (4), along with the fact that A < 2vy/n = 24/np(1 — p) simplifies

> 8yv/n > 4AS. (4)

, which is true as long as p > n~'/11*¢_ The second

plo_ (np)'/*log* n
log?(1/p) = n
bound dominates.

to , which is true as long as p > n~'/197¢. The latter

5 Future Directions

A natural question posed by [11] is the following

3 Strictly speaking, we cannot use the theorem — because it says that for a fixed S, the
property holds whp. In our case we have the graph, and we are picking S = I'(i).
However, we can repeat the proof of the lemma setting S = I'(:) for one vertex
i — in the block decomposition, one of the columns of H has all ones, and the
‘corresponding’ column in D has zeroes. However the rest of the entries are random,
and this ensures that all the claims hold. We omit the details.



Conjecture 1. Let v be an eigenvector corresponding to a non-first eigenvalue of
Clogn
=5

A, and let u be any unit vector. Then whp., |(u,v)| < NG

Note that £, bounds on eigenvectors translate to choosing u = e;. While it
seems tempting to use similar techniques — after all, by rotation we can change
any u to e; — the difficulty is that we no longer have blocks with entries that are
independent of each other.

Lewvel sets. One can also consider nodal domains of level sets of the eigenvectors:
these are nodal domains of the vector v — t1,,, for some threshold t. Such sets
arise in spectral partitioning, for instance [16]. We would expect that for ¢ beyond
some critical value, the nodal domains start “breaking apart” into smaller pieces,
and it is interesting to study this threshold.

G(n,p) for smaller p. Perhaps the most interesting open question is to study
delocalization and properties of nodal domains for small p (including p = C'/n
for large constant C'). Many of our technical ingredients, like the delocalization
results of Erdds, Schlein and Yau, and even some properties about the spectrum
are not known for this range of p. An ambitious goal is to investigate nodal
domain counts for the giant component. Perhaps a more approachable question
is to reduce the lower bound on p required by Theorem 3 (i.e., does it hold for
all p > w(logn)/n?)
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A Additional Lemmas

Lemma 9. Let Yy,...Y, be i.i.d. random variables drawn according to X,, and
let ai,...,a, be real numbers s.t. Y., a? = S. Further let Z denote the r.v.
Z =3, 0;Y;. Then
E[Z°] = Sp(1 —p) = 87
E[ZY] < §?(* + 37" (5)

Proof. Noting that Y; are drawn from the symmetric distribution &, we have
that E[Y;Y;] = E[Y;?Y;] = 0 for distinct 4, j. Thus we have

E[7%) = E[(Zamf] =E[} aiv?]=1"-5

4
E[Z2'] =E[(}_a:Y:)"] =E[ D aiojoray YiY;YiYi]
i ikl
=Y o EY]+6) afal ENPY/]
i i<j

Now E[Y;!] = p(1 —p)(1 —3p+3p*) < p(1 —p) = ~°, and E[Y;?Y] = +*. Noting
that 3, af < §% and 63, _; afa? < 35® now implies the desired result.
Observation 1 Let G ~ G(n,p). The size of the largest independent set in G
is at most C'logn/p whp.

Proof. The expected number of independent sets of size k is (by linearity of
expectation):

(Z) e_k2/2 < e—k(logn—(k/2))



This number is < 1/poly(n) for k > C'logn/p, thus Markov’s inequality gives
the result.

A.1 Proof of Claim. A.2

Claim. Let y € R" be any vector with |ly|| = 1. Let H' be an m X r matrix with
entries drawn i.i.d. from X&), and let Z = H'y. Then for any unit vector u € R,
and all ¢ > 0, we have

Pr[|(u, 2)| > ] <e . (6)

Proof. We can write out u” H'y = >i; Hi juiy;. Since Z”ufng =1, and H’
are mean-zero random variables bounded in absolute value by 1, we have the
claim by Azuma’s inequality.

A.2 Proof of Lemma 2

First, let us write H = H'+pJ,, ,, as before. Also since the statement is invariant
under scaling y, let us assume ||y|| = 1. Further, let y = v’ +al,, where (y,1,) =
0. Then Hy = H'y + (mr)'?pa - 1,,. Let us write ¢ := (mr)/?pa, and let
Z = H'y. Thus for random H, Z is a vector with i.i.d. mean-zero entries. The
quantity we are interested in is now

1Z+cLin|? = (4, (Z + 1))
=1Z|* + e1m® + 2(Z, clpm) — ((u, Z)* + (u, c1)? + 2(u, Z)(u, c1,,))

= (1217 = (0, 2)?) + ((Lns L) = (0,€L0)* + 2L, Z) (L, L) = 2(u, Z) (1, c1,))

Let 77 and T3 denote the terms in the first and the second parentheses. Consider
T>. To simplify things, let § := 1,,, — u, so that 1,, = u + 9. So first, we have

(L, €102 = (u, c1)% = (6, L) (1 + u, clyy,).
Next, writing (1,,, Z) = (u, Z) + (6, Z),
(Ly Z) (Lo, L) — (uy Z){u, 1) = (6, Z) (1, 1) + {u, Z) (0, c1y,).

Now since u and 1,, are unit vectors, and v = 1,, — &, we have 1 = 1 + ||6]|%> —
2(8,1,,), implying (§,1,,,) = [|6]?/2. Thus (1., + u,cly,) = 2¢(1 — ||8][2/4).
Plugging in these values and simplifying,

To = IR (1= 1612/4) +2¢(65.2) + 10w, 2))

By assumption, [u — 1,,[* < 1, and so we have

8] 91>

To = S = 20l(18, 2)] + 25w, 2))).

Now a standard Azuma-Hoeffding bound gives the following.



Claim. Let y € R" be any vector with ||y|| = 1. Let H' be an m X r matrix with
entries drawn i.i.d. from X}, and let Z = H’y. Then for any unit vector u € R,
and all ¢ > 0, we have

Pr[|(u, Z)| > ] <e . (7)

The simple proof can be found in Section A.1.# Using this we have that Pr[|(§, Z)| >
18] -vy/mp/20] < e=mPY*/400 "and so also Pr[|(u, Z)| > y/mp/20] < e~m»7*/400,
Thus w.p. at least 1 — efmp'y2/500’ we have

P (L PRI Yy W P GNP Y

Since ||§]|? < 2, and for all o, 8 € R we have a? — 2a3 > — 2, we have, w.p. at
least 1 — e‘mmz,
Tz > —mpy® /50

Now consider T7 := || Z]|? — (u, Z)2. As before, we have that Pr[||(u, Z)||* >
mpy?/100] < e~™P7° /100 We now show that || Z||> > mpy2/10 with extremely
high probability. More specifically,

Claim. Let y € R" be given, with ||y[|?> = 1, and H’ be an m x r matrix with
entries drawn i.i.d. from X,. Then

P o’ 2 mp’y —mp/lO-
) < TR <

Proof. Let Z := H'y, and let Z; denote the ith component of Z. We can check
(see Lemma 9 for details) that for each i,

E[Z7] = ~* |yl (®)
E[Z{] < (+* + 37 lyl* (9)
Thus by the Paley-Zygmund inequality, Pr[Z? > +2|y|*/3] > 3 % >

p/6. [The last bit is because we assume p < 1/2.] Let us say an index ¢ is
good if the above inequality holds. Thus any ¢ is good w.p. at least p/6, and
further, these events are independent. Thus in expectation there are at least
mp/6 good indices, and by simple Chernoff bounds, the probability that there
are at most mp/8 is at most e~mP/100 Tf there are at least mp/8 good indices,
then || Z]|2 > (mp/8) - v*/3 > mp~y?/24. This proves the claim.

Putting all these together, we showed that 7; > mm w.p. at least 1—e~mP7”/20,

Also, we saw that 75 > —m%’ w.p. at least 1 — ¢ mp72/20. This completes the
proof of Lemma 2.

4 Tt would be nice if we could have exp(—t>/27?) in the RHS — it would lead to a
better bound overall.



A.3 Proof of Lemma 4

Proof. Let A1, )Xo, ..., A\, be the eigenvalues of M in decreasing order of mag-
nitude, and let s denote the index where the values become smaller than 7.
Further, let w; be the corresponding eigenvectors, and let v = >, a;w;. Then
Mu =", a;\;w;, and thus if we write v = v’ 4 z, with v’ being the component
along the ‘large’ eigenvalues of M, we have

I2)? <Y Maf <) ol <e?

i>5 i>s

A.4 Proof of Lemma 6

Proof. Let u be the eigenvector corresponding to the largest eigenvalue of B. It
is well-known (see e.g. [6]) that u is “close” to 1,,, i.e., |u—1,,]> < 1 whp.
Now from the semicircle law (section 2), all the eigenvalues of B except the first
are at most 3yy/m whp. Thus if w is a vector orthogonal to u, we have that
(M — B)"twl|| > 37% - |lw||. Now using the previous lemma, we obtain

_ 1 f‘)/ /mp \/>
I-B)'H > . > vP f 11 .
1A ) yll = 3yv/m g =9 orallyc)y

A.5 Proof of Lemma 8

Proof. Suppose for the sake of contradiction, that [M_| < log?n/p. By the
above, there can only be log? /p? indices i with v; < 0 (small number of compo-
nents, each small).

Since A is not the top eigenvalue, (v,1,) < C\I/c%" whp. (c.f. [6]), 1€, D>, v; <
Ci;%”. But using Lemma 7, we get > . |v;| > %El v = % Since the sum is

small, the negative terms should cancel the positive ones, however there are
only log? n/p? of them and each is of magnitude only 8. Thus this would be a
contradiction if
log®n < 1

p? 4p°

ﬁ .

This simplifies to p? > log® n/n, which holds as long as p > n~1/2t¢,



