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Abstract

The problem of computing the Fourier Transform of a signal whose spectrum is dominated by a small
number k of frequencies quickly and using a small number of samples of the signal in time domain (the
Sparse FFT problem) has received significant attention recently. It is known how to approximately compute
the k-sparse Fourier transform in ~ klog? n time [Hassanieh et al’STOC’12], or using the optimal number
O(klogn) of samples [Indyk et al’FOCS’14] in time domain, or come within (loglogn)?™") factors of both
these bounds simultaneously, but no algorithm achieving the optimal O(klogn) bound in sublinear time is
known.

At a high level, sublinear time Sparse FFT algorithms operate by ‘hashing’ the spectrum of the input
signal into ~ k ‘buckets’, identifying frequencies that are ‘isolated’ in their buckets, subtracting them from
the signal and repeating until the entire signal is recovered. The notion of ‘isolation’ in a ‘bucket’, inspired
by applications of hashing in sparse recovery with arbitrary linear measurements, has been the main tool
in the analysis of Fourier hashing schemes in the literature. However, Fourier hashing schemes, which are
implemented via filtering, tend to be ‘noisy’ in the sense that a frequency that hashes into a bucket contributes
anon-negligible amount to neighboring buckets. This leakage to neighboring buckets makes identification and
estimation challenging, and the standard analysis based on isolation becomes difficult to use without losing
w(1) factors in sample complexity.

In this paper we propose a new technique for analysing noisy hashing schemes that arise in Sparse FFT,
which we refer to as isolation on average. We apply this technique to two problems in Sparse FFT: estimating
the values of a list of frequencies using few samples and computing Sparse FFT itself, achieving sample-
optimal results in k logo(1 n time for both. We feel that our approach will likely be of interest in designing
Fourier sampling schemes for more general settings (e.g. model based Sparse FFT).
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1 Introduction

The Discrete Fourier Transform (DFT) is a fundamental computational primitive with numerous applications
in areas such as digital signal processing, medical imaging and data analysis as a whole. The fastest known
algorithm for computing the Discrete Fourier Transform of a signal of length n is the FFT algorithm, designed
by Cooley and Tukey in 1965. The efficiency of FFT, which runs in time O(nlogn) on any signal of length
n, has contributed significantly to its popularity as a computational primitive, making FFT one of the top 10
most important algorithms of the 20th century [CipO0]. However, computational efficiency of FFT is not the
only reason why the Fourier transform emerges in many applications: in signal processing the Fourier basis is
often a convenient way of representing signals since it concentrates their energy on a few components, allowing
compression (which is the rationale behind image and video compression schemes such as JPEG and MPEG),
and in medical imaging applications such as MRI the Fourier transform captures the physics of the measurement
process (the problem of reconstructing an image from MRI data is exactly the problem of reconstructing a signal
x from Fourier measurements of x). While FFT works for worst case signals, signals arising in practice often
exhibit structure that can be exploited to speed up the computation of the Fourier transform. For example, it
is often the case that most of the energy of these signals is concentrated on a small number of components in
Fourier domain. In other words, the signals that arise in applications are often sparse (have a small number of
nonzeros) or approximately sparse (can be well approximated by a small number of dominant coefficients) in
the Fourier domain. This motivates the question of (approximately) computing the Fourier transform of a signal
that is (approximately) sparse in Fourier domain using few samples of the signal in time domain (i.e. with small
sample complexity) and small runtime. We note that while runtime is a natural parameter to optimize, sample
complexity is at least as important in applications such as medical imaging, where sample complexity governs
the measurement complexity of the imaging process.

In this paper we consider the problem of computing a sparse approximation to a signal x € C” given access to
its Fourier transform & € C™, which is equivalent to the problem above (since the inverse Fourier transform only
differs from the Fourier transform by a conjugation), but leads to somewhat more compact notation. This problem
has been studied extensively. The seminal work of [CT06, RVO8] in compressed sensing first showed that length
n signals with at most k& Fourier coefficients can be recovered using only & logo(l) n samples in time domain. The
recovery algorithms are based on linear programming and run in time polynomial in n. A different line of research
on the Sparse Fourier Transform (Sparse FFT), originating from computational complexity and learning theory,
has resulted in algorithms that use k log®M n samples and k 1og®™ n runtime (i.e. the runtime is sublinear in the
length of the input signal). Many such algorithms have been proposed in the literature, including [GL89, KMO91,
Man92,, \GGI™ 02, [AGS03, [GMS03,, Twel0, [Akal0, [HIKP12b, HIKP12a, LWCI12, BCG™12, [HAKII12, [PR13|
HKPV13|1IKP14,1K14,|Kap16,[PS15,ICKPS16]. Nevertheless, despite significant progress that has recently been
achieved, important gaps in our understanding of sample and time efficient recovery from Fourier measurements
remain. We address some of these gaps in this work.

The main contribution of this work is a new technique for designing and analyzing sample efficient sublinear
time Sparse FFT algorithms. We refer to this technique as isolation on average. We apply our technique to two
problems in the area of Sparse Fourier Transform computation, namely estimation and recovery with Fourier
measurements.

Our results: estimation In the first problem we are given a subset S C [n] of locations in the time domain and
are asked to estimate xg from a few values of Z. Formally, we would like the algorithm to output a signal 2" with
supp(z’) C S such that

le = 'l < (1 + ) lzpaps |z (D

In other words, we would like to output an estimate x’ of x that is correct up to the 'noise’, i.e. elements outside
of S (to achieve (), it suffices to ensure that ||(z — 2’)g||3 < €l|z [, s|3)- Note that in some of the applications
described above one often has a good prior on which coefficients of = are the dominant ones, and a natural



question is whether one can recover the values of xg quickly, using few samples, and in a noise robust manner,
i.e. solve (I). Our main result on estimation is Algorithm [2](presented in Section ) together with

Theorem 1.1. For every e € (1/n,1),d € (0,1/2), x € C" and every integer k > 1, any S C [n], |S| = k,
if ||]|oc < R*- Ha:[n]\ng/\/%, R* = n°W, an invocation of ESTIMATE(Z, S, k, ¢, R¥) (Algorithmd) returns
x* € C" such that

1z = x*)sll3 < e [lzppslls

using O5(1k) samples and Os(1k log3* n) time with at least 4/5 success probability.

A linear sketch with O(k) measurements and O(k) recovery time that provides the guarantee in was
presented in [Pril1l], but this solution uses general linear measurements as opposed to the more restrictive Fourier
measurements. To the best of our knowledge, the estimation problem with guarantees has not been studied
explicitly in the setting of Fourier measurements. We now describe ‘folklore’ results and give a comparison with
Theorem [L11

Estimation from Fourier measurements: least squares Recall that the problem is as follows: given a set
S C [n], estimate g from a small number of Fourier measurements of z, i.e. from a small number of accesses
to Z. A popular approach is to select a subset 7' C [n] of frequencies and solve the least squares problem

. ~ o~ 2
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A natural choice is to let 7" be a (multi)set of frequencies selected uniformly at random with replacement from [n].
The solution to (2)) is then provided by the normal equations yopr = (F} sk, 5)*1F7*17 g7, where F'z € C" is the
Fourier transform of z, and F'r g is the T'x S submatrix of F' scaled by \/n/|T|. Writing z = x5+ x,)\ s, so that
Tr = Frszs+ Frp)\sTm)\s, we getyopr = (Ff gFr.s) ' Ff gTr = 25+ (Ff sFr.5) " Ff, s F1 )\ sm)\ 5>
where the second term corresponds to the estimation error due to tail noise. Thus, if 71" is such that %I s =
FroFrs =2 2Ig, then [lyopr — z|l2 = O(1) - [|z}n)\s||2 with constant probability. A simple application
of matrix Chernoff bounds shows that the spectral bound %IS = FrgFrs = 2Ig is satisfied when 7| >
C'|S|log | S| for an absolute constant C. Note that the analysis above is tight, as for certain choices of S C [n]
at least (| S| log |S|) samples are needed even to ensure that F§ 1. Fg 1 is invertible. For example, suppose that
S = (n/k) - [k], where k divides n, so that the signal ¥ is k-periodic. In this case = only becomes recoverable
from Zp as long as T contains at least one element of every conjugacy class of Z, modulo k, and by a Coupon
Collection argument €2(k log k) samples are needed to ensure that this is the case. To summarize, the sample
complexity of least squares with a random 7' is at least Q(klog k). Another significant disadvantage of this
approach is that solving the least squares problem requires at least {2(k?) runtime using current techniques. Of
course, given the knowledge of S one may be able to design a better than random set 7", but no such construction
is known for general supports S. As Theorem|[I.1|shows, there exists a distribution over sampling patterns 7" that
is oblivious to S and allows decoding from O(k) samples in klog®™) n time.

Estimation from Fourier measurements: Fourier hashing Estimation of a subset .S of coefficients of = using
Fourier measurements can be performed using the idea of Fourier hashing (via filtering) commonly used in the
Sparse FFT literature. In this approach one round of hashing allows one to compute estimates w; for x;,7 € S
such that
wi — 3] < of||[3/k

using O(k/«) samples in Fourier domain and O((k/«) log(k/a)) runtime. Here o € (0, 1) is the oversampling
parameter, which is normally set to a small constant, as it directly affects runtime and sample complexity. The
approach is similar to standard hashing techniques such as CountSketch [CCFCO02], but the crucial difference
is that the error bound depends on the energy of the entire signal as opposed to energy of the taiﬂ Indeed,

'One way to improve the error bound is to use strong filters [HIKP12b], but that requires a Q(k log n) samples — see Lemma
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in general one can have ||z||3 > n(1 . ||\ 5|3, meaning that one round of hashing gives results that are
very far from estimating zg up to the energy of the ‘noise’, i.e. elements outside S. This can be fixed by
iterating the estimation process on the residual signal. A naive implementation and analysis results in ©(k logn)
measurements (due to logn iterations of refinement) and klogo(l) n time. Recent works on saving samples
by reusing measurements [IK14) [Kap16] can lead to improvements over the factor logn blow up in sample
complexity, but all prior approaches inherently lead to w(1) factor loss in the number of samples, as we argue
below.

Our results: recovery The second version of the problem is the Sparse FFT (recovery) problem with ¢5 /¢
guarantees: we are given access to 7, a precision parameter ¢ > 0 and a sparsity parameter k, and would like to
output z’ such that
lz =22 < (L+€) min |z -y, 3)
k-sparse y
Note that here we are not provided with any information about the ‘heavy’ coefficients of z, and the hardest and
most sample intensive part of the problem is to recover the identities of the ‘heavy’ elements.

It is known that any (randomized, non-adaptive) algorithm whose output satisfies (3) with at least constant
probability must use m = Q(klog(n/k)) samples [DIPW10]. An algorithm that matches this bound for ev-
ery k < n'~9 was recently proposed by [IK14]. The algorithm of [IK14] required (n) runtime, however,
leaving open the problem of achieving sample-optimality in k logo(l) n, or even just sublinear time. Sublinear
time algorithms that come close to the optimal sample complexity (within an O(loglogn) factor) have been
proposed [IKP14, Kap16]], but no algorithm was able to match the lower bound to within constant factors using
sublinear runtimeﬂ As we argue below, achieving the O(klogn) bound in sublinear time appears to require
a fundamentally different approach to Fourier hashing, which we provide in this work. Our new technique re-
sults in an algorithm that matches the lower bound of [DIPW10] up to constant factors for every k£ polynomially
bounded away from n (i.e. k < n!'~¢ for a constant ¢ > 0) in sublinear time:

Theorem 1.2. Foranye € (1/n,1),8 € (0,1/2), x € C" and any integer k > 1, if R* > ||z||oo/pt, R* = n°W),
12 > |z w13/ K, 1% = O(| |z w13/ k) and oo > 0 is smaller than a function of 6, SPARSEFFT(Z, k, €, R*, 11)
(Algorithm solves the 3 /{3 sparse recovery problem using Og(k log n)—l—O(%k log n) samples and 05(%143 Jog*+? n)

time with at least 4/5 success probability.

We now discuss the technical difficulties that our approach overcomes. In this discussion we concentrate
mainly on the estimation problem, as it is easier than sparse recovery, but at the same time exhibits all the
relevant technical challenges. We first describe known sample optimal and efficient solutions that use arbitrary
linear measurements, and then outline the difficulties that one faces when working with Fourier measurements.

Estimation and sparse recovery with arbitrary linear measurements. If arbitrary linear measurements are
allowed, one takes, multiple times, a set of B = O(k) linear measurements of the form @; = ) . h(i)=; SiTi for
a random hash function h : [n] — [B] and random signs s; € {—1,+1}. Since we are hashing in a number of
buckets a constant factor (say, 100) larger than the sparsity of the signal, a large fraction (say, ~ 90%) of the
top k components are likely to be isolated in a bucket, and not have too much noise (i.e. elements other than
the top k) hash into the same bucket. For such isolated elements we can approximate their value up to the noise
that hashes into the same bucket (in the case of sparse recovery, we perform O(log(n/k)) specially crafted linear
measurements using the same hash function A to recover the identity of the isolated element). This lets us estimate
(resp. recover) ~ 90% of the top k elements of the signal, we subtract them off and recurse on the remaining
~ 10% of the top k elements, hashing into & /2 buckets this time. In general, fort = 1,2, ..., O(log k) we choose

2In this paper we are only interested in algorithms that work for worst case signals. If probabilistic assumptions on the signal are
made, better results are possible in some settings (see, e.g. [GHI"13])).



a random hash function h; : [n] — [By], where B; = 100k/2!~!, say (in the case of sparse recovery we take
O(log(n/k)) measurements using each of these hash functions). One can show [GLPSI10] that after O(log k)
iterations of the hashing, recovery and subtraction process we recover an approximation to z that satisfies (I])
(resp. in case of recovery). The sample complexity of this process is dominated by the sample complexity
of the first iteration, where we use B; = 100k buckets, resulting in a O(k) (resp. O(klog(n/k))) bound on the
sample complexity overall. Note that the recovery process only uses every hash function h; once, at step ¢: those
elements that are isolated under this hashing are perfectly recovered and essentially ‘disappear’ from the system,
so h; can be discarded!

A natural approach to estimation and recovery with Fourier measurements and why it fails. In order to
achieve O(k) (resp. O(klogn)) sample complexity using Fourier measurements (i.e. in Sparse FFT) it seems
natural to revisit the original idea used in recovery from arbitrary linear measurements that we outlined above.
More precisely, we could follow the strategy of choosing, for ¢ = 1,2,...,0(log k), a random hash function
hy : [n] — [By], where By = 100k/2!=1. The problem is that in order to ensure that we hash into B buckets
at the cost of O(B) samples, we need to commit to working with rather low quality buckets implemented using
crude filters (see section [2) and this causes ‘leakage’ between hash buckets. Given this complication, it is not
clear at all if estimation (resp. recovery) can be made to work: while with ‘ideal’ hashing each element isolated
in a hashing was identified and estimated up fo amount of noise in its bucket, here due to the leakage of our
simple filters identification of nominally isolated elements can be precluded by interference from other head
elements! This means that the elements that were isolated in the first hashing do not ‘disappear’ from the system
(as they essentially do with ‘ideal’ hashing described above in the context of arbitrary linear measurements), but
are reduced in value by only about a constant factor, and will influence the recovery process using the second
hashing etc. To put this in perspective, note that when for each ¢ > 10, say, we hash into B; = 100k/2!!
buckets, we generally get (k) original elements hashing to < k buckets! These elements have of course been
reduced in value somewhat, but not to the extent that their contribution to B; ~ k/2!~! buckets is negligible.
The discussion above implies that two difficulties must be overcome to achieve O(k) (resp. O(klogn))
sample complexity. First, since one round of hashing can at most reduce the ‘isolated’ elements in the residual
by a constant factor, {2(logn) iterations are necessary. Furthermore, the process must be set up in such a way
that the Q(log n) iterations operate on the same hash functions, and at the same time no adversarial correlations
arise to hinder the estimation process. The second difficulty is more subtle, but the harder one to deal with — this
is exactly where our main contribution comes in. Note that if several levels of hashing are used, as above there
could be elements whose total contribution to estimation error over all levels t > 1 is w(1). Indeed, it is easy to
see that some of the top k elements will participate in repeated collisions for many values of ¢ > 1. Such elements
could pose significant difficulties, as they introduce large errors to the identification and estimation process. This
issue arises because we reuse hashings that hash £2(k) elements into < k buckets. Thus, we cannot hope to rely
on isolation properties that all prior work is based on, since there are more elements to be estimated than buckets.

Our techniques: a new hashing scheme and isolation on average. To overcome the difficulties outlined
above, we use the following approach. As above, we choose a sequence of hash functions h; that hash the
signal into a geometrically decreasing number of buckets. However, a crucial modification is that for each
t we repeat the hashing process independently R, times for an increasing sequence R; (we use a geometrically
increasing sequence; our hashings are denoted by 1 5, s = 1,..., R; for each t). As we show below in Section
the independent repetitions ensure, at a high level, that despite the fact that most elements collide in multiple
hashings, the fraction of such collisions is small, ensuring that estimation errors do not propagate — see Lemma3.]
and Remark after the lemma.

We give a formal analysis of our scheme in the rest of the paper, and provide intuition as to why our scheme
fixes the problem outlined above now. Specifically, we would like to see that the head elements do not contribute
a large fraction of their weight as estimation error in hashings h; s for ¢ > 1. The reason is that, as we show



below, given the hash functions {/; s} the set S of head elements can be partitioned into sets S = S;1USaU. ..U
St,|S1]| > |Se| > ... > |Sy| so that for every ¢ > 1 every element of S collides with at least one element of
Sy in no more than R%_(S out of the Ry hashings h; s at iteration t, for some constant § > 0 (choosing § small
improves runtime, at the expense of sample complexity; any small constant § > 0 leads to asymptotically sample
optimal results). Thus, even though there are many collisions, on average over s € [1 : R;| every element in S
collides with at most ~ I, 9 elements of S; — we refer to this property as ‘isolation on average’. Since we choose
the number of hashings R; to increase geometrically, the error contributed by an element of S over all hashings
is no more than ), R, 0 = 05 (R, 5) < 1. This fact allows us to argue that iterative decoding converges (see
section [3)). Achieving small runtime with such a scheme requires a delicate balance of parameters, which we
exhibit in Section

Our techniques: majorizing sequences for controlling residual signals. Lastly, one should note that the
discussion above rests heavily on our ability to control the sequence of residual signals that arise throughout
the update process (both in estimation and recovery). We achieve this by showing that residual signals arising
during the update process are majorized by short (polylogarithmic length) sequence of signals (referred to as a
majorizing sequence). See Section [4.2] for the application in estimation and Section [5.3] for the application in
recovery.

Significance for future work. We feel that the idea of ‘isolation on average’ may prove useful in further de-
velopments in the area. For example, it would be interesting to see if measurement reuse using our techniques
can improve sample complexity of to sublinear algorithms for model based sparse recovery from Fourier mea-
surements, i.e. to Sparse FFT algorithms that exploit structure of input signals beyond the sparsity assumption
(the a sublinear time algorithm for model based Sparse FFT for the block-sparse model was recently presented
in [CKSZ17]). A strong step in this direction would consist of removing the reliance of our techniques on the /1
norm of the residual signal as the measure of progress, and introducing an approach to measurement reuse while
provably reducing the ¢ norm of the residual during the iterative process.

Organization. The proofs of Theorem[I.TJand Theorem[I.2]rely on a shared set of lemmas that enable analysis
via ‘isolation on average’, with the main technical lemma being Lemma [3.1] (see also Remark [3.2] after the
lemma). We present these lemmas first (Sections [2] and [3), then prove Theorem (Section [) as it is less
notationally heavy but still uses all the main technical ideas, and then prove Theorem [1.2] (Section [5). Proofs
omitted from the main body of the paper are given in the Appendices.

2 Preliminaries and basic notation

For a positive even integer a we will use the notation [a] = {-5,—§ +1,...,-1,0,1,...,5 — 1}. We will
consider signals of length n, where n is a power of 2. We use the notation w = ™/ for the root of unity of
order n. The forward and inverse Fourier transforms are given by

1 —if 1 5
Tr= w Y, and x; = — Wil & 4)
T Z Z ’ \/ﬁf%;ﬂ !

1€[n]

respectively, where f,j € [n]. We will denote the forward Fourier transform by F. Note that we use the
orthonormal version of the Fourier transform. Thus, we have ||Z||2 = ||z||2 for all z € C™ (Parseval’s identity).
We assume that entries of x are integers bounded by a polynomial in n.



2.1 Filters, hashing and pseudorandom permutations

We will use pseudorandom spectrum permutations, which we now define. We write M4 for the set of odd
numbers between 1 and n. For 0 € Mgq,q € [n| and i € [n] let 7, 4(i) = (i — ¢) mod n. Since 0 € M4,
this is a permutation. Our algorithm will use 7 to hash heavy hitters into B buckets, where we will choose
B =~ k. We will often omit the subscript o, ¢ and simply write 7(¢) when o, ¢ is fixed or clear from context.
For i € [n] we let h(i) := round((B/n)m(i)) be a hash function that maps [n] to [B], and for i, j € [n] we let
0i(4) = m(3) — (n/B)h(i) be the “offset” of j € [n] relative to i € [n]. We always have B a power of two.

Definition 2.1. Suppose that 0~ exists mod n. For a, q € [n] we define the permutation Pyaqby (Pragl)i =
To(i—aq)w'L

Lemma 2.2. fﬁl(PU%qg%)%’q(i) = ;w0

The proof is given in [IK14] and we do not repeat it here. Define

Errg(z) = min ||z —y||o and px? = Erri(z)/k. (5)
k—sparse y
In this paper, we assume knowledge of 1 (a constant factor upper bound on u suffices). We also assume that the
signal to noise ratio is bounded by a polynomial in the length n of the signal, namely that R* := ||z||oo/p < n®
for a constant C' > 0. It will be convenient to use the notation B, (x, ) to denote the interval of radius r around
x: Boo(z,7) = {y € [n] : |z — y|o < r}, where |x — ylo is the circular distance on Z,,. For a real number a we
write |a|4 to denote the positive part of a, i.e. |a|+ = a if @ > 0 and |a|+ = 0 otherwise.
We will use the following

Definition 2.3 (Flat filter with B buckets and sharpness F'). A sequence G € R"™ symmetric about zero with
Fourier transform G € R is called a flat filter with B buckets and sharpness F' if (1) G ; €10,1] forall j € [n];
@) G > 1— (1) forall j € [n] such that |j| < s and 3) Gy < (1) (g7)" " for all j € [n] such
that |j| > 3.

We use a construction of such filters from [CKSZ17]:

Lemma 2.4 ([CKSZ17]], Lemma 2.1). (Compactly supported flat filter with B buckets and sharpness F') Fix the
integers (n, B, F) with n a power of two, B < n, and I’ > 2 an even number. There exists an (n, B, I)-flat filter
G € R", whose Fourier transform G is supported on a length-O(F B) window centered at zero in time domain.

Note that most of the mass of the filter is concentrated in an interval of side O(n/B), approximating the
“ideal” filter (whose value would be equal to 1 for entries within the square and equal to 0 outside of it). Note
that for each i € [n] one has G;_b) < 2. We refer to the parameter I’ as the sharpness of the filter. Our hash
functions are not pairwise independent, but possess a property that still makes hashing using our filters efficient:

Lemma 2.5 (Lemma 3.2 in [IK14])). Let i,j € [n]. Let o be uniformly random odd number between 1 and n.
Then for all t > 0 one has Pr[|o(i — j)|o < t] < 2(2t/n).

2.2 Measurements of the signal, notation for estimation error and basic bounds

Pseudorandom spectrum permutations combined with a filter G give us the ability to ‘hash’ the elements of the
input signal into a number of buckets (denoted by B). We formalize this using the notion of a hashing. A hashing
is a tuple consisting of a pseudorandom spectrum permutation 7, target number of buckets B and a sharpness
parameter F' of our filter, denoted by H = (w, B, F’). Formally, H is a function that maps a signal x to B signals,
each corresponding to a hash bucket, allowing us to solve the k-sparse recovery problem on input x by reducing
it to 1-sparse recovery problems on the bucketed signals. We give the formal definition below.



Definition 2.6 (Hashing H = (m, B, F')). For a permutation 1 = (o, q), parameters B > 1 and F, a hashing
H := (m, B, F) is a function mapping a signal x € C" to B signals H(z) = (us)se|p), where us € C" for each
s € [B], such that for each i € [n] us; = Zje[n] Gr(j)—(n/B).sTjw'?) € C, where G is a filter with B buckets
and sharpness F' constructed in Lemma

For a hashing H = (7, B, F'), ® = (0, q) we sometimes write Py 4, a € [n] to denote Py , 4.

Definition 2.7 (Measurement m = m(x, H, a)). Fora signal x € C", a hashing H = (7, B, F') and a parameter
a € [n], a measurement m = m(x, H,a) € CB is the B-dimensional complex valued vector of evaluations of a
hashing H(x) at a point a € [n], i.e. for s € [B] ms = Zje[n] Gﬂ(j),(n/B).sarjw“"j, where G is a filter with B
buckets and sharpness F' constructed in Lemma

We access the signal x in Fourier domain via the function HASHTOBINS(Z, x, (H, a)), which evaluates the
hashing H of residual signal x — x at point a € [n], i.e. computes the measurement m(z, H, a) (the computation
is done with polynomial precision). We will use the following lemma, which is rather standard (the proof is given
in Appendix [B.T|for completeness):

Lemma 2 8. HASHTOBINS(Z, X, (H, a)), where H = (7, B, F), computes u € CP such that for any i € [n),
Up() = o+ Z Go,(j) (7 — X);jw®7, where G is the filter defined in sectzonl andfor all i € [n] we have that
A,% @) < ”X||2 n~C%isa neglzglble error term (and ¢ > 0 is an absolute constant that governs the precision that
semi-equispaced FFT, i.e. LemmalE.1] is invoked with). It takes O(BF) samples, and O(F - B log B+||x||o log n)
time.

We now introduce relevant notation for bounding the error induced by our measurements in locating or
estimating an element ¢ € [n]. For a hashing H = (w, B, F') and an evaluation point z € [n], we have by
Definition 2.7]

My (@, H, z) = ZG 7,

JE€M]

where the filter G, (;) is the filter corresponding to hashing H (note that o;(j) implicitly depends on 7). In
particular, one has:

Golym@w " =2+ Gty Y Gogaw VY
J€n)\{i}

noise term

A common idea underlying our analysis of estimation and recovery is to split the estimation/recovery error
induced on an element 7 into the contribution from the carefully defined ‘head’ of the signal and the contribution
from the ‘tail’. The ‘head’ of the signal is denoted by a set S C [n] throughout the paper. For each i € [n] we
write

—1 —201 -1 zo(j—1 -1 zo(j—1
Goymnew T =wi A Gy Y Gopuw VTG Y Gy pzw Y
jeS\{i} Jem\(Su{i}) (6)

vV
noise from ‘heavy’ elements ‘tail” noise

We now define special notation for the two noise terms in (6). These two noise terms will be handled very
differently in our analysis.

Noise from heavy hitters. The first term in (6] corresponds to noise from x 5\{3}» i-e. noise from ‘head’ of the
signal. For every ¢ € .S, hashing I we let

e (H, x) C Y Gop gl (7)
JeS\{i}



Remark 2.9. Note that €"*® depends implicitly on the set S. We do not make this dependence explicit to avoid
complicated notation, but state which set S the quantity e°*? is defined with respect to whenever this quantity is
used. We also note that e"“*® provides a bound on the error induced by the tail of the signal that (for a random
hashing) depends on the {1 norm of the head of the signal.

We thus get that e?ead(H , ) upper bounds the absolute value of the first error term in (6) for every value of
evaluation point z (note that e"°*?( H, ) only depends on the hashing H and z). Note that G > 0 by Lemma
and Definition [2.3]as long as F is even, which is the setting that we are in. We will often use several hashings to

estimate or locate an element ¢. It is thus convenient to define, for a sequence of hashings Hy, ..., H,
1
el ({H,},z) := quant’/°ef**(H,, z), (8)
where for a list of reals u, . . . , us and a number f € (0, 1) we let quant/ (uy, . .., us) denote the [ f - s]-th largest
element of uq, ..., us.

Tail noise. To capture the second term in (6) (corresponding to tail noise), we define, for any i € [n], z € [n],
permutation 7 = (o, ¢) and hashing H = (7, B, F)

egail(H, z,1) = GO_Z%Z') . Z Goi(j)l‘ijU(j*i) . )
Jen]\(SU{i})

Remark 2.10. Note that e!*" depends implicitly on the set S. We do not make this dependence explicit to avoid
complicated notation, but state which set S the quantity e!®" is defined with respect to whenever this quantity is
used. We also note that e!®" provides a bound on the error induced by the tail of the signal that (for a random

hashing and a random evaluation point z) depends on the {2 norm of the tail (as opposed to the {1 norm used by
head
e ).

With this definition in place e?““(H , 2, ) upper bounds the absolute value of second term in (6). We will
sometimes use several hashings and values z to obtain better estimates. For a sequence {(H,, z.)},™3* for some
Tmaz > 1 We let

egail({I{r7 Zr}, 1.) — quant}/5 G;%z) . Z Goi(j)l'jwsz(j_i) ’ (10)
Jem\(Su{i})

where 0;(7) on the rhs implicitly depends on the hashing H.

The definitions above are sufficient for our analysis of the signal estimation procedure in Section @ The
analysis of the sparse recovery procedure requires several further specialized definitions, which are presented
in Appendix [C| With the definitions above we can state the following simple guarantees on the performance of
a basic estimation procedure that is the main building block of our analysis of the more powerful ESTIMATE
primitive in Section 4}

Lemma 2.11 (Bounds on estimation quality for Algorithm . For every x,x € C", every L C [n], every set
S C [n] the following conditions hold for functions eled and et defined with respect to S (see and (9)). If
T'mag 18 larger than an absolute constant, then for every sequence H, = (7., B, F),r = 1,... Tyaz of hashings
and every sequence a1, . . ., 'maz Of evaluation points the output w of

ESTIMATEVALUES (X, L, {(H,, a,,m(z, H,, a,))}/m)

r=1
satisfies, for each i € L

lwi — (z — X)i| <2 - quant/*eM(H,,x — x) + 2 - quant*/® et (H,, a,,x — x) + n~ ),

T



where ¢ > 2 is an absolute constant that governs the precision of our approximate semi-equispaced FFT com-
putations (see HASHTOBINS, Lemma . The sample complexity is bounded by O(F BT y,qz), and the runtime
by O((F - B -logn + ||x|lologn + |L|) - "mag)-

The proof of the lemma is given in Appendix [Bl The proof is rather standard modulo our definitions of e"¢%¢

and €% as well as the fact that the statement of the lemma is entirely deterministic. We will later apply this
lemma to random hashings and evaluation points, but the deterministic nature of the claim will be crucial in
analyzing measurement reuse.

As both our ESTIMATE and SPARSEFFT algorithms (Sectiond]and Section [5) respectively iteratively update
the signal, we will need to analyse the performance of ESTIMATEVALUES on various residual signals derived
from the original input signal z. The notion of a majorant is central to this part of our analysis:

Definition 2.12 (Majorant). For any S C [n] and any x,y € C" we say that y is an majorant for x with respect
to S'if |z;| < |yi| foralli € S.

With this definition and definition of ¢"¢*¢ above the following crucial lemma follows immediately:

Lemma 2.13. For every hashing H, every set S C [n] one has for every pair x,y € C™ that if x <g vy, then for
everyi € [n] ef®ad(H, z) < elead(H y).

Proof. Recall that by (7)) one has e/*?¢(H, x) = GO_}Z.) 2 jes\(it Goi()lz;]. Since G = 0 by Deﬁnitionand
Lemma we have by using © <g y that ef“*(H, r) = G_% )-Zjes\{i} Go,(ylzil < Go_ib)'zjeS\{i} Go,()yjl =

0; (2

ehead([ y) as required.
O

3 Isolating partitions

In this section we prove the main lemmas that allow us to reason about performance of the SNR reduction process
in our algorithms (Algorithm [2] and Algorithm [3). Both algorithms perform SNR reduction (see lines 16 to 22
in Algorithm [2and lines 25-36 in Algorithm 3)) using two loops. The first loop (over ), controls the ¢; norm of
the signal, with the (upper bound on the) norm being reduced by a factor of 4 in each iteration. This reduction
is achieved via a sequence of calls to ESTIMATEVALUES (in ESTIMATE, Algorithm [2)) or LOCATESIGNAL (in
Section|[C)) using a separate collection of hashings for each ¢t = 1, ..., T. Our correctness analysis for this process
proceeds by showing that, with high constant probability over the choice of the hashings {{Ht75}§;1 3L | any set
S of size =~ k the hashings induce a partition of S into at most 7" sets S7 U ... U Sp such that hashings used
in the ¢-th round allow the algorithm to make progress on elements in S;. The main result of this section is a
formalization of this claim, achieved by Lemma|3.1

Lemma 3.1. For every integer k > 1, every S C [n], |S| < k, every § € (0,1/2), if the parameters By, R; are
selected to satisfy (p1) Ry = C1 - 2! and (p2) By > Co - k/R? for every t € [0 : T), where C1 is a sufficiently
large constant and Cs is sufficiently large as a function of C and 6, then the following conditions hold.

For every collection of hashings {{Ht,s}f:tl}?:p if the filters used in hashings Hy s are at F'-sharp for even
F > 6 foreveryt € [1:T], and S admits a §-isolating partition (as per Deﬁnition S = S1U...UST with re-
spect to {Hy s}, then for every x, x € C", 2’ = x—x, foreveryt € [L : T] one has ||%* ({Hy s }sep1py)» @')|[1 <
20R; |||

Remark 3.2. Note that the result of Lemma implies that the cumulative error induced by the entire set S of
‘heavy’ coefficients on Sy is only a ~ R, J fraction of the {1 norm of 'y, despite the fact that when estimating Sy
we hash into By < k buckets, and in general each bucket will contain many elements of S. Furthermore, if we
choose Ry to increase fast enough so that )~ R, 0 <1, we get that the cumulative contribution of elements in
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S to estimation/location error over all t > 1 is less than 1, meaning that errors do not accumulate much. This is
exactly what we achieve by setting Ry = C12! for a large constant Cy > 1 — see proof of Lemma in Section

In the rest of the section we first introduce relevant notation and in particular define the central notion of an
isolating partition of the set S of head elements (in section [3.1)), then prove that any fixed set S of size about k
admits an isolating partition with at least high constant probability over the choice of hashings {{H;, S}f:*l}thl
(section[3.2)), and show how to construct the partition efficiently (Lemma[3.9) if the set S is given explicitly (used
in Algorithm 2] line 13). Using this result we then give a proof of Lemma[3.1

3.1 Main definitions

Let S be any subset of [n] (we will later instantiate S to the set of ‘large’ elements of z). We now define a
decomposition of the set S into T = 15 log, log(k + 1) + O(1) disjoint sets Sy, Sa, ..., Sr with respect to
asequence 1 < Ry < Ry < Ry < ... < Ry and hashings {{Htjs}f:tl}thl. We start with several auxiliary
definitions.

Definition 3.3 (¢-Collision). We say that an element a € [n] participates in a t-collision with another element
b € [n] under hashing H = (7, B, F) if a hashes within at most t buckets of b under H, i.e. if |r(a) — w(b)| <

n(t—1).

Definition 3.4 (J-bad element). Ford € (0, 1), foreacht € [1 : T, sequence 1 < Ry < Ry < ... < Ry, where
T > 1is an integer, we say that an element a of S is 6-bad for S; with respect to a partition S = S1USsU. . .UST
and hashings {{H, s}sR;l}thl if a participates in an Ry-collision with at least one element of Sy under more than
a R;‘Sfraction of hashings Hy 1, ..., Hy R,.

Definition 3.5 (\-crowded element). For a hashing H = (m, B, F') and a real number \ € (0,1), an element
a € [n] is A-crowded at scale q > 0 by a set Q C [n] if |B (7(a), % - 29) N7 (Q \ {a})| = X220 We say that an
element a is simply A-crowded if it is A\-crowded at least at one scale q > 0.

Remark 3.6. The intuition for the definition above is that if the permutation ™ was pairwise independent, then
for every a € [n] the expectation of{]R (m(a), % - 27) N7 (Q \ {a})| would be about 27 if |Q| < B, i.e. about the
number of buckets that fall into the interval. We say that an element is \-crowded when the number of elements
in its vicinity exceeds \2%¢ for at least one scale g, i.e. exceeds expectation by a \29 factor. Our choice of
A= R, 3 serves the purpose of enforcing that no element of S is hashed too close to another element of Sy,
and no (large) neighborhood of any element of Sy it too crowded. These two parameter regimes have somewhat
distinct applications in the proof of Lemma [3.1|— see footnotes 3 and 4 in the proof of the lemma on pages 13
and 14 respectively.

Definition 3.7 (d-isolating partition). For 6 € (0,1), for any k > 1 and any S C [n],|S| < k, a partition
S =5USU...USr of S C [n] into disjoint subsets is d-isolating with respect to a sequence of integers
1 < Ry < Ry < ... < Ry and hashings {Ht,S}SR:tlfort = [1 : T] if the following conditions are satisfied for
eacht € [1:T):

@) |S < k- %2_2(17&“7141 (the sizes of Si’s decay doubly exponentially);

(2) no element of S; is R, 3.crowded by S; under any of {H,, s}spil (elements of Sy are rather uniformly spread
under hashings Hy );

(3) no element of S; Ry-collides with an element of S that is d-bad for S; under any of {Ht,s}f:tl (collisions
between S and S; are rare).
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Note that the bound on the size of S7 is at most k, which will be trivial for our instantiation of S. Nontrivial
decay of the .S; starts at t = 2. Also note that property (3) is exactly why we call our approach ‘isolation on
average’: as the proof of Lemma 3.1 below shows, the fact that no element of S that is d-bad for S; collides with
S; under any of the hashings implies that every element of S has a limited contribution to estimation error, and
errors do not propagate.

3.2 Existence of isolating partitions of S

In this section we prove that any set S of size at most k admits an isolating partition with respect to a random
set of hashings as in Algorithm |3| with at least high constant probability. We prove this claim by giving an
algorithm that we show constructs such a partition successfully with high constant probability. The algorithm is
Algorithm |1} presented below. We prove that Algorithm (1| terminates correctly in Lemma below, assuming
that the number of hashings at each step ¢ and their parameters are chosen appropriately.

If the set .S is known explicitly, the partition can be constructed efficiently by running Algorithm|I]— the details
are given in Lemma([3.9] An efficient construction is needed in our sample efficient primitive (see Algorithm [2)).
Our sample-optimal Sparse FFT algorithm is oblivious to the actual partition, as its task is to identify the set S.
However, as we show in Section [3] the existence of an isolating partition of S is sufficient for the algorithm to
work.

Algorithm 1 Construction of an isolating partition {5}

I: procedure CONSTRUCTPARTITION({{ H s} se1:R,] WD > Hashings sampled uniformly
2 St S, t«1

3 while S! # () do

4 Bad; < {elements of S that are d-bad wrt Sf under {Hy s} sepi.r,)}

5: U; < {elements a € Sf that R;-collide with Bad; under at least one of { Hy s} sc1:r,]}

6 Vi + {elements a € S} that are R; 3-crowded by S! under at least one of {Hys}sepi:rg
7 Set S;1] <~ Bad, UU; UV, and Sit! = SE\ S forj =1,... ¢

8 t+—t+1

9 end while

10: return the partition {S%}_,

11: end procedure

We now argue that Algorithm (1| constructs an isolating partition of any set S C [n] that satisifies |S| < k
with at least high constant probability:

Lemma 3.8. For every integer k > 1, every S C [n], |S| < k, every § € (0,1/2), if the parameters By, R; are
selected to satisfy (p1) Ry = C1 - 2! and (p2) By > Co - k/R? for every t € [0 : T, where C1 is a sufficiently
large constant and Cy is sufficiently large as a function of C1 and 0, then the following conditions hold.

With probability at least 1 — 1/25 over the choice of hashings {{Ht,s}se[lth]}?:1 Algorithmterminates in
T = {15 logy log(k + 1) + O(1) steps. When the algorithm terminates, the output partition {S; };‘F:l is isolating

as per Definition

PROOF OUTLINE: The proof consists of two parts: showing that once the algorithm terminates, the resulting
partition is d-isolating, and then showing that the algorithm terminates with large constant probability as long
as parameters are set appropriately (to satisfy p1 and p2). The first part is rather direct from definitions, and is
presented in Appendix[A]together with the full proof of Lemma[3.8] We now outline the proof of the second part,
i.e. that the algorithm terminates.

The crux of the proof consists of bounding the sizes of the sets V;, U, Bad; obtained attime stept = 1,...,T.
It is easiest to start with the intuition for V;, i.e. elements in S} that are crowded by other elements of S;. An
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element a is crowded by S} under permutation 7 if there are too many elements of S! in a neighborhood of a
certain size of a. The definition of being crowded (Definition [3.5]above) involves the notion of being crowded at
a given scale, and one can see that an element a is more likely to fail because of small scales as opposed to large
scales. This means that for every a € S} one has

Prja € V'] ~ poly(R;) - k¢/B; = poly(R;) - k;/B, (since By = ©(B/R?))

i.e., up to terms polynomial in R, the probability of being crowded is about the probability of O(1)-colliding
with one other element of S} (see below for a formalization of this claim). Since decay of the size of S} that we
will exhibit is doubly exponential in ¢, factors polynomial in I?; are negligible, as they are only singly exponential
in t. Given the expression for Pr[a € V'] above, we get that

E[|Vi[] = ) poly(R;) - ki/B = poly(Ry) - (ki/B)* - B.

a€St

This means that if V; were the only contribution to Sfill, then, discounting the poly(R;) terms, we would get the

recurrence ki1 /B = (k;/B)2, which implies that ks ~ B - 22, The poly(R;) terms do not affect the decay
substantially, and in the actual proof below we get that k; < O(k - 2_2(1_6>t) for a small constant § > 0.
The more interesting term is the contribution from U; and Bad;. We first describe the intuition behind the

asymptotic growth of Bad;. For an element a € S we have
Pr[a R;-collides with an element of S}] ~ k;/B; = poly(R;) - k;/B < 1/(10Ry),

since k¢ ~ B - 272" and R, are only singly exponential in ¢. Note that this means that the expected number of
collisions over all R, hashings H; ;, s = 1,..., Ry, is less than 1/10! At the same time recall that a is §-bad
(as per Deﬁnitionabove) if a collides with at least one element of S under at least R}_‘S hashings {Ht,s}SR:tl.
Since the hashings are independent, we have by Chernoff bounds that the probability of the latter event is bounded
by about e Fi " = ¢=C1 27" 56 we again get doubly exponential decay, but for a different reason this time:
by our choice of parameters R; to grow singly exponentially, and Chernoff bounds show that the probability of
getting at least R,}_‘s collisions while the expected number of collisions is less than 1/10 decays exponentially
in R,}*‘S. This is exactly the point at which we say that most elements of S are ‘isolated on average’. A formal
version of this argument lets us argue that the size of Bad; is about ke=C17"2%"”" It remains to bound the size
of Uy, i.e. elements that collide with a bad element in at least one of the hashings. Since the number of bad
elements is doubly exponentially small and the number of hashings R; is only single exponential, a union bound
essentially shows that this quantity is small as well. Some care is needed in arguing this due to a dependency
issue, but the intuition is the same as the one described for Bad, above. The formal proof is given in Appendix [A]
O

If the set .S is known explicitly, Algorithm[T|admits a simple efficient implementation (the proof of the lemma
is given in Appendix [A):

Lemma 3.9. For any integer k > 1, any S C [n],|S| < k, if the hashings {{ths}se[lth]}le are such that
the partition {S; }]Tzl defined by Algorithm|l|is isolating as per Definition this partition can be constructed
|).

explicitly in time O ((Zthl R:)-|S|log|S

3.3 Proof of main technical lemma (Lemma 3.1)

We now prove the main result of this section, Lemma|[3.1] This lemma then forms the basis of our sample-efficient
estimation primitive, as well as the location primitive. The proof crucially relies on the existence of an isolating
partition of the set .S of ‘head elements’ (which is guaranteed by Lemma [3.8] from the previous section with at
least high constant probability).
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Lemma [3.1) (restated) For every integer k > 1, every S C [n],|S| < k, every § € (0,1/2), if the parameters
By, Ry are selected to satisfy (p1) Ry = Cy - 2' and (p2) B; > Cs - k/R? for every t € [0 : T), where C1 is
a sufficiently large constant and Co is sufficiently large as a function of C1 and 0, then the following conditions
hold.

For every collection of hashings {{Ht,s}f:tl}?:p if the filters used in hashings Hy s are at F'-sharp for even
F > 6 foreveryt € [1:T], and S admits a §-isolating partition (as per Deﬁnition S = S1U...UST with re-
spect to {Hy s}, then for every x, x € C", 2’ = z—x, foreveryt € [L : T] one has ||%* ({Hy s }sep1py)» @')|[1 <

20R, ||z 1.
Proof. Fixt € [1:T]. Forevery s € [1: R;] by (7) for all i € S we have
el Hysa’) = Goty - D Couty-1a (11)
jeS\{i}

where 0 = op, , implicitly depends on the hashing H. We omit the dependence on H when H is fixed to simplify
notation. By summing over i € Sy we get

5 U (Hes) =D Gty D Goy-lafl <23 1l Y Goyg
i€S; jeS\{i} jes i€S:\ {5} (12)
jes

where for all j € Sand s € [1 : Ry] we let D} := ZieSt\{j} Go,(j)» and used the fact that G, ; > 1/2 by
Deﬁnition and assumption that I > 6. Note that D7 depends on ¢, but we omit ¢ to simplify notation. This
will not cause confusion since ¢ is fixed for the entire proof. We now bound D7 for j € S. We have for j € S

Dj: Z Goi(j) <
i€S\{5}

liesnhim-mtl<p-rfl+ ¥ ap
€S \{j}: (13)

|75, (8)=ms,6 ()02 57 Re
=: 7+ X3:.
J J

We used the fact that ||G||~ < 1 by Definition (1) and assumption that F’ is even, to go from the first line to
the second.

Bounding Z7. We start by showing that Z7 € {0,1} for all s,j. We have by property (2) of an isolating

partition (see Definition that no element of S; is R, 3_crowded with respect to S This in particular means
that no ¢ € S; is Rt_3-crowded at scale ¢ = 1 + logy R, by Sy, i.e.

n

’Bw (Mt(i), B (2Rt)> N(S;\ {z’})’ < R;34-2M <4RTPR? <4/Ry < 1

for all i € S;, as long as C7 > 4 (recall that Ry = ;2! and (1 is larger than an absolute constant). For
every j € S (as opposed to S;) and every a,b € S; we have by triangle inequality |7s((a) — ms4(b)|o <
|s.t(a) — ms4(3)]o + |ms,t(b) — 7s(j)|o. This means that if for some j € S

Z; _ ‘{Z c St \ {]} : |7Ts,t(i) —7'('3,25(].)|o < gt . Rt}‘ > 17

3Note that the assumption that no element of S; is A-crowded with respect to S; for A = R;? is used twice in the proof: first to show

that Z; € {0, 1}, since no two elements of .S; can hash too close to each other by the choice of A, and then later to upper bound the
number of neighbors in S; an element can have. The specific choice of A = R;* is only used here, however: for the other application
A = O(1) would have been sufficient.
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we have |75 (a) — ms¢ (D)o < |msu(a) — Ts(d)]o + [mse(b) — Ts2(d)lo < 5 - 2Ry, a contradiction. Thus,

Z3 € {0,1} for all j € S, and by property (3) of an isolating partition we now conclude that

R
> 7 <R (14)
s=1

forall j € S.

Bounding X7. We now turn to bounding X7 (i.e. second term on the rhs of (13)). Let

N(G,q) = {i € S\ {j} s.t. |75 (j) — msu(i)]o < E(T’“ —1)and |75 (j) — mst(i)|o > B R}y (15)
for convenience. We have
X5 = > Goy < D > Go ()
€SI }:Ims o (1) =756 (§) 02 5, Re q>log, Ry i€eS\{j} s.t.
Iﬂs,t(j)*ﬂs,t(i)loGB%[2‘172‘”1*1) (16)

< 3 ING.g)l-

q=>logy Ry

max Go.(4)-
() —moe(illo> g2 )
We now upper bound both terms in the last line of the equation above.

To bound the second term it suffices to note that for every ¢ > 0 every 4, j with | s(j) — 1,s(i)]0 > 527
satisfy [0i(7)]o = [715(7) — 5 - hrs(@)lo > [T1s(7) = Tos(D)lo — |mrs(i) = fohes(@lo > 4 - (27— 1). Using
this bound together with Definition [2.3] (3), and assumption that the filter G is at least 6-sharp we have for
q > logy Ry > 1

1 5
Go(iy S | =] <(29)° <275 17
w)-mDla 2a ) = (4(2‘1 - 1)) =TS a
Note that we also used the assumption that ¢ > logy R; > 1 to lower bound 4(27 — 1) by 24.

We now upper bound the first term on the last line of (16), i.e. the size of N(j,q) for every j € S. Let
i* := argmin,cg, |75 ¢(j) —7s,:(2)]o denote a point in S; that is mapped closest to j. Let L* := |75 ¢(j) —7s,t(4%)[o
denote the distance to this point, and let ¢* be the smallest such that (n/B;)2¢ > L*. By triangle inequality we
have for all i € [n]

It (6) = a5 (%) |o < |5 (F) — 7e,s(i)|o + L7, (18)

allowing us to upper bound the size of N (j, ¢) (points not too far from j5) using the fact that S; is not crowded
(property (2) of an isolating partition; see Definition [3.7). Specifically, for every ¢ > 0 we have, combining (T8)

and (13),

N(yq) € {i € S0\ {7} sit [ma ) = moa()le < (2771 = 1)) (by (13))

t

C {i € S\ {7} st |ms(i) — 7t ()]0 < 3%(2"“ +27 —1)}  (by (I8))

By property (2) of an isolating partition (see Definition[3.7) we have for any ¢ > 0 the number of i € S; such that
76,6 (1) = 5,4 (%) ]o < (291! 4277 —1) is bounded by R;3(2971 29" —1)2 41, where the +1 accounts for i*
itself. Since we will only use the bound for ¢ > logy R, the R, 3 factor in first term will not be consequentia

“Note that this is the second time we are using the assumption that no element of S is A-crowded with respect to S, but in this case
the choice of A = R, 3 is not important, any constant, even A > 1, would have sufficed to this particular application.
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and we hence use the simpler form R;3(29+1 + 29" — 1)2 41 < (201 429" — 1)2 41 < 2(20+1 4207 — 1)2,
where we used the fact that ¢ > logy R; > 0. We thus have for all ¢ > 0

_ 0 ifg < q*
(NG q)| < { 2(24+1 4 297)2 0.W. 4

Substituting and (19) into (16)), we get

st = Z Goi(j) < Z max n Goi(j) ’ ‘N(]7 Q)‘
4 4 , . n |75, (7)=s,¢(8)]0 > 5, 2
€S \{g}:l7s,¢ (1) =ms,t(4) o> 7, Re q>logy Ry
< Y 27220 27 < Y 2757 (32 2%)
q>logy Ry q>10gz Ry
q=q" q=q"
<32 Z 2737 (summing the geometric sum)
q=>logy Ry
929"

<64-RP<R;?

as long as C1 is larger than 64 (since R; = C;-2! > C by assumption p1 of the lemma). Substituting this bound
into (13)), we get D:<Zi+ X5 < ZF+ Rt_z, which means that

Ry
> DI<RIT+ R (20)

To complete the argument, recall that by (8) one has e“*d({H; ;},2) = quantsé“:[’1 Ry }ehe“d(Ht s,2'). This

means that for each i € S; there exist at least (1/5)7mq, values of s € [1 : Ry] such that el (H, ¢, x') > ehead,
and hence

e ({Hes}, 7)1 < 1/5 ZH 5" (Hes, 21 2n

Substituting the bound from into (12), we get

Hehead({Hts} N < 1/5 2 ZHehead (Hys,2')|]1 < 1/5 2 ZZ|$ |- Ds

s=1 jeS§
Ry

<3 ( ZD:-).
= 1/5 -

Substituting the above into (21]), we get

Ry
el He s 2l < I (1/5 >-p ) >l (o e+ 1)

JES

< Z’ | - ( R}~ 6) (since R;! < RI79) (22)

JES
< 20R; |||
Substituting the bound from into (21)) we get ||ehead({Ht7S}, 2|1 <20 - R;%||2/||1, as required. [
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4 Sample efficient estimation

In this section we state our sample optimal estimation algorithm (Algorithm [2) and provide its analysis.

4.1 Algorithm and overview of analysis

Our algorithm (Algorithm [2)) contains three major components: it starts by taking measurements m of the signal
2 (accessing the signal in Fourier domain, i.e. accessing Z), then uses these measurements to perform a sequence
of /1 norm reduction steps, reducing #; norm of the residual signal on the target set .S of coefficients to about
the noise level. Finally, a simple cleanup procedure is run to convert the /1 norm bounds on the residual to £ /o
guarantees of (). In this section we will use the functions "¢??, ¢*@ (see Section [2)) defined with respect to the
set S.

Measuring 7. All measurements that the algorithm takes are taken in lines 6-12, and then line 31. The measure-
ments in lines 6-12 are taken over T’ = 25 log, log(k + 1) + O(1) rounds for small constant § € (0, 1/2), where
inround ¢ = 1,...,T we are hashing the signal into B; ~ k/R? buckets, where R; grows exponentially with .
For each ¢ we perform R; independent hashing experiments of this type. This matches the setup of Lemma 3.1}
which is our main analysis tool (see proof of Lemma.T).

£1 norm reduction loop. Once the samples have been taken, Algorithm [2| proceeds to the ¢; norm reduction
loop (lines 16-22). The objective of this loop is to reduce the ¢; norm of the residual signal on the target set .S
of coefficients that we would like to estimate to about the noise level, namely to O(||z )\ s lav/k). The formal
guarantees are provided by

Lemma 4.1. For every § € (0,1/2), if C1,Cy (parameters in Algorithm are sufficiently large constants, then
the following conditions hold.

For every x € C™, every integer k > 1, every S C [n], |S| =k, if||z||cc < R*- HJ:M\SHQ/\/E, R* = nO0),
the vector x computed in line 23 of an invocation of ESTIMATE(Z, S, k, €, R*) (Algorithm satisfies

(2 = X)sll < O([eppsllz - VF)
conditioned on an event Ey,qj that occurs with probability at least 1 — 2/25.

Cleanup phase and final result. Once the /1 norm of the residual on S has been reduced to O(||z(,)\ 5|2 VE), we
run the ESTIMATEVALUES procedure once to convert #; norm bounds on the residual into ¢ /¢ guarantees (T)).
This results in a proof of Theorem [I.1] restated below for convenience of the reader. The theorem establishes
correctness of Algorithm[2] as well as its runtime and sample complexity bounds:

Theorem [L.1] (Restated) For every € € (1/n,1),6 € (0,1/2), x € C" and every integer k > 1, any S C [n],
|S| =k, if ||x]]oc < R*- H:c[n]\ng/\/E, R* = n°W), an invocation of ESTIMATE(%, S, k, €, R*) (Algorithmé)
returns x* € C" such that

Iz = x")sll3 < e Nlwppslls

3+46 n)

using O5(%k) samples and Og(%k log time with at least 4/5 success probability.

4.2 Proof of Lemma 4.1

We now give
Proof of Lemma Recall that in this section we use the quantities €"°?® and e** defined with respect to the
set 5. We will also use an isolating partition of .S, denoted by S = S U S U ... U S7. We argue the existence
of such a partition with high probability later.

We prove by induction on the pair (r,¢) that conditional on a high probability success event &,,,; (defined
below) the residual signals x — x"t) are majorized on S (in the sense of Definition by a fixed sequence
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Algorithm 2 ESTIMATE(Z, S, k, €, R)

1: procedure ESTIMATE(Z, S, k, €, R*) > List S of size k
2: T « 5 logylog(k + 1) + O(1) for a small constant 6 € (0,1/2)
3: Ry« Cy-2fort e [1:T) > C7 > 0 sufficiently large absolute constant
4: By <+ Co-k/R2fort € [1:T] > Cy > 0 sufficiently large absolute constant
5: G, < filter with B, buckets and sharpness F' = 8.
6: fort =1to 7T do > Take samples
7: for s =1to R; do
8: Choose 0 € Myga, q € [n] var, let s < (0,q), Hy s := (75, By, F)
9: Let a; s < an element of [n] v.a.r.
10: m(z, Hy s, at,s) < HASHTOBINS(Z, 0, (Ht 5, at,5))
11: end for
12: end for
13: Explicitly construct a d-isolating partition S = S; U Sz...U St > As per Lemma[3.9]
14: x00 0
15: ' < 0,t <0
16: forr=20,1,...,Clog, R* do > For any constant C' > 1
17: fort =1toT do
18: X' < ESTIMATEVALUES (x"' ), Sy, {(Hy s, as.s, m(z, Hy s, a0.6)) } )
19: X8 — x5t > (1, t') are the previous indices
20: et —t
21: end for
22: end for
23§ « x(Cloga R.T) > ¥ is the final residual computed by the loop

24: B+« Cy-kfe
25: G < filter with B buckets and sharpness F' = 8.

26: Tmaz < O(1) > A sufficiently large absolute constant
27: forr =1to O(1) do

28: Choose o, € Mogd, ¢r, ar € [n] war,let . < (o, q), Hy := (7, B, F)

29: m(x, Hy,a,) < HASHTOBINS(Z, x, H,, a,)

30: end for

31 X" <= ESTIMATEVALUES(X, S, {(H;, ar, m(z, Hy, a,)) },7™5%)

32: X x+x

33: return y*

34: end procedure

y(™!) whose ¢, norm converges to O(| 2\ sll2 - Vk) after O(log R*) iterations. Since we only update elements
in S, this gives the result. We now give the details of the argument. In what follows we let ;2 := EIN 12/k
for convenience. Note, however, that Algorithm[2]is oblivious to the value of ;: we only need an upper bound on
log R*.

We start by defining the majorizing sequence y(""!). We first let yZ(O’O) = R*pforalli € S and ygo’o) =z
otherwise. Note that y(*0) trivially majorizes z as ||||oc < R*-p by assumption of the lemma. The construction
of y(") proceeds by induction on (t,r). Given yt) as per Algorithm [2|the next signal to be defined is 3!
with (r,t) = (/,¢' + 1) if t < T and (r,t) = (' + 1,1) otherwise (as per lines 15-22 of Algorithm [2). We
now define the signal (") by letting for each i € [n] (recall that S; is the ¢-th set in an isolating partition
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S=5USU...UsSpr)

rt) { 20eP° ({ Hy o} oeimy ¥ 1)) + 20€89 ({Hy s, a s }sepiry, @) + 0~ ifie S,

o (23)
Y, 0.W.

Here n =) corresponds to the (negligible) error term due to polynomial precision of our computations. Note
that there are two contributions to (") : one coming from the previous signal in the majorizing sequence, namely
y(""t/), and the other coming from the tail of the signal x.

We now prove by induction on (¢, r) that the loop in our estimation primitive reduces the ¢; norm of the
residual to O(y - k) (recall that p? = T s||3/k). Specifically, we prove that there exists an event &,,,; with
Pr {He b se g 1 [Emaj) = 1 — 2/25 such that conditioned on &,,,; the set S admits an isolating partition

S =S1USyU...USr with respect to {{ H; s} }, and for every (r,t) € ([0: +00) x [1: T]) U{(0,0)}
(A) forall g € [1: t] one has Hyg;t)Hl < (R*- (1/4)"  u+2p) - k- (Ro/Ry-1)%;

(B) forall g € [t +1:T] one has [|y§™ [y < (R*- (1/4)"pu+2p) - k- (Ro/Ry-1)’;

©) [lys |l < (2/8) - (R*(1/4) 4 2u) - k
D) (z — x") <5y and supp YY) C S.

First, note that the set .S admits an isolating partition with respect to the hash functions {{ H; s} } with proba-
bility at least 1 — 1/25 by Lemma Denote the success event by Eq,tition. We condition on this event in what
follows. We give the inductive argument, and finally define the event &,,,; as the intersection of Epartition With
several other high probability success events.

The base is provided by » = 0 and ¢ = 0. Indeed, by property (1) of an isolating partition (see Definition[3.7)
we have for any g € [1 : T

Ry 9209111

<R'u-1Sq| <R'p-k-
lolls, < R*p-1Syl < Bk

< R'u-k-(Ro/Rg1)°

since 2217V V41 < 1forall¢ > 1and RI:‘fl < (Ro/Rq_1)5 (as § < 1 by assumption of the lemma).
We now prove the inductive step. Let (', ¢') := (r,t — 1) ift > 1, elselet (', ') := (r — 1,T) if r > 1 and
t=1,and (', t') = (0, 0) otherwise. Note that (#,7') is the element preceding y(") in the majorizing sequence
(as per lines 15-22 of Algorithm [2).
Proving (C). We start with an upper bound on the #; norm of y' ) e prove (C). Using the inductive hypoth-
esis (A) and (B) for (¢/,1"), we get
t 00

sl < SR (1/4) i+ 2u) - k- (Ro/Rg-1)’ + > (R*(1/4)"pu+2u) -k - (Ro/Rq-1)°
q=1 q=t'+1

< (R'(1/4)"p+2p) k- (Ro/Rg-1)°

qg=1
= (R*(1/4)" p+2p) - k- Y 270D (since R, = C12" by p1) (24)
q=1
1
= 26 _
1 . o
S Smroq° (R°E(1/4)" p+2p)

<(2/6) - (R°k(1/4) n+2u)  (since e® — 1>z, and In2 > 1/2)

- (RE(L/A)" o+ 2p)

A
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(rt)

This establishes (C), and we now turn to (A) and (B). By definition the signal y(" 1) is obtained from y(

by modifying the latter on S;. We need to bound the error introduced by head and tail elements of y(" ) to Ys,
(see (23)). We now bound both terms.

Proving (A) and (B): analyzing contribution from the tail /%, By Lemma (2), one has for every i € [n],
t=1,...,Tands=1,..., R

EHt,Suat,S [(egail(Ht’s’ at737$))2:| S V2

for some v > 0 such that v? = O(||zp,\ s|[3/Bt). By Jensen’s inequality we thus have

tail
EHt,syat,s |:€7:al (Ht7s’ at,S)x)i| S v.

t(ul(

To upper bound Ep, _ 4, .} [| les" ({Hy,s, ats Ysei:r,) )| 11 ] we note that by conditioning on Epurtition We

have |S;| < kge-2~ 207V | etting U = k-2 2(1 P41 16 simplify notation, we get that

Bt |67 ({Hrss avsdoeiings @)l ) < Eq, o) {Qgg}fgglr 8" ({Huss ars}sepimg, 2l | (25)

We now recall that by (I0) one has
egail({Ht,S’ at,S}v T) = quant,_ / Ry fazl(Ht 57 Qt,s) ),
and apply Lemma[B.6|with v = 1/5, m = |S|,n = R; and
X7 = el (Hy g ar6,x) fori€ Sands=1,...,Ry,

1

sothatEp, , o, ,[X]] < vforeachi € S,s =1,..., Ry. Note that Y; := quant,_ /5 LRX = em”({Ht 5, 0ts}s T)
is exactly the quantity that we are interested in. We thus have by Lemma [B.6|

E e ({H =E Y,
{H¢,s,at,s} QQ?@;TSU” ({ tS?atS}SE[lRt]7 )Hl {H¢,s,0t,s} QQg}%ﬁSUEZQ 7

< U - (20ev) - (|S|/U)/ B

(26)

Since Ry = C12" =[S0 < kand U = k2207741 = g =270 0H1-(21) e

have

(|S‘/U)10/Rt _ 210(2(1*‘”(’571)—1+(t—1))/(012t) < 210(1+(t—1)/2t)/01 < 220/01 < 9

forall £ > 1 as long as C'; > 20. Substituting the above into (26)), we get

Bt |0 5 (i 0oy, )l < (400) -0 -,

and thus by (23)
Et, a0t | €67 ({Hus, a1 bseping, @)l | = O -v)

R
:O( 0 0 R;2™ 2(1=8)(t—=1) 1 1 ||$[n\5||2/ /02

Ry 4
1 o
= phpr—- 0 (R?R()?_z(l " 1)”Ll/\/?2>
t—1
1 o
—pk— & &=0 (R,?Roz—?“ e 1>+1/\/C2> .
t—1



Since R; = (12 increases only exponentially, whereas the second multiplier decreases at a doubly exponential
rate, as long as C is larger than a constant, we get that < 1/10000 for all ¢ > 1 (formally, this follows by
Claim[A.2). By Markov’s inequality, for each ¢ > 1 we have

, 1 1
tail
HesatZ ({Ht,saat,S}sG[l:Rt}’x)Hl < %MkR

t—1

with probability at least 1 — 1/(50R;—1) > 1 — 1/(50 - 2¢=1). Thus, by a union bound over all ¢ > 1 we have
with probability at least 1 — 1/25

: 1 1
l
||€§1z ({Ht,Svat,S}SG[I:Rt]a‘T”h < %Mk‘ﬂ~ (27)

Denote the success event above by Egaii—noise-
Proving (A) and (B): analyzing contribution from the head ¢“*?, By Lemma we have

B ({ Hy s Yeeprng, " )Ih < 20ROy 1. (28)

We now define the event &,,4; by letting £, := Esmali—noise N Epartition- Note that Pri&y,,q;] > 1 —2/25by a
union bound, as required. We condition on &,,,; for the rest of the proof.

Proving (A) and (B): putting it together. We now use the bounds above to prove the result. By definition of y
above we have

y™ = 206} ({ Hyheong, v ) + 206 ({Huss avsboeqiimg @) + 0,

SO

?t)

1 < Z (2O€?ead({Ht,s}se[1:Rt}>l/(rl’t,)) + 20e§“il({Ht,s, at,s}se[lth]a-T) + n_ﬂ(c)>
1€St

<400 R; - Hyg N+ 20|| e ({Hes, ars}, o)1 + n =

[

We now substitute ([24)) together with (27) and (28)) into the last line above, and obtain

it
[

/ 1
1 <400+ RP(2/0) - (R*(1/4) i+ 20)k + 7o/ Ry + 7

/ 1
<400 - (2/6) - Ry® - (R*(1/4)" 4 2u)k - (Ro/Re—1)° + Ttk (Ro JRi-1)° +n~H)  (since § € (0,1))

1 /
< [400 (2/8)- C0 + 10] (R (L/4)" o+ 2000k - (Ro/Ri1)® +n= )
where we upper bounded ll—ouk/Rt_l by %,ukz - (Ro/Ry)° (which is justified since Ry > 1 and 6 € (0,1)) and
used the bound R;° = Ry° - (Ro/Ry)’.
We now conclude that as long as C; > (40000/6)'/9, we have
T — 1 * r’ —Q(e
vl < [400. (2/8)-C7° + 10] (R (L/4) + 20k - (Ro/Re—1)’ 4 n~
< (R*(1/4)" '+ 2u)k - (Ro/Ry—1)® +n~%),

This completes the proof of the inductive step for (A) and (B). It remains to prove (D).

Proving (D). Our main tool in arguing (D) is Lemma [2.11} which we invoke with the set .S. By that lemma we
have for every i € S

|5L'i _ Xl(r/,t/) . X;| < 2quant1/5ehe“d(Ht,s, r— X(Tgt/)) I 2quant1/5e§“il(Ht7s, g, l’) + n—Q(c)’

S K3
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since supp Xt C 8 by the inductive hypothesis. This implies by definition of y (") that for every ¢ € Sy

|$i B Xgr/,t/) . X;| < 2quant71n/5e?6ad(Ht7s, — X(T/’t/)) i 2quant§/5e§“il(Ht,s, ars, SU) + n—Q(c)

’ o . (29)
< 20quant!/®ef < (H, ;. x — x"*)) + 20quant’/ el (Hy 5, ay 5, ) + 04,

By part (D) of the inductive hypothesis we have x — X(T/’t/) <3 y(’"/’t/), and thus by Lemma together
with for every i € S}

|x; — XZ(-"J’t,) - xi < 20quanti/5e?€“d(Ht7s, T — X(r,’tl)) + 2Oquant;/5e§“”(Ht7s, At s, T) + n )

< 20quanti/5e?ead(Ht7s, y )y 4 20quant;/5e§“il(Ht7s, at s, T) + n~ )
_ ygr,t).
We thus have for every i € Sy
i — X = X < .
Since ygm) = yy/’t/) fori &€ S, Xgr’t) = XET/’t/) fori & Sy and x — ) < g 4t by the inductive hypothesis,
we get

T X(r’,t') . X/ ~g y('r,t)

r,t)

as required. Since we only update elements of S, we have supp x"* C supp x"'*) U supp x’ € S. This

completes the proof of (D), and the proof of the induction.
To obtain the final result of the lemma, we note that by part (C) of the inductive claim for every r > C'log, R*
(for any C' > 1) one has

TNl < (2/8) - (R*(1/4) 1+ 2p1) - k < (6/5) - pik.

Now recall that by line 23 of Algorithm we have ¥ = y(€1084 ") \which implies by part (D) of the inductive
claim, since (z — (€184 B T)) < g ¢/(Cloga B%T) hat

1@ = Q)slh = (@ = X ClB D)5l < Iy Dy < (6/0) - pk = O(uk),

as required.
O

4.3 Proof of Theorem [1.1]

We now give

Proof of Theorem Recall that in this section we use the quantities ¢"°*? and e'® defined with respect to the
set S. By Lemma[4.T| we have that conditioned on a high probability event &,,,; (Which occurs with probability
at least 1 — 2/25) the vector x computed in line 23 satisfies

Iz — ¥)sllt = O(||zpsl12VE) (30)

To complete the proof, we show that the output x” of the invocation of ESTIMATEVALUES in line 31, when
added to y, yields guarantee claimed by the lemma. First, by Lemma [2.TT| with .S one has for each i € S

I/ —(x —x)il <2~ quant}ﬂ/g’e?ead(Hr, r—x)+2- quant%/f’e’;fail(Hr, ar, ) +n~ U, (31)

since supp x C S.
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Squaring both sides of (31), using the bound (a + b)? < 2a® + 2b? and taking expectations over the
randomness in measurements taken in lines 27-30, we get

E[|x! - (z - X)z|2] <8-E [(quanti/5e?e“d(Hr,w - )2)2] +8-E [(quant},/‘r’eﬁail(Hr, ar,x))2 4+~ (32)

We now upper bound the expectation of (32)). By Lemma (1) one has, letting 224 := quant; /56?6‘“[ (H,,2—
X) to simplify notation,

2 2
E[(z"7] = 0 ((;Wx ~ sl ) ) -0 ((Czlk/eu(m ~ sl ) ) — O agu |3/ (Cah)).

where we used that by conditioning on £y,q; one has ||(z — X)s/[1 = O(||zsl2VE) (by B0)).
By Lemma (2) with S one has, letting Z?% .= quant%/ 5e’§““(HT, a,, ) to simplify notation,

)

E (22| = O(ll(x = Vs 1B/ B) = Oel w513/ (Cak)),

where we used the fact that supp y C S.
Substituting these bounds into and summing over all ¢ € S, we get

E[l|(z — x — X")s|I?] € O(?||wppsl[3/C2) + Oz sl13/C2) < (e/1000)||z sl

as long as (5 is sufficiently large.

An application of Markov’s inequality then gives |[(z — X — X”)s||* < ||z, s||3 with probability at least
1 — 1/1000. By a union bound over this failure event and &,,,5, we conclude that the algorithm outputs the
correct answer with probability at least 1 — 3/25 > 4/5.

We now upper bound the sample complexity and runtime.

Sample complexity. The sample complexity of lines 6-11 is bounded by Zthl Zf:tl O(F-B;) = Zthl Ry
O(F - k/R?) = O(k) - thl 1/R; = O(k) by the choice of R; as geometrically increasing. The sample
complexity of lines 27-30 is upper bounded by O(F - B) = O(k/¢) by Lemma[2.11]and choice of F' = O(1).

Runtime. The runtime of HASHTOBINS in line 10 of Algorithm[2]is O(F - By log B;) = O(B;log By) by
Lemma the setting of ' = O(1) and the fact that the residual signal passed to the call is zero. Since this line

isexecuted fort =1,...,T and s = 1,..., Ry, the total runtime of the loop is
T R T T
> > O(BilogB) =0 (Z Ry - (Cok/R?) 10g(Cgk:)> = O(klogk)- > 1/R, = O(klogk).
t=1 s=1 t=1 t=1

The runtime for construction of the partition S U S U ... U Sp in line 13 is O((Z;F:1 R})|S|log|S|) =
O(Rrklog k) by Lemma and the fact that 3.7 | R; = O(Ry). We now note that since T = 15 log, log(k+
1)+ O(1), then

Ry = 0127 = Cy2175 82108 K400) — 0(16g1/ (70 (1 4 1)) = O(logh*® (k + 1)), (33)
where we used the fact that 1/(1 — ¢) < 14 26 for & € (0,1/2). Thus, the runtime for construction of the
partition S} U So U ... U Sy in line 13 is O(k log>T20 k).

By Lemma each invocation of ESTIMATEVALUES takes time O((||x("?||ologn + FB;logn) - R;) =
O(Riklogn + RyBilogn), as F = O(1) by choice of parameters in line 25 of Algorithm 2} The total runtime
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per iteration in lines 16-22 is thus

T
Z O(Riklogn + R;B;logn)
t=1

T T
=0 (szT logn + Z B:R;log n) (since Z R; = O(Ry), as Ry grow geometrically)
t=1 t=1

T
= O(kRrlogn) + O (Z k:/Rt> logn (since B; = Cok/R?)
t=1

We now note that ZtT:1 k/R:; = O(k) since R; grow geometrically, and thus the expression on the last line above
is O(kRylogn) = klog?*2 n by (33). Since the loop in lines 16-22 proceeds over O(log n) iterations, the final
runtime bound is &k log3+25 n, as required (after rescaling 6).

Finally, lines 27-31 take O(2k log n) time for the invocation of HASHTOBINS by Lemma2.8and O(1k log n)
time for ESTIMATEVALUES by Lemma [2.11] Putting the bounds above together, we obtain the runtime of
klog®t® n + O(Lklogn), as required. [

S Sample efficient recovery

In this section we state our algorithm for sparse recovery from Fourier measurements that achieves O(klogn)
sample complexity in k logo(l) n runtime, give an outline of the analysis, and then present the formal proof. The
proof reuses the core primitives developed in Section |3| together with the idea of majorizing sequences used in
Section [ to argue about correctness of our estimation primitive to analyze the performance of a natural iterative
recovery scheme.

5.1 Algorithm and outline of the analysis

Our algorithm (Algorithm[3)) contains three major components: it starts by taking measurements m of the signal =
(accessing the signal in Fourier domain, i.e. accessing 7), then uses these measurements to perform a sequence of
recovery steps that reduce the /1 norm of the ‘heavy’ elements of = down to (essentially) noise level u. Finally, a
simple cleanup procedure (RECOVERATCONSTANTSNR) is run to achieve the {2 /¢ sparse recovery guarantees
(see (3)). We reuse the location primitive from [Kap16] (LOCATESIGNAL, Algorithm [6).

Measuring 7. All measurements that the algorithm takes are taken in lines 6-22. Two sets of measurements
are taken: one for location (LOCATESIGNAL), another for estimation purposes (calls to ESTIMATEVALUES in
line 32 of Algorithm [3). Location relies on a very structured set of measurements: the measurements are taken
over T = 15 log, log(k + 1) 4+ O(1) rounds for small constant § € (0,1/2), where in round ¢ we are hashing
the signal into B; ~ k/R? buckets, where R; grows exponentially with ¢. For each ¢ we perform R; independent
hashing experiments of this type. For each hashing H;s,t = 1,...,T,s = 1,..., R; we select a random set
A s € [n] x [n] that encodes the locations that our measurements access. Besides measurements used for
location we take a separate set of measurements to use in the call to ESTIMATEVALUES. These measurements
are quite unstructured: we simply make measurements using C'log n random hashings and evaluation points for
sufficiently large constant C' > 0. It is crucial that these measurements are independent of the measurements used
for location. Intuitively, the first set of measurements allows us to decode dominant coefficients of the residual
signal in sublinear time, whereas the second (unstructured) set of measurements allows us to prune false positives,
ensuring that no erroneous coefficients are introduced throughout the update process. The latter idea is similar
to the approach used in [IK14]], but is harder to implement in our setting as the number of possible trajectories
along which the decoding process can evolve is larger. We handle this issue by using the notion of majorizing
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sequences introduced in Section [2] (see Definition and Lemma and used to analyze Algorithm [2]in
Section 4l

Signal to noise ratio (SNR) reduction loop. Once the samples have been taken, Algorithm [3] proceeds to the
signal to noise (SNR) reduction loop (lines 25-36). The objective of this loop is to reduce the mass of the top
(about k) elements in the residual signal to roughly the noise level p - k, where p1 > ||\ 11|12/ V'k. Specifically,
we define the set S of ‘head elements’ in the original signal = as

S ={ien]: |z > u} (34)
Note that we have |S| < 2k. Indeed, if |S| > 2k, more than k elements of S belong to the tail, amounting to
more than ;2 - k = Erri(z) tail mass. The quantities €"°?? and e'® (see (§) and (9) in Section [2)) used in this

section are defined with respect to this set .S.
The SNR reduction loop of Algorithm [3]constructs a vector y supported only on .S such that

Iz = X)sll = O(uk) and suppx C S, (35)

i.e. the £1-SNR of the residual signal on the set S of heavy elements is reduced to a constant.

The main technical contribution lies in our SNR reduction loop, and our main technical result in this section
is
Theorem 5.1. For any § € (0,1/2), for any x € C", any integer k > 1, if u> > Erri(z)/k and R* >
||%]| oo/ 12, R* = nOW), the following conditions hold for the set S == {i € [n] : |z;| > p} C [n].

Then the SNR reduction loop of Algorithm[3](lines 25-36) returns X such that

1@ = X)sll = Os(uk)
supp X © 5§
with probability at least 1 — 325 over the internal randomness used by Algorithm|3| The sample complexity is
Os(klogn). The runtime is bounded by Os(klog**2% n).

Recovery at constant /;-SNR and final result. Once (33)) has been achieved, we run the RECOVERATCON-
STANTSNR primitive from [Kap16]] on the residual signal. Adding the correction that it outputs to the output of
the SNR reduction loop gives the final output of the algorithm. Given Theorem [5.1] the proof of the main result
is simple using

Lemma 5.2 (Lemma 3.4 of [Kap16]]). Foranye > 0, &, x € C", 2’ = x — x and any integer k > 1 ifo’[zk]Hl <
o(1)

O(Hx[n]\[k}HQ\/E) and Hx/[n]\[Qk]H% < ||zppw |3, the following conditions hold. If ||x||oo/p = n°WY), then
the output X' of RECOVERATCONSTANTSNR(, X, 2k, €) satisfies ||’ — X'||[5 < (14 O(€))|xp\w 13 with at
least 99/100 probability over its internal randomness. The sample complexity is O(%k logn), and the runtime

complexity is at most O(%k‘ log®n).

Theorem (Restated) For any ¢ € (1/n,1),5 € (0,1/2), x € C" and any integer k > 1, if R* >
l|2||oo/pt, R = nOW), p2 > zppwl13/k, 12 = O(lzppmwll3/k) and o > 0 is smaller than a function
of 6, SPARSEFFT(Z, k, €, R*, i) (Algorithm |3) solves the {s/ls sparse recovery problem using Os(klogn) +
O(%k logn) samples and Og(%k‘ log** n) time with at least 45 success probability.

Proof. Let the set S C [n] be defined as in Theorem By Theorem [5.1|one has that ||(z — x)s||1 = Os(n)
and supp x C S with probability at least 1 — 3/25. Thus, the signal = — X satisfies preconditions of Lemma
and we get ||z — x — X/||2 < (1+O(€)) Errg(x) with probability at least 99/100, resulting in success probability
atleast 1 — 3/25 — 1/100 > 4/5 overall.

The sample complexity of the SNR reduction loop is O(k log n) by Theorem The sample complexity of
RECOVERATCONSTANTSNR is O(%k log n). The runtime of the SNR reduction loop is bounded by & log4+25 n
by Theorem and the runtime of RECOVERATCONSTANTSNR is at most O(%k log? n) by Lemma , so the
final runtime bound follows (after rescaling ).
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Algorithm 3 SPARSEFFT(z, k, €, R*, i)

1: procedure SPARSEFFT(Z, k, ¢, R*, u)

2:

40:

R A

W {0}, A — 2[%108‘2 log, "J’ N «— AﬂogA n|
for g = 1to logn N do
W« WU {NA-9}

end for

T «+ 15 logylog(k + 1) + O(1)

Ry« Cp-2fort € [1: T > C7 > 0 an absolute constant, 6 € (0, 1/2) small constant
By« Cy-k/R?fort € [1:T] > Cy sufficiently large
Gy < filter with B; buckets and sharpness I’ = 8.

fort =1to 7T do > Take samples to be used for location

for s = 1to R; do
Choose 0 € Mgq v.ar, let s < (0,0), Hy s := (75, By, F)
Let A; s < C'loglogn elements of [n] X [n] v.a.r.
m(x, Hy 5,0 + W - ) <~ HASHTOBINS(Z, 0, (Hy s, + W - 3)) for (o, B) € Ap s, w €W
end for
end for
B <+ k/a?, a € (0,1) smaller than a constant
for t = 1to C'logn do
Choose 0 € Mg, ¢, 2 € [n] war, let 7% « (o, q), HfS := (7§, B, F)
m(x, HES, 2;) < HASHTOBINS(Z, 0, (Hf®, 21))
end for
M {(HE, 2, i, HE, 7)) 0957
x00 «0,x <0
'+ 0,t' + 0
forr=0,1,...,|log, R*] —3do
fort =1to7 do
X(r,t) — X(r/,t’) + X/

for s = 1to R; do > Invocation of LOCATESIGNAL below does not take any fresh samples
Ly < LOCATESIGNAL(X ") Hy o, {m(z, Hys, 0 + W - B) }a,8)eAr o weW)

end for

L+ Uf:t1 Ly > Invocation of ESTIMATE VALUES below does not take any fresh samples

x < ESTIMATEVALUES(x("t), L, Me5t)
For all j € supp x let X < x; if [x;| > L R*1u(1/4)" and X; < 0 otherwise
r—r t—t
end for
end for
X X(r',t’) + X/
X" < RECOVERATCONSTANTSNR(Z, X, 2k, €)
XX+
return x*

41: end procedure

In the rest of this section we prove performance guarantees for the SNR reduction loop in Algorithm

(lines 23-35). These guarantees are formally stated in Theorem[5.1} our main result in the rest of the section. The
main tool in our analysis is the notion of a majorizing sequence for the intermediate residual signals that arise
in the SNR reduction loop: we show that with high probability over the measurements taken, the intermediate
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residual signals that arise during the execution of the algorithm are (assuming perfect estimation) majorized by a
fixed sequence of signals (™", constructed in section

To prove that the residual signal is indeed with high probability majorized by this sequence y(’"’t), we use
the fact that our estimation primitive uses C'log n random measurements and hence yields precise bounds for all
signals y(™) in the majorizing sequence. This means that estimates provided by ESTIMATEVALUES essentially
provide perfect estimation for our algorithm, and a simple inductive argument shows that y("*) majorizes z—y ("
at each iteration indeed, and no false positives are created. This argument crucially relies on the definition of a
majorant (see Definition and a monotonicity property of e“*? (Lemma . We first state notation
relevant to bounding the effect of tail noise on location in section[5.2] Then the construction of the majorizing
sequence is given in section[5.3] and then section [5.4] proves Theorem [5.1]

5.2 Notation for bounding tail noise in location

Our location algorithm (presented in Appendix [C) uses several values of (o, 8) € A, C [n] x [n] to perform
location, a more robust version of et ( H, z) will be useful. To that effect we let for any Z C [n]

e;ﬁail(H’ Z, )= quantigz G;%z) . Z Goi(j)ijwzo(j_i) ) (36)
jemN\S

Note that our Sparse FFT algorithm (Algorithm [3) at various iterations r, first selects sets A, C [n] x [n], and
then accesses the signal at locations Z = {a + W - B} (4 g)ec.4, for various w € W. It should also be noted here
that in the definition above the quantile is taken over all values of z € Z for a fixed hashing H.

The definition of e!*!(H, {4+ w - 3}, z) for a fixed w € WV above allows us to capture the amount of noise
that our measurements that use H suffer from for locating a specific set of bits of o%. Since the algorithm requires
all w € W to be not too noisy in order to succeed, the following quantity will be useful in analysis. We define

€§ail’W(H7 A’ l’) = 40/LH,1(17) + Z
weWw

el H, {a+W - B} apea T) — 40upmi(z) . (37)

where for any 7 € R one has |n|+ = nif n > 0 and |n|+ = 0 otherwise.

The following definition is useful for bounding the norm of elements ¢ € .S that are not discovered by several
calls to LOCATESIGNAL on a sequence of hashings {H, }. For a sequence of measurement patterns {H,,.A, }
we let ,

el WU H, A}, ) = quant}/Seza”’W(Hr, A x). (38)

We will use the following lemma, whose proof is given in Appendix [C}

Lemma 5.3. For any integer rmq, > 1, for any sequence of rma, hashings H, = (7., B,R), 7 € [1 : rias] and

evaluation points A, C [n] X [n], for every S C [n] and for every z, x € C", 2’ := x—, the following conditions
hold. If for each v € [1 : rimaz] Ly C [n] denotes the output of LOCATESIGNAL(Z, X, Hy, {m(z, Hy, a0 + W -
ﬂ)}(a,ﬁ)eAr,weW)’ L =U,;m" Ly, and the sets {,8}(0575)&% are balanced r € [1 : T4z, then

o]l < 20[lef({H Y, a') [+ 20[1€5™ ™ ({Hr, A}, 2) |1+ |S] -0, *)
Furthermore, every element i € S such that
] > 20! ({H, },2') + eV ({ Hyy Ay}, ) 42 (*%)
belongs to L.

We will also use the following lemma, whose proof is given in Appendix [D}
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Lemma 5.4. For every C larger than an absolute constant, every integer k > 1 and every x € C", if the
parameter | satisfies [ > ||x[n]\[k]\|2/\/§, the following conditions hold. If hashings {{Hhs}f:tl}f:l and
locations {{A; s}t | YI_, are selected as in Algorithm lines 6-16, the sequence Ry, ..., Ry satisfies

ql R; = C12t forallt > 0;
q2 B; = Cy(2k)/R2,

wheret Co > 0 is sufficiently large (as a function of C), then there exists an event Egpali—noise (that depends on

H; s and Ay s) with Pr[Egmati—noise N Epartition] < 1/1000 (where Epartition is the success event for Lemma

such that the following conditions hold conditioned on &gy,ali—noise N Epartition- FOr etail, W defined with respect

to S := {i €n]:|x;| > u} one has for all t € [1 : T| simultaneously Heg‘?l’w({Ht,s,At,s}se[lth],x)Hl <
1

st 11kl [2VE/ Re—1.

5.3 Construction of a majorizing sequence

We now construct a sequence of vectors y*" € ]R[f], where t = 1,..., T and r = 0,1,..., |logy R*| — 3,
which, as we show later, will majorize the actual sequence of residual signals that arise in the execution of our
algorithm on the set of head elements S assuming expected behaviour of our estimation primitive. These two
properties together will later ensure that the update vectors X(T/’t') that the SNR reduction loop computes are
always supported on S.

To define the majorizing sequence, we first let ylgo,o) = R*pforall: € S and yz(o’o) = 0 otherwise. Note that
(09 trivially majorizes every x with the property that ||z||oc < R* - on S. The construction of y("") proceeds
by induction on (r,t). Given ("), the next signal to be defined is "), where (r,t) = (+/,t' + 1) if ' < T
and (r,t) = (r’ + 1, 1) otherwise (note that this notation matches the notation in lines 23-35) of Algorithm[3] i.e.
the SNR reduction loop. We now define the signal (™) by letting for each i € S,

T ea r’ at —Qfe 1 %
yz( 4.~ max {206? d({Ht,s}ge[LRt],y( ot )) + 20ef Z’W({Hm,At,s}se[th],:p) +n ), 3 (1/49)"R ,u}

(39)
and letting yiT’t) = ygr”t/) otherwise. Here n corresponds to the (negligible) error term due to polynomial
precision of our computations. Note that there are two contributions to y(T’t): one coming from the previous
signal in the majorizing sequence, namely y"'*) and the other coming from the tail of the signal z. Also, recall
that the quantities ¢"*? and e'* (see (§) and (9) in Section [2) used in this section are defined with respect to the

set S given by (34).
The /1 norm of the majorizing sequence satisfies useful decay properties:

—Q(c)

Lemma 5.5. For every § € (0,1/2), every even F' > 6, every x € C", every integer k > 1, if p >
Hw[n}\[k]HQ/\/Er R* > ||z||oo/pts R* = nPW), and S = {i € [n] : |x;| > p}, then the following conditions
hold.

If ehead et@ilW qre defined with respect to S, hashings {Hy s}, sets { A5} are defined as in Algorithm
parameters Ry, By satisfy

ql R; = C12 forallt > 0, Cy larger than a function of 6;
q2 B; = Cy(2k)/R2, where Cy is larger than a function of Cy and 9,

v

and the sequence y™) is defined as in (39), then there exists an event Epqj with Pr (Heoering [Emaj]
3SSs [rass =

1 — 2/25 such that conditioned on Ep,q; the set S admits an isolating partition (as per Definition S =
S1USyU. ..U Sy, and the following hold.
For every (r,t) € [1:T] x [0: [logy R*|] U{(0,0)}
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(A) forall q € [1:t] one has \|ygzt)||1 < R (1/4)F1 - (2k) - (Ro/Ry—1)°;

(B) forallq € [t +1:T) one has Hyé’;“!h < Rfp- (1/4)" - (2k) - (Ro/Ry-1)°;

(© |lyg™ |11 < (2/8) - R*u(1/4)" - (2K)

Proof. By Lemma applied to the set S (recall that |S| < 2k) we get that conditioned on an event Epgrtition
that occurs with probability at least 1 — 1/25 there exists an isolating partition S = S; U ... U Sp. We condition
on Epartition in What follows, and the event £,,,; that we construct later will be a subset of Epqrition-

We prove the claims by induction on (r,¢). The base is provided by » = 0 and ¢ = 0. Indeed, by property
(1) of an isolating partition (see Definition[3.7) and the fact that |S| < 2k we have for any ¢ € [1 : T']

Ry | _o0-5)@1)4

lylls, < Bp -S| < R - (2k) - =27
q—1

< R*u(2k) - (Ro/Ry1)°

since 0 € (0, 1) by assumption of the lemma and 2-20700 V41 < forall ¢ > 1.

We now prove the inductive step. There are two cases, depending on whether ¢t € [1: T'— 1] ort = T Let
t!=t—1,r=7r"ift >1andt =T,7" = r — 1 otherwise. If t = 1,7 = 0, then let ¢’ = 0,7’ = 0. Note that
(r',t') is the element preceding (™! in the majorizing sequence.

We start with an upper bound on the #; norm of y ', Using the inductive hypothesis for (r/,¢'), we get

[ <ZR* - (1/4)"1 - (Ro/Rq-1)" + Z R (2k) - (1/4)" - (Rg-1/Ro) ™
q=t'+1
< R (2k) - (1/4)7 il(qu/Ro)“S
p
2k) - (1/4)’”’5032—((1—1)5 (since R; = C12! by p1) (40)
< o B (20) - (1/4)"

1 N T/
< omz 1 R p(1/4)" - (2k)

< (2/8)- R u(1/4)" - (2k)  (since e® —1 > z whenz < 1 andIn2 > 1/2)

By definition of the majorizing sequence (39) the signal y("1) is obtained from y("t") by modifying the latter

on S;. We need to bound the error introduced by head and tail elements of y( ) to y (see (39)). We now
bound both terms. By Lemma@ conditioned on Egpail—noise N Epartition (defined in the lemma) we have

e ({Hys, Ays b sepra @) uk/Rt . (41)

< 200

By Lemma 3.1} we have
e ({Hus}sen:rgs v )l < 40R 1y (42)

as long as S admits an isolating partition with respect to the hash functions {{ H; ;}}, which it does with proba-
bility at least 1 — 1/25 by Lemma (the success event is denoted by Epartition). We now define the event &4
by letting £ 1= Esmaii—noise N Epartition- Note that Pr(&,,,;] > 1 — 2/25, as required. We condition on &,
for the rest of the proof.
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We now use the bounds above to prove the result. By definition of the majorizing sequence (39)) we have

- (1/4)"R* }

oo\H

yi(r’t) 1= max {QOG?ead({Ht,s}se[lth]a y(rl’t/)) + ZOGEGiZ’W({Ht,s, At,s}se[l;Rt], x)+n" (C
so using the bound from (@2)) we get

RIS (20e?€“d<{Ht,s}sep:Rd,y““t’)) +20e YW ({ Hy g, At s }sepiery, @) +n~ 4O
1€St

1
g (1/4)1“3*”)
<400 Ry [y + ¢ ((1/4) R*pr) - 18e] +20[ ™Y ({ Hy s, Ar s}, 2) |11 + 0~

We now substitute (#0) together with (41) into the last line above, and use the bound |S;| < 2k- %2_2“76)“71)“ <
2k R]j: (from the definition of an isolating partition, Definition to obtain
R 1
0 ,uk JRi—1 +n~ %O
"Ry,

1 :
* 10> R k(1/4)" - (Ro/Rt—l)‘S +nm M @3)

r — * r Lo
196”1l < 400 By *((2/0) - R*pu- k(L/4)") + SR juk(1/4)"

1

< ((2000/5) (Ru/Ri)™" - Rg® + 5

1
8

where we used the assumption that < |log, R*|, so that R*pi(1/4)"
We now note that for every ¢ > 1, since R; = C72¢ by assumption of the lemma, we have

(2000/6) - Ry® = (2000/5) - C;°
Thus, as long as C; > (2000 - 100 - §)/2, the rhs is upper bounded by 1/100. Substituting this into @3), we get

1 /
< ((2000/5) RO + =+ 10) SR k(1/4) ‘(RO/Rt71)6+n_Q(C),

Iy, 100 ' 8

This completes the proof of the inductive step. O

11 ,
s ( + 4 10) Rpu-k(1/4)" - (Ro/Ri—1)’ +n~ N < R*puk(1/4)" ' (Ro/Ry—1)? +n~ %),

5.4 Proof of Theorem 5.1]

We now prove the following lemma, which captures the correctness part of Theorem[5.1] We then put it together
with runtime and sample complexity estimates to obtain a proof of Theorem [5.1]

Lemma 5.6. For every § € (0,1/2), every even F' > 6, every x € C" if the parameter | satisfies j1 >
H:c[n}\[k]Hg/\/E R* = ||z||oo/p, R* = nOW, the following conditions hold for the SNR reduction loop in
Algorithm 3| If the hashings {Hy s} and locations { A s} are chosen as in Algorithm[3| and parameters satisfy

ql R; = C12t forallt > 0, Cy larger than a function of 6;

q2 By = C3(2k)/R2, where Cs larger than a function of Cy and 6,

then the following conditions hold. If S := {i € [n] : |z;| > u}, then the output X of the {1-SNR reduction loop
in Algorithm 3] satisfies
1z = x)slh = Os(||zpp w2 - VE),

and all intermediate Xrlﬂf, satisfy
14!
suppx” " C S

with probability at least 1 — 3/25 over the randomness used in the measurements.
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Proof. We start with an outline of the proof. Throughout the proof we rely on the quantities e“*? and e?®"
defined with respect to the set S = {i € [n] : |z;| > p} defined in the lemma. The proof is by induction on
the number of iterations of the SNR reduction loop. We will show that with high probability over the initial
measurements the residual signals z — y("*) are majorized on S by the sequence y("*) defined in (39). This lets
us argue that (1) with high probability over the measurements used for ESTIMATE VALUES estimation error on the
signals y"™?) is small, and then (2) conclude that since = — x (") are majorized by 3" on S, ESTIMATE VALUES
gives precise estimates for all such residuals. This lets us argue that updates of the residual are always confined to
the set S, and the residual is still majorized appropriately at the next iteration, giving the inductive proof. In what
follows we condition on the event &,,,; defined in Lemma which occurs with probability at least 1 — 2/25.

Precision bounds for ESTIMATE VALUES. We first prove bounds on the precision of the estimates provided
by calls to ESTIMATEVALUES in the SNR reduction loop of Algorithm [3] (line 32). We have by Lemma 2.11]
(1a) applied to the signals y(™") + T[p\s and the set S, that with probability 1 — n~2 over the choice of
measurements M (lines 17-21) of Algorithm [3| for any (") e C" such that supp x\") C S and = —
X" is majorized by y(") on S (as per Definition , one has that the estimates w; computed in the call
ESTIMATEVALUES (x ("%, L, M) in line 32 satisfy

lwi — (z — x| < 2quant71"/5eh6ad({HT}, z— X)) + 2quant71¢/5emil({Hr, ar},x)
So in particular by Lemma if 2 — x(™) <g y™ and supp " C S, we get
w; — (z — x"D);| < 2quant/®e"d({H,},x — x"V) + 2quant}/*e'*! ({ H,, a,}, x)
< 2quant!/®eed({H,}, y"t)) 4 2quant'/®e' ! ({H,, a,}, z).
By Lemma (3) and (4) one has quanty/*e"*d(H, y) = O(||ys||1/B) and quanty’*e'@il(H, a,, z) =

O([|zppsll2/ V/B) with probability 1 — 2~C1en) > 1 _5n=C/2 a5 Jong as the constant C is sufficiently large
Since B = k/a? by our setting of parameters (line 17 of Algorithm , we have

1 1
Olllysll1/B) < O(a) - callyslli/k < <ollysll1/k

and
Olllapsllo/VB) < O(/a) - 5 Vallatuslla/VE < £ vVallaypsllo/VE

as long as « is smaller than a constant, and in particular smaller than 5% (we will need to set a smaller than 62
below to offset the 2/§ factor in the upper bound on the ¢; norm of y(t) in Lemma (C)). We thus get that
the estimates computed in ESTIMATEVALUES(, L, M®) in line 32 satisify

1 r 1
fwi = (& = X"l < Zallyg™ /& + 5 Vallegyslla/ V. (44)

We have by Lemma , (C), that Hyg’t) l1 < (2/0)R*1 - (2k)(1/4)", and we have by definition of S that
zppsl3 < & - llzpps! iz + zppmllz < ku® + |Jzpp w3 < 2p*k. Substituting these bounds into @), we
get by a union bound over all 7 € [n] and all sequences (™! that if z — (") <g y(™), then for all i € [n] and
all (r,t) one has

L 1
fwi = (@ = X"l < callyg™ 1 /k + 5 llapslle/ Vi

IN

1 1

a(4/8)R - (1/4) + 5v/av2u (45)
< Vo (R u(1/4)" +p)

SNote that this is the place where we crucially use the notion of majorizing sequences: even though the actual residual signals that

arise throughout the update process depend on the measurements M**, it suffices to invoke Lemma on the majorizing sequence y,
which is fixed and independent of M©5¢.

30



where we used the assumption that o < §2 to obtain the last inequality.
Equipped with the bounds on estimation quality in (43]), we now give the proof of the theorem. The proof is
by induction on (r, t). We prove that for every (r,t) € [1: T] x [0 : [logy R*|] U {(0,0)}

(A) »"Y) majorizes z — x("") on S;

B) x5 =0.

The base is provided by (r,¢t) = (0,0), where y’E0,0) = R*pfori € S and yEO’O) = 0 otherwise. Since

||#||oo < R*p by assumption of the lemma and x(®?) = 0 in Algorithm [3| the base of the induction holds. We
now prove the inductive step. Lett' =¢ — 1,7 =7 ift > 1andt' = T,7' = r — 1 otherwise. If t = 1,7 = 0,
then let ¢ = 0,7/ = 0. Note that (r/, ¢') is the element preceding y("*) in the majorizing sequence.

Since z — x"'*) <g y"*") and supp x") C S by the inductive hypothesis, we have by (43),

fwi = (@ =Xl < Va (B (1/4) n+ ) (46)

where « is smaller than an absolute constant (see line 17 of Algorithm [3).
We first prove part (B) of the inductive step. Since only elements with |w;| > (1/16)R*u(1/4)" are updated
(by the pruning step in line 33 of Algorithm [3), for all such 7 we have by triangle inequality using that

(2 = x")i| = (1/16)R*u(1/4)" = Va (R*(1/4) i+ ) = (1/32) R*u(1/4)", 47)

where we used the assumption that « is smaller than a sufficiently small absolute constant. Since the upper bound
for 7 in the SNR reduction loop is |log, R* | —3 in the SNR reduction loop, we have (1/32) R*u(1/4)" > 2u >
for all such 7. Since supp x"*) C S by the inductive hypothesis, this means that the output x’ of the call to
ESTIMATEVALUES is such that any i € [n] with x; # 0 belongs to S. We have shown that supp x("*) C
supp X(Tlvt’) Usupp X’ C S, proving part (B) of the inductive step.

We now prove part (A) of the inductive step, i.e. prove that z — x("t) = z — X(’"/”y) — X’ is majorized by
y("t) (defined by (39)).

Bounding elements reported in L. We first consider i € L N supp )/, i.e. elements that were reported in L
and estimated as being above the threshold. For such i € L N supp x’ we have by (@6))

(2 = XYl = [(@ = X" = X)il < Va (R*(L/4) 1+ p) < (1/32)R*u(1/4)".

At the same time for such elements (i € L Nsupp x’) we have by [(z—x""));] > (1/32)R*1u(1/4)". This
means that for all 7 € L N supp X’ one has

[z — x"D);| < |(z — x")l, (48)

as well as
(@ — x| < (1/32)R*p(1/4)". (49)

At the same time for i € [n] such that x; = 0 we have

[z = X" )il = (2 = X"l < (L/16)R*u(1/4)" + Va(R*(1/4) p+ p) < (1/8)R*u(1/4)"  (50)

as long as « is smaller than an absolute constant.
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Bounding elements not reported in L. Let 2’ := z — y"t) to simplify notation. If an element ¢ € Sy is not
reported in any of the calls to LOCATESIGNAL (i.e. does not belong to L), then by Corollary [5.3]it satisfies

|‘T;| < 206?€ad({Ht7S}s€[lth}vx,) + QOeﬁailvw({Ht,sa At,s}se[lth]a$) + n_Q(C)

i _ (51)
S 206?ead({Ht,s}se[l:Rt} ] y(r7t)) + 206?1 l7W({Ht,sa At,S}SE[lth]? .%') +n Q(C)a

where we used Lemma to upper bound error induced by head elements of x’ by error induced by head
elements of y(™"), which majorizes 2’ on S by the inductive hypothesis.

Putting it together. Recall that by the signal y(™") is defined by letting for each i € S,

(1/4)"R

OOM—l

y7;(r7t) ‘— max {206?6(16[({[{7575}86[1:]34,y(r/’tl)) + 20e§“il({Ht,s, At,s}sE[l:Rt]a .CC) + niﬂ( )

(52)
and letting yz(r’t) = yz(r/’t,) otherwise.

We now have that any element ¢ € S; that is not reported in any of the calls to LOCATESIGNAL 2 sat-
isfies (51)), which is upper bounded by the first argument in the maximum above. By (50) together with (49)
we have [(2' — x')i| < (1/8)R*u(1/4)" for all i € S, which is upper bounded by the second term in the
maximum above. Finally, for any ¢ € [n] (not necessarily in S;) by @8) we have |(2’ — x/);| < |z}], so
|(2" = X)il < |z}] < ygrl’t/) = ygr’t) for such ¢ as well (note that we are also using the fact that i € S necessarily
for all ¢ with x; # 0, by part (B) of the inductive step, which we proved already). This completes the proof of
part (A) of the inductive step, and the proof of the lemma.

Note that we conditioned on the event £,,,; defined in Lemma @ which occurs with probability at least
1 — 2/25, as well as a high probability (1 — 1/poly(n)) success event for ESTIMATEVALUES. Thus, success
probability is at least 1 — 3/25 by a union bound, as required. O

We can now give a proof of Theorem the main technical result of this section. We restate the theorem
here for convenience of the reader:
Theorem.(Restated) For any § € (0,1/2), for any x € C", any integer k > 1, lf,u = Err?(x)/k and
R* > ||2]|oo /11, R* = n®W), the following conditions hold for the set S := {i € [n] : C [n].

Then the SNR reduction loop of Algorithm[3](lines 25-36) returns X such that

[z = X)sll1 = Os(puk)
suppx € S

with probability at least 1 — 3 /25 over the internal randomness used by Algorithm l 3l The sample complexity is
Os(klogn). The runtime is bounded by O;(klog**% n).

Proof. Correctness follows by Lemma [5.6] and setting of parameters in Algorithm [3] It remains to bound the
sample and runtime complexity. For each ¢t = 1,...,T we take B; measurements using a filter of sharpness
F = O(1), so the total sample complexity is

T T
D O(B)WI - |Ars| - R =Y O(By)(logn/loglogn)(loglogn) - Ry
t=1 t=1

< O(Cy)((2klogn)/RE) - R

T
O(Cqk)logn - ZRt O(klogn),
t=1
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where we used the fact that (' is an absolute constant and Cs as prescribed by Lemma 3.8} as well as the setting
| Ass| = O(loglogn) and W = O(loga n) = O(logn/ loglog n)) Algorithm 3]
Runtime. We start by bounding the runtime for the SNR reduction loop

e Each call to LOCATESIGNAL costs O(F By log?n + ||x||o log? n) by Lemma|C.3|

The total cost for calls to LOCATESIGNAL in a single iteration (i.e. one value of r) is hence bounded by

T R
0 (33 Bt - s I o

t=1 s=1
T T
=0 (Z RtBt> log?n + O(Z Riklog®n) (since supp x" ' C S for all +/, ' by Lemma
t=1 t=1

O(k/R;)log®n 4+ O(Rr)||x|lolog?n  (since R; increase geometrically by setting of parameters in line 7)

Il
11

3426 n

I
S

klog®n) + [|x][o log
— k 10g3+25 n,
where we used the fact that

Ry = Cl2T _ Cl2l—iélog2 log k+0(1) _ O(log;/(lf(s) k‘) _ 0(10g5+25 k‘)

by setting of parameters in Algorithm [3|and the fact that 1/(1 — ¢) < 14 2§ for § € (0,1/2). Finally,
accounting for O(logn) iterations of the SNR reduction loop over r, we obtain a bound of & 10g4+25 n, as

claimed.

e Each call to ESTIMATEVALUES costs O(F B - logn - C'logn + (max, 4 |[|[x"*||o) - logn - C'logn) by
Lemma The total runtime over O(log n) iterations of the SNR reduction loop is hence O(k log® n).

Summing the contributions, we get runtime k log*+20

success probability of Lemma [5.6]

n, as required. Success probability follows from the

O

A Proof of Lemma

We restate the lemma for convenience of the reader:

Lemma [3.8] (Restated) For every integer k > 1, every S C [n],|S| < k, every § € (0,1/2), if the parameters
By, R; are selected to satisfy (p1) Ry = C1 - 2' and (p2) B; > C5 - k:/R? foreveryt € [0 : T), where Cy is
a sufficiently large constant and Cs is sufficiently large as a function of C and 0, then the following conditions
hold.

With probability at least 1 — 1/25 over the choice of hashings {{Ht,s}se[lth]}le Algorithmterminates in
T= 1—3 log, log(k + 1) + O(1) steps. When the algorithm terminates, the output partition {.S; };*-le is isolating
as per Definition 3.8}

We will use

Theorem A.1 (Chernoff bound). Let X1, . .., X, be independent Bernoulli random variables, let 1 := E[Y " | X;].
Then for any n) > 1 one has Pr[y ;" | X; > (1 +n)u] < e—tm/3.

The following basic technical claim is crucial to our analysis (the short proof is given in Appendix [F):
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Claim A.2. For every C1,Cy > 0,6 € (0,1) there exists Cs such that for every Cy > C35 one has C%QC“ .
2-C2207 1 < i1 > 0,

Equipped with the technical claim above, we can now argue that Algorithm [I|constructs an isolating partition
of any set S C [n] that satisfies |S| < k with at least high constant probability and prove Lemma[3.8]
Proof of Lemma 3.8 The proof proceeds in four steps. In Step (1) we state a set of inductive claims that we will
prove, then in Step (2) argue that the inductive claims imply that Algorithmterminates inT = ﬁ logy log(k+
1) + O(1) iterations, then in Step (3) argue that the inductive claims imply that output partition is isolating and
finally in Step (4) prove the inductive claims (this step corresponds to the bulk of the proof).

Step (1) Our argument proceeds inductively for ¢ = 1,2,..., and we think of sampling the hashings
{H;, s}sRél independently at each step .
For each t > 1 let k; := |S?|. We show by induction on ¢ > 1 that there exists a sequence of nested events

E1 D& DO...suchthatforallt > 1

(1) event & depends only on the randomness up to time ¢;
: —1
@) Pri&] > 1 53 200 75

(3) conditioned on &; one has k; < k - %2*2“75)“71)“.

Step (2) We now show that (3) implies that the algorithm terminates in 7 = 25 log, log(k + 1) + O(1)
steps. Indeed, by (3) we have
IST| < k- g2y
T-1

Substituting T’ = 115 (log, logy (k + 1) + C), we get

IST| < k- 27207V < 9= a20 7T < 92T s (KDL <y 4 1)1729T g

as long as C' > 3.
Also, (2) implies that the algorithm terminates with probability at least

T-1

3 1
Priép]>1— — Y —
3 o 1
>1— —
= 10();01%
1oL
25

where we used the assumption that {.S; }]T:1 satisfies property (1) of an isolating partition (see Definition as
well as R; = C1 - 2t and (] is larger than an absolute constant.

Step (3) We now that given the inductive claims from Step (1), the returned partition S¥ U... U S% satisfies
the definition of a d-isolating partition (Definition [3.8). We need to prove that

1-6)-(t—1
1. |ST| < k- ag=2072 D1,
t Ri_1

Ry

2. no element of 7 is R; 3-crowded by S/ under any of { H; ;}*;

3. no element of S R;-collides with a §-bad element for S{ under any of { H; S}fzil.
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To prove the first property, we note that the sizes of sets Sf are non-increasing in ¢ > t for every ¢, as
S OS¢ (by line 7 of Algorithm . Conditional on &7 we thus have

‘StT| < ‘Sﬂ <k- RRO 2_2(1—5)(t,1)+1

for all ¢ > 1, as required.

For the second property, note that no element of Sf“ is Ry 3_crowded by S! under any {H;, s}sttl by con-
struction of S{* (line 7 of Algorithm . Since S{T C S¢, this means that no element of S} is R, >-crowded
by Sf“ under any {Has}?:tl, and since S7 C Sf“ this also means that no element of S{ is R, 3_crowded by
ST under any { H; s}, so property 2 is satisfied.

For the third property, note that no element of Sf“ Ry-collides with a §-bad element for S! under any
{H;, s}sRél by construction of St (line 7 of Algorithm . Since S C Si*, this means that no element of S
Ry-collides with a d-bad element for S! under any {H;,}'™ . Finally, note that since S} C S¢, any element
that is §-bad for S} is also §-bad for S} by Definition This shows that no element of S{ R;-collides with a
§-bad element for S/ under any {HtS}f:tl and establishes property 3 above. This completes the proof that the
constructed partition {S7 } is isolating.

Step (4) In what follows we construct the events &,t = 1,...,7T and prove properties (1)-(3) above by

inductionont¢ = 1,...,7. The proof is by induction on ¢.

Base:t =1 Welet S} := S, so that the base is trivial (we let & be the trivial event that occurs with probability
1).

Inductive step: t — ¢+ 1  Suppose that [Sf| = k; < k- %2_2“76)“7”“. We first bound the expected size
of Uy and V; conditional on &, and then put these bounds together to obtain a proof of the inductive step.

Bounding the number of crowded elements in S} (size of V;) For each element i € [n] and every scale ¢ > 0
we have, letting H := H; 4, m := m; ¢ and h := hy , to simplify notation (recall that i (i) = round((B/n)m());
see section [2.1)),

Ey [ R(SE\ (1)) NB(r(0), 7727

] <4-29S!|/By < 4-2%k/By, (53)

where we used the fact that |S}| < k; by the inductive hypothesis, as well as Lemma Thus by Markov’s
inequality for every A > 0

PI’H |:

7SI\ {i}) NB (mz’), ;2‘1)

>\ 22‘1] < 4XT'27y /By

By a union bound over all scales ¢ > 0 (i.e. summing the rhs of the bound above over all scales ¢ > 0) we
conclude that

Pry[i is A-crowded under hashing H] <> " 4A™'27%; /B, = 8\ "'k /B;. (54)
q>0

We thus have for every ¢ € [n] and a random hashing hashing H = (m, B, G)

Pry[iis R, >-crowded] < 8(R}) - k;/B;  (by (534) with A = R; )
8

Ry _oa-&@-1) (55)
S 7(Rt5) ' R 2 2 +17
2 t—1
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k RO 2 2(1-8)(t— 1)+1

where we used the bound k; < provided by the inductive hypothesis and the assumption

that B; > C5 - k/R? by assumption p2 of the lemma to go from the first line to the second.
We thus have by a union bound over R; hashings { Hy s}sc1.,], for every i € St

Prim, ocnng i € Vil = Prom, oy g S R, ?-crowded under at least one H ]

8 6 Ry 9(1=8)(t—1) 41

< @ (RS) - o 9~ (by a union bound applied to @])) (56)
1 t—
< 6001 (Rt) 9 2(1=8)(t-1) 41 (since Rt — Cl . 2t by pl)
2

Using the upper bound on the size of S} given by the inductive hypothesis again, we obtain

E{Ht S}se[l R¢] |‘/t Z Pr{Ht S}se[l R¢) [Z E ‘/t]

SN
< |Sf| “Prom, 3ciny [i € Vi (for any i € S})

Ry _s0-50-1) ) . . .
< <k . Kﬁg 2 ‘ +1> Prim, bocnny [i € V] (by the inductive hypothesis)
< <k‘ Ry 2_2<15)<z1)+1> 16C4 R52 9(1-8)(t-1) 4 1 (by G8)

R4 Cy
<k 3201R0R? .2_2(176)(t71)+1+1
Co- Ry
. 64C1 Ry R} L9209ty
- Cs

k 64:611.R0‘R2L 2_2(176)t+1 ) 2_(25_1)2(176)1&
(1—§)t+1 )
< 100Rt > &

6400C; Ry RY g (@ 12090 6400C% o6t 52001
Cy - Cy ’
where we used the assumption that R; = C} 2t for a constant C; > 0, and the bound e* — 1 > z for all z > 0.

It remains to note that for every § > 0, if C5 is sufficiently large (depending on C'; and §), we get that & < 1
for all ¢ > 1. Formally this follows by Claim|[A.2]

IN

(57

where

&=

Bounding the number of bad elements (Bad;). Recall (Definition that an element a of S is bad for S;
with respect to a partition S = S;US2U. . .U.S7 and hashings {{H, S}SRil}thl if a participates in an R;-collision
with at least one element of S; under more than a R, % fraction of hashings Hy 1, ..., H; r,. We now upper bound
the probability that a given ¢ is bad.

For any i € [n] the probability that i R;-collides with a given element j € S under a random hashing H is
upper bounded as follows. First recall that that 77(i) = o (i — ¢) for all i € [n], so

Pr.[i and j participate in an R;-collision] = Pr.[|7(i) — 7(j)|o < (n/Bi)Ry]
= Pro(lo(i = j)lo < (n/Bi)Ri] < 4R:/ By,

where we used Lemma[2.3]to obtain the last bound.
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A union bound over all j € S} then gives that for every i € S
Pry[i R;-collides with at least one element of Sf under H| < 4Ry(k/By). (58)

Foreach s = 1,..., Ry let X, = 1 if ¢ R;-collides with an element of Stt under hashing H; s and X, = 0
otherwise. We first bound E[X], and then apply Chernoff bounds to X := Zf;l X, to bound the number
of bad elements in S with respect to S! at step ¢. In order to bound the expected number of bad elements, it
would be sufficient to bound Pr[X > R%_‘s]. Instead, we will upper bound a slightly larger quantity that will
be useful for upper bounding the expected number of elements that collide with a bad element (which is what
we need to bound ultimately). Specifically, for any s* € [1 : R;] we let X_g- := Zf;l,s 25+ Xs. Note that
Pr[X > R!™°] <Pr[X_, > R!~°] for any s*, and it is the latter quantity that we bound now. We now have for
every s* € [1: Ry]

Ry
<> 4R, - (k/B;) (by (8) and definition of X)

s=1
< 4R} - (ki/By)
By the inductive hypothesis we have k; < k - %2_2“76)“71)“ and B; > Cy - k/R? by assumption p2 of
the lemma. Substituting these bounds on the last line of the equation above, we obtain

AR} - [k Mo 2—2“‘”“”“] [Co-k/RYT

"Ry
_ 1 4£R? Ry .272(1—5)(t—1)+1
10R; | Co Ry
< 1 @35 L9207 (since Ry/R;—1 = 2-0=1) < 1 forall t > 1)
y 10Rt CQ t 0 t—1 Iy =
1
< 0% (by Claim[A.2] as long as C5 is larger than a constant that may depend on C and ¢).
t

Let u g := E [ZRth#s* XS_, and note that by the bound on E[X] above we have u_s < 1/10 (we

sS=
omit the subscript in p1_¢ in what follows). Since the permutations H; s were chosen independently, we have
by Chernoff bounds (Theorem |A.1) for any 7 > 1 Pr [X,S* > Rtl*‘s] = Pr[X_, > (1+n)y with n =

RI7%/p — 1. Since R} ™% > 1 by assumption of the lemma and . < 1/10, we have R}~/ — 1 > R} 72 /(2u).
We thus have

Pr|X_ . > R}—ﬂ < e RiT/6 (59)

and by linearity of expectation
1-6
En, ..., g, [Bad]] < kom0, (60)

Bounding the number of elements i € S} that R;-collide with Bad;. Consider i € S}. For fixed s € [1 :
Ry] let Q4(i) C S denote the set of elements that i R;-collides with under hashing H; ;. We have by (53)

EHtsHQS(Z)H < EHt,.s {

(S \ {i}) N B(n(i), B% ‘Ry)

] <4-Ry(k/By) < (4R} /C5)
using assumption p2 of the lemma.
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For every j € Q4(7) one has that j is bad only if j collides W1th S! under H; o for at least R 9 values of
s' € [1: Ry \ {s}. This probability is bounded by Pr[X_, > R!~°], where X _, are as defined above. We thus
have using (59) that Pr[j is bad|i collides with j under H; 5] < e~ R;~°/6 Note that this is where we crucially
use the fact that X_¢ does not depend on hashing H; ;. By a union bound over all j € Q,(¢) and all s € [1 : Ry]
that the probability that 7 collides with a bad element is at most

Ry
> En Qa0 e ™ < SR (B

- (61)
< 4474}%4 o RiT/6
Cs

_ —R712
e B/ ,

where we used the fact that the last inequality holds for all ¢ > 1 simultaneously as long as C'5 is larger than a
constant that may depend on C and §. Summing over all elements in S}, we get

Ertyy, ity (U] < e B°/12 < e B2, (62)

Putting it together. Gathering bounds from (57)), and (62), we get, using the fact that S;{] = Bad,UU,UV,
by Algorithm |T](line 7),

1 (1-6)t _ pl-é _pl-6

1 R R

Em“”mﬁ[wﬁ”]:k'<MMBc22 T o RT/6 t/H)
t

1 1  sa-e¢ _l=85(1—6)t _l-8o(1—6)t
— k- —=—_—92 +1 Ccy7°2 /6 Ci7 02 /12 _

(63)

We now show that for every 6 € (0,1/2) if C} is larger than an absolute constant, the first term in parentheses
on the last line above is at least as large as the other two for all £ > 1. We first note that e=C1720791/6 <
e=CL 2012 gorall ¢ > 0,6 € (0,1/2),¢ > 1, so it suffices to prove that

R (o4
100 R? -

for all ¢ > 1 if ' is larger than an absolute constant. Intuitively, this is true because the rhs decays exponentially
in C for all t > 0, while the lhs decays only polynomially in C';. More formally, taking the ratio of the two
quantities, we get, assuming that Cy > 122,

-1
6_011—52(1—5)15/12 . (130;2_2(1—6)1&_;'_I> S 6_@2(1—5)t/12+(1n2)2(1—5)t .100 - RE
t

< e~ (VCI/12-n2) 2079 1y 24t

< exp (—(\/C1 /12 —1n2) - 2079 4 (In4)t + 2111(10001))

We now show that the exponent above is non-positive for all ¢ > 1 as long as (] is larger than a constant. Indeed,
taking the derivative of the exponent with respect to ¢, we get

!/
(—(\/01/12 —1n2)20-9 4 (In2)t + 1n(10001)) = —(\/C1/12 —n2)(1 - §)In2 - 2= { In2,
which is nonpositive for all ¢ > 1 as long as C; is larger than an absolute constant. This means that

max [—(\/01/12—1112)2( D 4 (In2)t + In(100Cy) } < —(v/01/12 =1n2)2'7% + In2 + In(100C;) <
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as long as (' is larger than an absolute constant (since y/C) asympotitcally dominates In C'1). This estab-

lishes (64).

Substituting this upper bound into (63), we get

3 1 _oa-o¢
t+1 2 1
Eu, . i, 1S3 < k- ﬁﬁ2 *
t

By Markov’s inequality applied to the last expression above we have

i272(1—6)t+1 <i 1

p S S = 65
YH, 1. Heg, | 1St i =100 R, 0>

Let &; denote the intersection of &_1 with the failure event in (63)), we get, conditioned on &,

1 1-5)t
ISE < e 22T

This completes the inductive step and the proof of the lemma. [
Proof of Lemma [3.9; First note that there exists a (simple) efficient data structure for answering queries of the
form ‘how many elements of a set 7" hash within circular distance A of a point  under hash function 7?°. Indeed,
it suffices to cut the circle into two halves and for each of the halves construct a binary search tree on 7', with
each node annotated with the number of nodes in its subtree. Then each query about neighbors in the circular
distance can be answered by answering at most two queries for the two data structure on the half-circles, for a
total time of O(log |T'|). We now show how to use this data structure to implement Algorithm

For each t at the beginning of the ¢-th iteration of Algorithm (1| for each s = 1,..., R; one constructs two
binary search trees on the permuted elements 7 s(.S}) as described above. This takes time O(Ry|S}|log |S}]).
Equipped with this data structure, we can construct the set Bad; and the set V; in time O(R; - Slog|S!|). Then
construct a similar pair of augmented binary search trees for the set Bad, in time O(|.S|log |S|). Using this data
structure the set U; can be constructed in time O(R;|S|log |S|). Summing over ¢ gives the final result. [

B Properties of ESTIMATEVALUES

In this section we describe the procedure ESTIMATEVALUES from [Kap16] (see Algorithm [), which, given
access to a signal z in frequency domain (i.e. given Z), a partially recovered signal y and a target list of locations
L C [n], estimates values of the elements in L, and outputs the elements that are above a threshold v in absolute
value. We need a slight strengthening of Lemma 9.1 from [Kap16f], which we state here.

We will use

Definition B.1. For any = € C" and any hashing H = (m, B, F) define the vector ,u%[ (z) € R by letting for
every i € [n] iy () = |G | e iy 251 Gou )|

The following properties of HASHTOBINS will be using in the analysis of ESTIMATEVALUES:
Lemma B.2 (Lemma 2.9 of [Kapl6|)). There exists a constant C' > 0 such that for any integer B > 1, any

z,x € CM o/ .=z — , ifo,a € [n], o odd, are selected uniformly at random, the following conditions hold

for every q € [n].
Letm = (0,q), H = (m, B, F), where G is the filter with B buckets and sharpness F as per Definition 2.3}
and let w = HASHTOBINS (&, x, (H, a)). Then if F > 2, for any i € [n]

(1) Forany H one has max,¢[p) |G;%i)w_‘wiuh(i)—xﬂ < G;%i) 2 jes\(iy Goi(p)| x| Furthermore, EH[G;%Z-)‘
> jesviiy Gol@jl) < Clla!||1/B +n=;
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Algorithm 4 ESTIMATEVALUES(x, L, {(H, a,, m(z, Hy, a,))) } m5"
: procedure ESTIMATEVALUES(X, L, {(H,, ar, m(z, Hy, a,))) }ms" > H, are (m,, B, F')-hashings
for r = 1to ry,q, do > 7 = (0r,q ) forr=1,... rma
Compute m;(x — x, Hy, a,) for j € [B] > Computation is done with polynomial precision,
> using HASHTOBINS as per Lemma[2.§|

1
2
3
4:
5: end for
6
7
8
9

fori € L do
for r = 1to 7,4, do > Note that 0;(4) implicitly depends on H,
w] G;b)mhr(i) (v — x, Hy,a,)w™ %ot > Estimate (z — x); from each measurement
: end for
10: w; < median{w] } ™" > Median is taken coordinatewise
11: end for
12: return wr,

13: end procedure

) Exlug ()] < C|la'||5/B,
Furthermore,

(3) for any hashing H, if a is chosen uniformly at random from [n], one has
-1 —aot 2 —Q
EaHGOi(i)W amuh( )y — Ly ‘ ] < MH,z‘(fCI) +n ©,
Here ¢ > 0 is an absolute constant that can be chosen arbitrarily large at the expense of increasing runtime by a
factor of c.

We note that Lemma[B.2| was proved in [Kap16] for a slightly different choice of filter G and for a uniformly
random ¢, but the proof carries over directly to our setting.
Lemma (Restated; bounds on estimation quality for Algorithm {4)) For every z,x € C", every L C [n],
every set S C [n] the following conditions hold for functions €"** and e!*" are defined with respect to S
(see and O)). If Tmag is larger than an absolute constant, then for every sequence Hy, v = 1,...  V'maz Of
(7, B, F') hashings the output w of

ESTIMATEVALUES(X, L, {(H;, ar, m(z, Hy,a;))) }m5")
satisfies, for each i € L
lwi — (x — x)i| <2 quant /P (H, 2 — x) + 2 - quant'/®e!* (H,, a,,x — x) +n~ 4.

The sample complexity is bounded by O(F Bty ). The runtime is bounded by O((F - B -logn + ||x||o log n +
IL]) - rmaz)-
Proof. We have by definition of the measurements m; (see Definition for every hashing H and a € [n]
Z ot w7,
j€m]
SO

GopMniw ™" = (@ = X)i ) 2 Gople =207,
Y selonn
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We thus have by triangle inequality, splitting the rhs into the contribution of the ‘head’ elements (i.e., elements
in S) and ‘tail” elements (i.e. elements in [n] \ \S), that

G lymniw ™ T = (=)l < |Gty Y Goyple —x)w™V
j€m\{e}

<|G o(z Z Go, ])JL‘— X)jw =)
jes\{s}

+Goly Y Gyl —x)w VY
JenN\(SU{i})

SOy 2 Coatl@=2il+ 00| D CGaple—x)w 0™
JeS\ (i} jelm]\(SU{i})

+ [AwyB)-h(i)
= ez —x, H) + e (x — x, H,a) + | A (/)1
We now use the bound above to obtain the conclusion of the lemma. Recall that for each ¢ € L the final

estimate w; is computed as a median of w;’s along real and imaginary axes in line 9 of Algorithm [ Let
" € [1: rmag) and " € [1 : rypq,] be such that

11

w; = Re(w]) + Im(w] ) - i.

We have
Re(wf — (& = x)i)| < |wf = (& = x)il < Y (Hyr,x = x) + " (Hpr, a2 = X), (66)
and since 7 is the result of taking the median of the list {Re(w] )}, we have
Re(w]’ — (x = X)) < quanty/*e}“*(Hy, a = x) + quant e (Hy, ar, 2 = x).

Indeed, at most a 2/5 fraction of the error terms on the rhs of (66)), namely e H,.,, x—x)+el% (H,/, a,, z—
X), are larger than quantr/ ehead(H, x — x) + quantr/ et¥(H, a,,x — x). These error terms correspond to
either the bottom or the top of the list {Re(w} )}, and since 2/5 < 1/2, the median estimate satisfies the upper
bound above.

A similar argument for the imaginary part shows that

IIm(w! — (z — x):)| < quant!/ehed(H,. & — \) + quant'/°el (H,, a,,z — ).
Putting the two estimates together and using the bound |a + b - i| < |a| + |b|, we get for each i € L
lw; — (x — x)i| < 2-quant’/2ef(H, & — x) + 2 - quant'/%e!* (H,, a,,z — x) +n U

as required.
The sample complexity follows by Lemma[2.8]
The runtime analysis is as follows:

e Computing m;(x — x, Hy,a,) for j € [Bland r = 1,. .., ryq, takes O((FBlog B + ||x||o log n)rmaz)
time Lemma[2.8]

41



e Computing estimates for each i € L. This takes time |L| - 7,4, since median can be found in linear time.

O]

Theorem B.3 (Chernoff bound). Let X1, ..., X, be independent 0/1 Bernoulli random variables with ;. | E[X;] =
pt. Then for any & > 0 one has Pr[> 1 | X; > (1 + 6)u] < @149 In(14+0))p

We will use

Lemma B.4. Let Xy,...,X,, > 0 be independent random variables with E[X;] < p for eachi = 1,...,n
Then for any v € (0,1) if Y < quant” (X, ..., X,), then

M) E[)Y —4p/q1,] < (n/y) - 27907,
@ E[lY —4p/7[}] < (n/v)? - 2790m;
3) PrlY > 4pu/v] < 2—(n).

(4) Foreveryt > 1 one has
Pr[Y > tu/v] < (0.99t/e) 0997,

Proof. For any t > 1 by Markov’s inequality Pr[X; > tu/~] < v/t. Define indicator random variables Z; by
letting Z; = 1if X; > tu/~ and Z; = 0 otherwise. Note that

E[Zi] </t

for each i. Then since Y is bounded above by the yn-th largest of {X;}!",, we have Pr[Y > tu/vy] <
Pr[zl 1 Zi > n). Letv := """ | E[Z ] We now apply the Chernoff bound (Theorem[B.3) with § = 7'n/v—1,
7' = 0.99, to the sequence Z;,i = 1,...,n. Note that by our setting of § we have (1 + §)v = v'n, so

Pr

> Zi> ’/n] <exp ((v'n/v — 1= (v'n/v)In(y'n/v))v)
i=1

=exp (Yn—v —+'nln(y'n/v))

< exp (fy'n (1 —In(y n/u)))

(

(

< exp (7n(1 —In(( fy /7) )))  (since v < ny/t)
="((Y /1))
We thus get

Pr

n
IR

i=1

> Zi> ’y’n] < (0.99t/e) 70997, (67)
=1

This proves (4). Letting ¢ = 4 in the bound above proves (3).
For (1) we have, as long as n is sufficiently large (depending on 7),

E[Y - 1y>4,/,] < A tp-Pr[Y >t p/v|dt
< / 1u(0.99t/€) 0 mdt (by @7))
4

< e/ / t1(0.99¢ /€)™ 4dt
4

= O(/‘L . 6_’7”/4>.

42



For (2) we have, as long as n is sufficiently large (depending on =),
o0
EY -Tysyp,] < / p? - PrlY >t p/r)dt
4
o
< / t212(0.99¢t /) 709y (by @7))
4 oo
< e /4 / £214(0.99t /e) =/ 4 dt
4

02 ey,

as required.

We also have

Lemma B.5. For every x € C", every S C [n], every i € [n], every integer rqa, larger than an absolute
constant, integers B, I' with B a power of two and F' > 2, the following conditions are satisfied for a sequence
of random hashings H, = (., B, F'), and random evaluation points a,, 7 = 1,2, ... F'imaz.

If Zhead = ehead({ [} 7)) = quant%/Se?ead(Hr, z) (as per @) and Z'¥! = elv({H, a,},z) =
quant,la/ 5e,tL»‘”'l(Hr, ar,x) (as per (I0)), where e"°* and e'®" are defined with respect to the set S, one has

2
(W) Eqy [(27?] = O ((Hllaslh)):
@ B, 0,3 [(2)?] = Oz sl13/B);
(3) Pr{Hr} [Zhead >0 (%Hstl)] _ 279(7'171,0,1)’.
(4) PI‘{H,«} [Ztail > O(Hx[n]\S”?/\/E)} = 2—Q(7‘maac).
Proof. We have Z"ead < |zhead _ g40E[Zhead]|, 4+ 40E[Z"¢2?), so, since (a + b)? < 2a? + 202 forall a, b € R,
E [(Zhead)2:| S I9E [(’Zhead - 40E[Zhead]|+)2} + 2(40E[Zhead])2'
By Lemma (2) we have E [(|Z"¢ad — 40E[Z"°d]| )] = O((E[Z"°%"])?) as long as pqy is larger than an
absolute constant, as assumed by the lemma. An application of Lemma[B.2] (1) now gives the first bound. The

proof of the second claim is analogous using Lemma [B.2] (2).
Claims (3) and (4) follow similarly using Lemma [B.4] d

B.1 Properties of HASHTOBINS

Algorithm 5 Hashing using Fourier samples (analyzed in Lemma [2.8))
1: procedure HASHTOBINS(Z, x, (H, a)) > Hashing H = (7, B, F'), a € [n]
2 Compute y = G - Py qq(i — X), for some x’ with | X — X'|lec < lIx]l2 -7~ > Using Lemmawith
S=n"2¢>2
3 Compute uj = /nF 1 (y)/p).; for j € [B]
4: return u
5: end procedure
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The main lemma about the performance of HASHTOBINS is
Lemma (Restated) HASHTOBINS(Z, x, (H, a)), where H = (7, B, F'), computes w € CP such that for
any i € [n], upay = Apgy + 225 Go, ( — X);w7, where G is the filter defined in section E} and for all
i € [n] we have that A2 i < HXHz ¢ is a negligible error term (and ¢ > 0 is an absolute constant that
governs the precision that semi-equispaced FFT, i.e. Lemma is invoked with). It takes O(BF’) samples, and
O(F - Blog B + ||x||o log n) time.

Proof. The first step (line 2) in HASHTOBINS is to compute

~

y/:G'Pova,qx_ '=G FPoagqr —X+G Pragx — X,

for an approximation X’ to \ obtained using LemmalE. 1} (b). We now verify the runtime and precision guarantees.
Recall that supp G C [-O(FB),O(FB)| by Lemma This means that it is sufficient to compute X; on the
set S C [n] defined as S = {i € [n] : (i — a) € [-O(FB),O(FB)]}. By LemmalE.1] (b), an approximation
X' to X can be computed in O(F - Blogn) time such that

2c

X = Xil < IIxllz-n”

for all such 4. Since ||G||1 < v/n||Gl2 = v7||Gll2 < n||G|loe < 1 and G is 0 outside S, this implies that

IG - Poaa(x = X)ll2 < 1Gll max x = X5l < lIxll2- n'=%. (68)

Define A by A = /nG - Po,mq(x/—-\x’).
The second step (line 3) in HASHTOBINS is to compute u € C? such that for all 4,

un(y = NFE W) sty = VIF T @) )yt + DinyB)his

fory=G- P, a,q:x X- This computation takes O(||y’|lo + Blog B) = O(F Blogn) time (alias y’ to length B
and compute a length B FFT). We have by the convolution theorem (see (81])) that

= VnF NG - Prag( = X)) /Bt + DinB)nii)

= (G * F  (Prag® = X)) n/B)nti) + Dn/B)hii)

= Y GayBrni)—r()F " (Poag® = X))r() + Aw/B)nii)
(j)eln]

= Z Goi(j)(x - X)jwwj + A(n/B)-h(i)

JEMN]

where the last step is the definition of 0;(j) and Lemma
Finally, we note that

B ymyn)] < 1Az = [All2 = VAl G - Prag(x =Xz < Ixllan®?72 < |Ix[lan™,
where we used (68) and the assumption that ¢ > 2 in the last step. This completes the proof. O

The following lemma is analogous to Lemma 9.4 of [IKP14], but does not make the assumption that the
number of repetitions involved in the quantile operation is a constant. The proof is essentially the same, but is
given below for completeness.
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Lemma B.6. For every v € (0,1), integers m,n > 1 such that n > 4/~, every sequence X*,..., X" € R™?

of random variables with non-negative entries such that X7 € R" are independent, E[XZ] | < v for every
i=1,....m,5=1,...,nand v > 0, the following conditions hold. If for everyt =1,....m

Y; = quant (X*,..., X"),

then for every U between 1 and m

E max Y;| <U - (4dev m/U)%(m)
o 2 (dev/) - (m/U)

Note that the lemma assumes that X7 € R} are independent, but allows for the coordinates of each X J to be
arbitrarily correlated.

Proof. Firstfixi € {1,2,...,m}. By Lemma[B.4] (4) we have for every ¢ > 1
Pr[Y > tv /4] < (0.99t/e) =097 < (¢/(2¢)) /2,

We thus have for¢t > 1
E[[{i:Y; > tv/y}]] <m-(t/(2e))"/2, (69)

and hence for every threshold § > 0 one has

max Y| <E max Y; (since Y; > 0 for all )
QClm] \QI<UZ ' m] |Ql= UZ '

_E [/0 win U, {5+ ;> )

< /000 min(U,E[|{i:Y; > n}|])dn  (by convexity of min(U, z) as a function of x)
<U-0+ [ min(E(i:Y; > oy

<U-0+ /900 min(U,m - (my/(2e0))""2)dy  (by (69), as long as 0 > v//7)
<U-0+ /9 T v/ 2ew) 2y

<U-0+m-(v/(2e0)) /9 02y

1
<U-0 . Qep)) Y2~ g—n/2+1
<U-0+m-(0-v/(2e0)) 2.0 (since yn/2 > 2 by assumption)
(70)
We now let @ = (2ev/) - (m/U)? ™) > v /~, so that
e (0 /(2e0)) 2 = k,
and substituting into (70), we get
E max Y| <2U-0="U- (dev/v) - (m/U)* O™,
QC[m]|Q|<UZ (4ev/v) - (m/U)

as required. O
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C Signal location primitive and its analysis

We reuse the location primitive from [Kapl16] (LOCATESIGNAL, see Algorithm @ but present it here with
simplified notation adapted to the 1d setting (thus obviating the need for the x operation). As in [Kap16], we will
use

Definition C.1 (Balanced set of points). For an integer A > 2 we say that a (multi)set Z C [n] is A-balanced if
foreveryr =1,...,A —1at least 49/100 fraction of elements in the set {wi*}.c z belong to the left halfplane
{u € C: Re(u) < 0} in the complex plane, where wa = €*™/? is the A-th root of unity.

We will also need

Claim C.2 (Claim 2.14 of [Kapl16]). There exists a constant C' > 0 such that for any A a power of two,
A = 10g°W n, and n a power of 2 the following holds if A < n. If elements of a (multi)set A C [n] x [n] of
size C'loglogn are chosen uniformly at random with replacement from [n] x [n], then with probability at least
1 — 1/log*n one has that the set {8} (a,8)cA is A-balanced.

Since we only use one value of A in the paper (see line 4 in Algorithm [6), we will usually say that a set is
simply ‘balanced’ to denote the A-balanced property for this value of A. Before we state the algorithm and give
the analysis, we need to introduce notation for bounding the influence of tail noise on the location process. We
do this in the next section.

C.1 Analysis of LOCATESIGNAL

Algorithm 6 Location primitive: given a set of measurements corresponding to a single hash function, returns a
list of elements in [n], one per each hash bucket

1: procedure LOCATESIGNAL(X, H, {m(z, H,a + W - 8} (a,8)c A wew) >H = (m,B,F)
2: Let 2’ := 2 — x. Compute {m(z’, H,a + W - )} (a,5)cA,wew Using HASHTOBINS, as per Lemma
3: L+ 0

4 A <« 9l3logylogyn]

5. N« Allegan] > Extend Z implicitly to CV periodically
6: for j € [B] do > Loop over all hash buckets, indexed by j € [B]
7: f+<0

8: for g = 1 to logp N do

9: w < NA™Y > Note that w € W
10: If there exists a unique r € [0 : A — 1] such that

11: ‘wgrﬂ T (AT % — 1| < 1/3 for at least 3/5 fraction of («, 5) € A

12: then f «+ f + A9~ .p
13: end for
14: L+ LU {0_1f . %} > Add recovered element to output list
15: end for
16: return L

17: end procedure

Equipped with the definitions above, we now prove the following lemma, which yields sufficient conditions for
recovery of elements i € S in LOCATESIGNAL in terms of ¢4 and e'®¥,
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Lemma C.3. Let H = (m, B, F') be a hashing, and let A C [n] x [n]. Then for every S C [n] and for every
z,x € C" and ' = x — y, the following conditions hold. Let L denote the output of

LOCATESIGNAL(x, H,{m(z, H,a + w - B)}(Q,B)GA,WEW)'

Then for any i € S such that || > n=%), if there exists r € [1 : T'maz] such that
1. ehead(H 2y < |2|/20;
2. efl(H {a+w- B}, 2') < |2}]/20 for all w € W;
3. the set {B}(a,8)c.A is balanced (as per Definition ,
then i € L. The time taken by the invocation of LOCATESIGNAL is O(F Blog?n + ||x||olog? n).

Proof. Let ¢ = o1t for convenience. We show by induction on g = 1,...,loga N that after the g-th iteration of
lines 9-12 of Algorithm [6] we have that f coincides with q on the bottom g - log, A bits, i.e. f —q =0 mod AY
(note that we trivially have f < AY after iteration g).

The base of the induction is trivial and is provided by g = 1. We now show the inductive step. Assume by
the inductive hypothesis that f — q = 0 mod A9~ !, so that q = f + A9~ (rg + Ary + A?ry +...) for some

sequence 7,71, ..., 0 < 7; < A. Thus, (ro,r1,...) is the expansion of (q — f)/A9~! base A, and 7y is the
least significant digit. We now show that rq is the unique value of r that satisfies the conditions of lines 10-11 of
Algorithm 6]

First, we have by (6) together with (7) and (9) one has for each (o, ) € Aand w € W
‘G;b)mh(i) («/ H,o+w - f) — a0tV Oa| < ehead(pr oy 4 el (H o4+ w - 3, 2) +n N,
Let j := h(i). We will show that 7 is recovered from bucket j. The bounds above imply that

mj(z', H,a+w-B)  ziwetwhd 4 g

= 71
mj(x’, H, o) ziwed + E" D

for some E’, B satisfying |E’| < ef<d(H,2') + /' (H,o +w - B,2) + n~¥ %) and |[E"| < ehevd(H, ') +
et (H, o) + n~), For all but 1/5 fraction of («, 3) € A we have by definition of **" (see (36)) that both

U H a+w-B,x) < eNH, {a+w-B},z) < |2}]/20 (72)

and
i (H, o, ) < el (H,{a},x) < |}|/20. (73)

In particular, we can rewrite (71) as

m;(@', Hya+w- ) alwletwiha g

mj(x’, H, o) - Zlwea 4 B
(a+w-B)q 1+ w(etwBapy /.
L w ' _ w x5
T Laq ¢ where { = 1+ w*(a)qE”/x; (74)

— latwBla—aq ¢

— wha . €.

Let A* C A denote the set of values of («, ) € A that satisfy the bounds and above. We thus have
for (o, ) € A*, combining with assumptions 1-2 of the lemma, that

|E'| /) < (2/20) +n~H) < 1/8 and |E"|/2} < (2/20) +n~®) < 1/8 (75)
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for sufficiently large n, where O(c) is the word precision of our semi-equispaced Fourier transform computation.
Note that we used the assumption that |2}| > n =),

Writing (o, 8) € [n] % [n], we have by that % = wWP4. ¢ and since wq = nA~9q when
w = NA79 (as in line 8 of Algorithm @) we get

mj(l'/,H,C)é+W 6)

— ,wWha, ¢ _ nATIBq ¢ _  nATIfq nAT9Bace 1Y
N X e e ey

We analyze the first term now, and will show later that the second term is small. Since q = f+ A9~ (rg +Ary +

A2ry + ...) by the inductive hypothesis, we have, substituting the first term above into the expression in line 10
of Algorithm [6]

wgrﬂ W TATIES | nATIBg _ w;rﬂ L AT (a—1)-B
= WP AT AT (ot Ar A% )-8
B /Ao A+ AR
_ w(—r—l-ro) B

We used the fact that w™/ 2 = 27/("/8)/n — 2mi/A — )\ and (wa)® = 1. Thus, we have

/
—rB —(n2-9£)-8 mj(x JHya+w - f3) _ (=rtro)B (=r+r0)B /e 1 76
“Wa W my (¢, H, o) WA +wa (€—1). (76)
We now consider two cases. First suppose that » = rg. Then w(grwo)ﬂ = 1, and it remains to note that

by we have [£ — 1| < }ﬂ?g —1 < 2/7 < 1/3. Thus every (o, ) € A* passes the test in line 11 of
Algorithm[6] Since |A*| > (3/5)|.A| by the argument above, we have that r passes the test in line 11. It remains
to show that 7 is the unique element in 0, ..., A — 1 that passes this test.

Now suppose that 7 # ro. Then by the assumption that { B}(m 8)e.4 1s balanced (assumption 3 of the lemma)

at least 49/100 fraction of w&rwo)ﬂ have negative real part. This means that for at least 49/100 of («, §) € A

we have using triangle inequality

’ [W(A—r-‘rro)-,@ n w(A—r+T0)~ﬁ(€ B 1)} B 1) > ‘w(A—r—H"o)ﬂ B 1’ _ ‘W(A—rwo)ﬂ(g —1)
>li—-1]-1/3
>V2-1/3>1/3,

and hence the condition in line 11 of Algorithm [6]is not satisfied for any r # 7. This shows that location is
successful and completes the proof of correctness.

Runtime. We perform |A| - W| = O(logn) invocations of HASHTOBINS in line 1 of the algorithm.
Each invocation costs O(F Blog B + ||x||o logn) by Lemma for a total runtime of O(F Blog Blogn +
l|x||o log? n) for line 1.

After this for each of B buckets the algorithm performs decoding in blocks of log A bits, amounting to
O(loga n) iterations. The decoding of each block requires looping over A possibilities, and testing each against
the evaluation points in A. Since |A| = O(loglogn). Thus the total runtime is O(logan - |A| - A) =
O(Alogn) = O(log? n), as log A = O(loglogn) and A = O(logn). The total runtime is thus O(F B log® n +
l|x||o log? n), as claimed. O
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We also get an immediate corollary of Lemma|[C.3]
Lemma (Restated from section For any integer ryq > 1, for any sequence of rpq, hashings H, =
(mp, ByR), 7 € [1 : Timasz| and evaluation points A, C [n] X [n], for every S C [n] and for every z,x €
Cl 2! .= x — x, the following conditions hold. If for each v € (1 : Tyaz] Ly C [n] denotes the output of
LOCATESIGNAL(Z, X, Hy, {m(x, Hy,a +W - B)}a,8)cA, ,wew) L = U, 25" Ly, and the sets {B}(q,p)ca, are

balanced r € [1 : rpyqz), then
s ll1 < 2001l ({H 2 |1+ 20l eg™ " ({H, A}, @)1 + 18] - ™. (*)
Furthermore, every element i € S such that
2] > 20(ef U ({Hy }, 2') + "V ({Hr, Ay} ) + 0”0 (%)
belongs to L.

Proof. Suppose that i € S fails to be located in any of the R calls, and |z}| > n~) . By Lemma and the
assumption that the sets {3}, 3)c 4, are balanced for all 7 € [1 : 74| this means that for at least one half of

values 1 € [1 : Pqg] either (A) ef!(H,,2') > |2}|/20 or B) el (H,,{ac + W - B} (0 )ca,» ) > |2}] /20 for
at least one w € VV. We consider these two cases separately.

Case (A). In this case we have e/ H,, 2") > |2|/20 for at least one half of 7 € [1 : 7pqq), SO in particular

efead({H,},2’) > quant;eleed(H,,a') > || /20.

Case (B). Suppose that e/ (H,. {a +w - B} (a,8)e,T) > |7}]/20 for some w = w(r) € W for at least one
half of € [1 : 7y,42] (denote this set by Q C [1 : 7,45]). We then have

efail’w({Hr, A}, ) = quanti/5 emil(Hr, Ay, x)

E[l:rmaz]

= quant, .. [40%@-(9:) + 3 |t Hy {a + W B aprean ©) — 40um, (@) \J
wew

> i [ 100,40 + |66y, (4 w(r) - B ) — 400 (2]

> E«Iélg)l egail(Hry {a + W(T) : 6}(&,6)6%%7 x)

> []]/20

as required. This completes the proof of (¥) as well as (¥%). ]

D Proof of Lemma 5.4 (tail noise error bounds)

We will use

Lemma D.1 (Lemma 6.6 of [Kapl6]). For any constant C' > 0 there exists an absolute constant C' > 0 such
that for any x € C", any integer k > 1 and S C [n] such that ||z,)\ s||cc < C’Hx[n]\[k]\]/\/%, if B> 1, then the
following conditions hold for eV defined with respect to S.

If hashings H, = (7., B, F), F > 2 and sets A,,|A;| > Cmaz forr = 1,..., "pmas are chosen at random,

then for every i € [n] one has E{(n,.4,)} [eml’w({Hr, At x)} < C(40 + |W|2_Q(Cm“x))\|1:[n}\[k]||2/\/§.

)
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tail tail,W)

Note that this lemma was stated in [Kap16] with slightly different notation (¢*** instead of e
Proof of Lemma 5.4} First recall that by Lemmal|D.1|forevery t € [1: T}, s € [1: R and i € S one has

tail (W 2
EHt,S7-’4t,S |:e’i (Ht’s’At:37$):| =V ’

where 12 < C'||z,)\ s]|2/v/By for an absolute constant ¢’ > 0 (we used the fact that [W| = O(log N) and
|A| = C"loglog N for a sufficiently large absolute constant C”').

To upper bound Eqpy, | 4, 3 [| \et‘“l W({ths, A st x)l |1} , we note that by conditioning on Epqrtition We have

S| < 2k%2 207004 etting U 1= QkRIffl 92070 D41 ¢ simplify notation, we get that
E [ tail, W H } <E tail, W H 77
{H¢,s,At,s} He ( t,SvAt,Sva’l = QQI.S'I,lFQ}\(SUHe ( t,SaAt,Sax)Hl (77)
We now recall that by

egaihw({Ht,Sa At,s}a ) - quaﬂti/i R :ml W(Ht sAt Sa )
and apply Lemma[B.6|with v = 1/5, m = |S|,n = R, and

X? = eﬁail’W(Ht’SAt,s,:c) forie Sands=1,..., Ry,

(2

sothatEp, | 4, ,[X7] < vforeachi € S,s =1,..., R;. Note thatY; := quantif’1 XD = el ({Hy s, 2,5}, )
is exactly the quantity that we are interested in. We thus have by Lemma [B.6|

E max et WiEH, o A , T =E max
{Hf,,g,Af g} QQSJQ‘SU || Q ( t,s t,s )Hl {Hf q:.Af s} QCS ‘Q|<U (78)

(20ev) - (|S|/U) 10/Rf

Since Ry = C12" for every t, |S| = |So| < 2k and U = 2k 22 RO -27 2N 9pp-20 00741 (t-1)

we have
(IS|/T7) 10/ B = 9100 -DUD_14(-1)/(Cr21) < 9l0(+(E=1)/2)/Ch < 920/Cr < 9

for all ¢ > 0 as long as C; > 20. Substituting the above into (78], we get

E bail H57 sSs < (40¢) - U -
[Qgg,l|%)|(§U‘| ({Ht,s, ats}sel1:R,]» T )Hl] < (40e) v

We thus get by combining the above with

EHt,sa-At,s [Hemd W(Ht,SwAt,&x)Hl} = (406C/)UH$[H]\WH2/ V Bt.
We now use assumption g2 of the lemma to upper bound

(40eC"\U/+/ By < (40eC") <2k: RRO

L9207 ”“)/ Co2k/R2

< \/E ' i ((8060/) 22(1—5)(t—1)+1>
o Rt—l Rt \/ (79)
_ VEk 1 ((8060 )C} 92t . 22(15>(t1>+1)
Ry 1 Ry V2
J1VE 1
T2R Ry
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as long as C» is sufficiently large as a function of C’ and C} (to ensure that %2%2*%1 R |

for all ¢ > 1; see Claim [A.2)). Substituting this bound into the upper bound on the expectation above yields
Efr, . A [HetmlW({Ht75,At,5},x)]|1} < R% . \|$[n}\[k]\|2\/E/Rt—1 for every t > 1. It now follows by
Markov’s inequality that for every ¢ > 1

Pr{H“}bEIRt |:H tale({ths,.At’s}, x)||1 > %Hx[n]\ |’2f/Rt 1:| <200/ Ry.

By a union bound overt = 1,...,7 we have

tail,WW
Pr{{Hts}ée[l Ry] }t L [He ({Ht75,./4t75}, )H1 ~ 200”1‘ \[k]‘|2f/Rt 1 forall t = 1 T:|

T
>1-— Zzoo/Rt >1-)200/(C12") > 1-0(1/Cy),
which gives the result as long as (7 is larger than a constant, as required. Letting Egpai—noise denote the
intersection of the success events above completes the proof. [

E Semi-equispaced Fourier transform

One of the steps of our algorithm is to take the Fourier transform of our current estimate of z, so that it can
be subtracted off in frequency domain and we can work with the residual. The semi-equispaced FFT provides
an efficient method for doing this, and is based on the application of the standard inverse FFT to a filtered and
downsampled signal. The following guarantee, which we rely on, was given in [IKP14} Sec. 12]:

Lemma E.1. [IKP14, Lemma 12.1, Cor. 12.2] (a) Fix a power of two n and a constant § > 0. For every x € C"
the procedure SEMIEQUIFFT(x, k, ) returns a set of values {¥; }|;<k/2 in time O(||z[lolog(1/d) + klogk),
satisfying
95 — @] < dllzl2
for every j, |j| < k/2.
(b) Given two additional parameters o, A € [n] with o odd, it is possible to compute a set of values {y;} for
all j equaling oj' + A for some j' with |j'| < k/2, with the same running time and approximation guarantee.

Remark E.2. We note that Corollary 12.2 is not stated in this form, but rather for the special case when the
sparsity of the signal that we are working with is comparable with the length of the interval. The more general
bounds stated above follow immediately from their proof.

We will also use

Lemma E.3. [IKP14, Lemma 12.3] Fix a power of two n and a constant 6 > 0. For every integer k > 1, every
S C [n], |S| = k, every T € C" such that supp(Z) C [—k, k| it is possible to compute a set of values {y;} jcs in
time O(klog(n/¢)) satisfying

ly; — x5 < 0]z

F Basic theorems

F.1 Basic identities involving the Fourier transform

Recall that we use the following normalization of the Fourier transform (as per (4)):

@f:fzw z; and z; = —Zwﬂf (80)

i€[n] [n]
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We also use F and F ! to denote the forward and inverse Fourier transforms respectively. Covolution is denoted
by (z *y)i = 3. ;e[ Ti—jy;- With this normalization of the Fourier transform the convolution theorem takes
form

f Z wzfl Z O (Ga A

fen] 7j i”E[n]

T Z TirYir - Z Wf(z +i=i)

i 3" €n] fEn]

81

F.2 Proof of Claim [A.2]

We restate the claim here for convenience of the reader:
Claim For every C1,Cy > 0,0 € (0,1) there exists Cs such that for every Cy > Cs one has o LoCit .

9-C2207 1 9 i1t > 0,

_s 5 ) . .
Proof. One has 21t . 2=C220 71 9C1t=Ca200'41 o0 it quffices to note that since § < 1 by assumption of

the claim, (1)
1-9)t
2040t —
max(2C1t — Gy )

is a constant(that may depend on C'1, Cs and . Thus, the claim follows for sufficiently large C5 (as a function of
Cla 027 5)
O
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