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Abstract

We consider the problem of computing a k-sparse approximation to the Fourier transform of a length N
signal. Our main result is a randomized algorithm for computing such an approximation (i.e. achieving the
{5 /5 sparse recovery guarantees using Fourier measurements) using O4(k log N loglog N) samples of the
signal in time domain that runs in time O4(k log™® N ), where d > 1 is the dimensionality of the Fourier
transform. The sample complexity matches the lower bound of Q(k log(N/k)) for non-adaptive algorithms
due to [DIPW10] for any k& < N~ for a constant § > 0 up to an O(log log N) factor. Prior to our work a
result with comparable sample complexity & log NV logo(l) log N and sublinear runtime was known for the
Fourier transform on the line [IKP14], but for any dimension d > 2 previously known techniques either
suffered from a poly(log V) factor loss in sample complexity or required (V) runtime.
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1 Introduction

The Discrete Fourier Transform (DFT) is a fundamental mathematical concept that allows to represent a discrete
signal of length NV as a linear combination of N pure harmonics, or frequencies. The development of a fast
algorithm for Discrete Fourier Transform, known as FFT (Fast Fourier Transform) in 1965 revolutionized digital
signal processing, earning FFT a place in the top 10 most important algorithms of the twentieth century [CipO0].
Fast Fourier Transform (FFT) computes the DFT of a length N signal in time O(N log N), and finding a faster
algorithm for DFT is a major open problem in theoretical computer science. While FFT applies to general
signals, many of the applications of FFT (e.g. image and video compression schemes such as JPEG and MPEG)
rely on the fact that the Fourier spectrum of signals that arise in practice can often be approximated very well by
only a few of the top Fourier coefficients, i.e. practical signals are often (approximately) sparse in the Fourier
basis.

Besides applications in signal processing, the Fourier sparsity property of real world signal plays and im-
portant role in medical imaging, where the cost of measuring a signal, i.e. sample complexity, is often a major
bottleneck. For example, an MRI machine effectively measures the Fourier transform of a signal x represent-
ing the object being scanned, and the reconstruction problem is exactly the problem of inverting the Fourier
transform Z of 2 approximately given a set of measurements. Minimizing the sample complexity of acquiring a
signal using Fourier measurements thus translates directly to reduction in the time the patient spends in the MRI
machine [LDSPOS8|| while a scan is being taken. In applications to Computed Tomography (CT) reduction in
measurement cost leads to reduction in the radiation dose that a patient receives [Sid11[]. Because of this strong
practical motivation, the problem of computing a good approximation to the FFT of a Fourier sparse signal
fast and using few measurements in time domain has been the subject of much attention several communities.
In the area of compressive sensing [Don06l [CT06], where one studies the task of recovering (approximately)
sparse signals from linear measurements, Fourier measurements have been one of the key settings of interest. In
particular, the seminal work of [CTO06. RVOS]|] has shown that length IV signals with at most k£ nonzero Fourier
coefficients can be recovered using only & logo(l) N samples in time domain. The recovery algorithms are
based on linear programming and run in time polynomial in N. A different line of research on the Sparse
Fourier Transform (Sparse FFT), initiated in the fields of computational complexity and learning theory, has
been focused on developing algorithms whose sample complexity and running time scale with the sparsity as
opposed to the length of the input signal. Many such algorithms have been proposed in the literature, including
[GL89, KM91, Man92, IGGIT02, [AGS03, [GMS05, Twe10, [Akal0, HIKP12b, HIKP12a, BCG™ 12, HAKII2,
PR13, HKPV13|IKP14]. These works show that, for a wide range of signals, both the time complexity and the
number of signal samples taken can be significantly sub-linear in NV, often of the form & 10g0(1) N.

In this paper we consider the problem of computing a sparse approximation to a signal z € C given access
to its Fourier transform z € CV EI The best known results obtained in both compressive sensing literature and
sparse FFT literature on this problem are summarized in Fig.[I] We focus on algorithms that work for worst-
case signals and recover k-sparse approximations satisfying the so-called /3 /¢s approximation guarantee. In
this case, the goal of an algorithm is as follows: given m samples of the Fourier transform Z of a signal , and
the sparsity parameter k, output z’ satisfying

|z —2'a <€ min |z —yll, M
k-sparse y
The algorithms are randomize and succeed with at least constant probability.

Higher dimensional Fourier transform. While significant attention in the sublinear Sparse FFT literature

has been devoted to the basic case of Fourier transform on the line (i.e. one-dimensional signals), the spars-

"Note that the problem of reconstructing a signal from Fourier measurements is equivalent to the problem of computing the Fourier
transform of a signal = whose spectrum is approximately sparse, as the DFT and its inverse are only different by a conjugation.

2Some of the algorithms [CT06[RV08|[CGV12] can in fact be made deterministic, but at the cost of satisfying a somewhat weaker
£2 /£y guarantee.



Reference Time Samples C Dimension
d> 1?7
[CT06, RVOS,ICGV12]
[Boul4, HR16] N x m linear program | O(klog?(k)log(N)) O(1) yes
[CP10] N x m linear program O(klog N) (log N)OM) yes
[HIKP12al O(klog(N)log(N/k)) | O(klog(N) log(N/k:)) any no
[IKP14] klog?(N) log®WDlog N | k log(N) log®® log N any no
(IK14] Nlog?® N O(klog N) any yes
[DIPW10] Q(klog(N/E)) o) lower bound

Figure 1: Bounds for the algorithms that recover k-sparse Fourier approximations. All algorithms produce an
output satisfying Equation [I] with probability of success that is at least constant. The forth column specifies
constraints on approximation factor C'. For example, C' = O(1) means that the algorithm can only handle
constant C' as opposed to any C' > 1. The last column specifies whether the sample complexity bounds are
unchanged, up to factors that depend on dimension d only, for higher dimensional DFT.

est signals often occur in applications involving higher-dimensional DFTs. Although a reduction from DFT
on a two-dimensional grid with relatively prime side lengths p X ¢ to a one-dimensional DFT of length pq
is possible [GMSO03 Iwel2]), the reduction does not apply to the most common case when the side lengths
of the grid are equal to the same powers of two. It turns out that most sublinear Sparse FFT techniques de-
veloped for the one-dimensional DFT do not extend well to the higher dimensional setting, suffering from
at least a polylogaritmic loss in sample complexity. Specifically, the only prior sublinear time algorithm that
applies to general m x m grids is due to to [GMSO05], has O(klog® N) sample and time complexity for a
rather large value of c. If IV is a power of 2, a two-dimensional adaptation of the [HIKP12a] algorithm (out-
lined in [GHI™13]) has roughly O(k log® N ) time and sample complexity, and an adaptation of [IKP14] has
O(klog2 N(loglog N )O(l)) sample complexity. In general dimension d > 1 both of these algorithms have
sample complexity Q(k log? N).

Thus, none of the results obtained so far was able to guarantee sparse recovery from high dimensional (any
d > 2) Fourier measurements without suffering at least a polylogarithmic loss in sample complexity, while at
the same time achieving sublinear runtime.

Our results. In this paper we give an algorithm that achieves the ¢ /{5 sparse recovery guarantees (I)) with
d-dimensional Fourier measurements that uses O4(k log N log log V) samples of the signal and has the running
time of Oy(klog®™® N). This is the first sublinear time algorithm that comes within a poly(log log N) factor
of the sample complexity lower bound of Q(k log(N/k)) due to [DIPW10] for any dimension higher than one.

Sparse Fourier Transform overview. The overall outline of our algorithm follows the framework of [GMSO05,
HIKP12a, [KP14, IK14]], which adapt the methods of [CCFC02, |GLPS10] from arbitrary linear measurements
to Fourier measurements. The idea is to take, multiple times, a set of B = O(k) linear measurements of the

form
E SiT;

izh(i)=j

for random hash functions ~ : [N] — [B] and random sign changes s; with |s;| = 1. This corresponds to
hashing to B buckets. With such ideal linear measurements, O(log(N/k)) hashes suffice for sparse recovery,
giving an O(k log(N/k)) sample complexity.

The sparse Fourier transform algorithms approximate @ using linear combinations of Fourier samples.
Specifically, the coefficients of x are first permuted via a random affine permutation of the input space. Then the
coefficients are partitioned into buckets. This step uses the“filtering” process that approximately partitions the



range of z into intervals (or, in higher dimension, squares, or /. balls) with N/ B coefficients each, where each
interval corresponds to one bucket. Overall, this ensures that most of the large coefficients are “isolated”, i.e.,
are hashed to unique buckets, as well as that the contributions from the “tail” of the signal x to those buckets
is not much greater than the average (the tail of the signal defined as Erry(z) = ming_gparse || — y|[2). This
allows one to mimic the iterative recovery algorithm described for linear measurements above. However, there
are several difficulties in making this work using an optimal number of samples.

This enables the algorithm to identify the locations of the dominant coefficients and estimate their values,
producing a sparse estimate x of . To improve this estimate, we repeat the process on x — x by subtracting
the influence of x during hashing, thereby refining the approximation of x constructed. After a few iterations
of this refinement process the algorithm obtains a good sparse approximation y of x.

A major hurdle in implementing this strategy is that any filter that has been constructed in the literature so far
is imprecise in that coefficients contribute (“leak™”) to buckets other than the one they are technically mapped
into. This contribution, however, is limited and can be controlled by the quality of the filter. The details of
filter choice have played a crucial role in recent developments in Sparse FFT algorithms. For example, the
best known runtime for one-dimensional Sparse FFT, due to [HIKP12b], was obtained by constructing filters
that (almost) precisely mimic the ideal hash process, allowing for a very fast implementation of the process in
dimension one. The price to pay for the precision of the filter, however, is that each hashing becomes a log¢ N
factor more costly in terms of sample complexity and runtime than in the idealized case. At the other extreme,
the algorithm of [GMSO03] uses much less precise filters, which only lead to a C¢ loss of sample complexity
in higher dimensions d, for a constant C' > 0. Unfortunately, because of the imprecision of the filters the
iterative improvement process becomes quite noisy, requiring 2(log IV) iterations of the refinement process
above. As [GMSO05] use fresh randomness for each such iteration, this results in an Q(log N') factor loss in
sample complexity. The result of [IKP14]] uses a hybrid strategy, effectively interpolating between [HIKP12b|]
and [GMSO03]. This gives the near optimal O (k log N 1og®™") log N') sample complexity in dimension one (i.e.
Fourier transform on the line), but still suffers from a logd_1 N loss in dimension d.

Techniques of [IK14]. The first algorithm to achieve optimal sample complexity was recently introduced
in [IK14]. The algorithms uses an approach inspired by [[GMS035] (and hence uses ‘crude’ filters that do not
lose much in sample complexity), but introduces a key innovation enabling optimal sample complexity: the
algorithm does nort use fresh hash functions in every repetition of the refinement process. Instead, O(log V)
hash functions are chosen at the beginning of the process, such that each large coefficient is isolated by most of
those functions with high probability. The same hash functions are then used throughout the execution of the
algorithm. As every hash function required a separate set of samples to construct the buckets, reusing the hash
functions makes sample complexity independent of the number of iterations, leading to the optimal bound.

While a natural idea, reusing hash functions creates a major difficulty: if the algorithm identified a non-
existent large coefficient (i.e. a false positive) by mistake and added it to Y, this coefficient would be present
in the difference vector x — x (i.e. residual signal) and would need to be corrected later. As the spurious
coefficient depends on the measurements, the ‘isolation’ properties required for recovery need not hold for it
as its position is determined by the hash functions themselves, and the algorithm might not be able to correct
the mistake. This hurdle was overcome in [IK14]] by ensuring that no large coefficients are created spuriously
throughout the execution process. This is a nontrivial property to achieve, as the hashing process is quite
noisy due to use of the ‘crude’ filters to reduce the number of samples (because the filters are quite simple,
the bucketing process suffers from substantial leakage). The solution was to recover the large coefficients
in decreasing order of their magnitude. Specifically, in each step, the algorithm recovered coefficients with
magnitude that exceeded a specific threshold (that decreases at an exponential rate). With this approach the
f+, norm of the residual signal decreases by a constant factor in every round, resulting in the even stronger
{~/¥o sparse recovery guarantees in the end. The price to pay for this strong guarantee was the need for a very
strong primitive for locating dominant elements in the residual signal: a primitive was needed that would make
mistakes with at most inverse polynomial probability. This was achieved by essentially brute-force decoding



over all potential elements in [NV]: the algorithm loops over all elements ¢ € [N] and for each i tests, using the
O(log N') measurements taken, whether 7 is a dominant element in the residual signal. This resulted in (V)
runtime.

Our techniques. In this paper we show how to make the aforementioned algorithm run in sub-linear
time, at the price of a slightly increased sampling complexity of Og4(klog N loglog V). To achieve a sub-
linear runtime, we need to replace the loop over all N coefficients by a location primitive (similar to that in
prior works) that identifies the position of any large coefficient that is isolated in a bucket in logo(l) N time
per bucket, i.e. without resorting to brute force enumeration over the domain of size N. Unfortunately, the
identification step alone increases the sampling complexity by O(log N) per hash function, so unlike [IK14],
here we cannot repeat this process using O(log N') hash functions to ensure that each large coefficient is isolated
by one of those functions. Instead, we can only afford O(log log N') hash functions overall, which means that
1/ logO(l) N fraction of large coefficients will not be isolated in most hashings. This immediately precludes
the possibility of using the initial samples to achieve /., norm reduction as in [IK14]. Another problem,
however, is that the weaker location primitive that we use may generate spurious coefficients at every step
of the recovery process. These spurious coefficients, together with the 1/ logo(l) N fraction of non-isolated
elements, contaminate the recovery process and essentially render the original samples useless after a small
number of refinement steps. To overcome these hurdles, instead of the ¢, reduction process of [IK14]] we
use a weaker invariant on the reduction of mass in the ‘heavy’ elements of the signal throughout our iterative
process. Specifically, instead of reduction of ¢, norm of the residual as in [[K14] we give a procedure for
reducing the ¢; norm of the ‘head’ of the signal. To overcome the contamination coming from non-isolated as
well as spuriously created coefficients, we achieve ¢; norm reduction by alternating two procedures. The first
procedure uses the O(loglog V) hash functions to reduce the ¢; norm of ‘well-hashed’ elements in the signal,
and the second uses a simple sparse recovery primitive to reduce the ¢, norm of offending coefficients when
the first procedure gets stuck. This can be viewed as a signal-to-noise ratio (SNR) reduction step similar in spirit
the one achieved in [IKP14]]. The SNR reduction phase is insufficient for achieving the ¢ /¢ sparse recovery
guarantee, and hence we need to run a cleanup phase at the end, when the signal to noise ratio is constant. It has
been observed before (in [IKP14]) that if the signal to noise ratio is constant, then recovery can be done using
standard techniques with optimal sample complexity. The crucial difference between [IKP14] and our setting
is, however, that we only have bounds on £1-SNR as opposed to £2-SNR In [IKP14]. It turns out, however, that
this is not a problem — we give a stronger analysis of the corresponding primitive from [IKP14]], showing that
£1-SNR bound is sufficient.

Related work on continuous Sparse FFT. Recently [BCG™12] and [PS15] gave algorithms for the related
problem of computing Sparse FFT in the continuous setting. These results are not directly comparable to ours,
and suffer from a polylogarithmic inefficiency in sample complexity bounds.

2 Preliminaries

For a positive even integer a we will use the notation [a] = {—-5,—-5 +1,...,-1,0,1,...,§ — 1}. We will
consider signals of length N = n¢, where n is a power of 2 and d > 1 is the dimension. We use the notation
w = €2™/™ for the root of unity of order n. The d-dimensional forward and inverse Fourier transforms are
given by
;= \/1N Z w " Iz; and z; = \/1N Z Wi I 2)
i€[n]d i€[n]?

respectively, where j € [n]?. We will denote the forward Fourier transform by F and Note that we use

the orthonormal version of the Fourier transform. We assume that the input signal has entries of polynomial
precision and range. Thus, we have ||Z||2 = ||z||2 for all z € C" (Parseval’s identity). Given access to samples



of Z, we recover a signal z such that

|lz =2l < (1+¢€ min flz—yl}
k— sparse y

We will use pseudorandom spectrum permutations, which we now define. We write M .4 for the set of
d x d matrices over Z, with odd determinant. For &> € Mx4,q € [n]? and i € [n]? let 7y 4(i) = 2(i — q)
mod n. Since ¥ € My, this is a permutation. Our algorithm will use 7 to hash heavy hitters into B buckets,
where we will choose B ~ k. We will often omit the subscript ¥, ¢ and simply write 7 (i) when ¥, ¢ is fixed
or clear from context. Fori,j € [n]? we let 0;(j) = 7(j) — (n/b)h(i) be the “offset” of j € [n]¢ relative to
i € [n]¢ (note that this definition is different from the one in [TK14]]). We will always have B = b%, where b is
a power of 2.

Definition 2.1. Suppose that X" exists mod n. Fora,q € [n]? we define the permutation Ps qby (Ps g q4t)i =
ﬁ:ZT(i_a)wiTzq.

Lemma 2.2. F 1 (Ps o 4&)ny, i) = Tiw? >

The proof is given in [IK14] and we do not repeat it here. Define

Errg(z) = min ||z —y||2 and p? = Erri(x)/k. (3)
k—sparse y
In this paper, we assume knowledge of 1 (a constant factor upper bound on p suffices). We also assume that
the signal to noise ration is bounded by a polynomial, namely that R* := ||z||oo/p < NP, We use the
notation B2°(z) to denote the £+, ball of radius r around z: B (x) = {y € [n]? : ||z — y||eo < 7}, Where
[l — y||oo = maxseq ||zs — ys||o», and ||xs — ys||o is the circular distance on Z,,. We will also use the notation
f < g todenote f = O(g). For a real number a we write |a|+ to denote the positive part of a, i.e. |a|+ = a if
a > 0 and |a|+ = 0 otherwise.
We will use the filter G, G constructed in [IK14]]. The filter is defined by a parameter F' > 1 that governs
its decay properties. The filter satisfies supp G C [—F - b, F' - b and

Lemma 2.3 (Lemma 3.1 in [IK14]). One has (1) G; € [(2 Fa 1] for all j € [n)? such that ||j]|s < 3, and
() 1G] < (W) forall j € [n]? as long as b > 3 and (3) G; € [0,1] for all j as long as F is even.

Remark 2.4. Property (3) was not stated explicitly in Lemma 3.1 of [IKI4], but follows directly from their
construction.

The properties above imply that most of the mass of the filter is concentrated in a square of side O(n/b),
approximating the “ideal” filter (whose value would be equal to 1 for entries within the square and equal to
0 outside of it). Note that for each i € [n]¢ one has |Go, i) > W We refer to the parameter F' as the
sharpness of the filter. Our hash functions are not pairwise independent, but possess a property that still makes
hashing using our filters efficient:

Lemma 2.5 (Lemma 3.2 in [IK14]]). Leti,j € [n]d. Let 3. be uniformly random with odd determinant. Then
forall t > 0 one has Pr[||2(i — j)||oo < t] < 2(2t/n)%

Pseudorandom spectrum permutations combined with a filter G give us the ability to ‘hash’ the elements
of the input signal into a number of buckets (denoted by B). We formalize this using the notion of a hashing.
A hashing is a tuple consisting of a pseudorandom spectrum permutation 7, target number of buckets B and a
sharpness parameter F' of our filter, denoted by H = (7, B, F'). Formally, H is a function that maps a signal x
to B signals, each corresponding to a hash bucket, allowing us to solve the k-sparse recovery problem on input
z by reducing it to 1-sparse recovery problems on the bucketed signals. We give the formal definition below.



Definition 2.6 (Hashing H = (7, B, F)). For a permutation m = (X, q), parameters b > 1, B = b and F,
a hashing H := (m, B, F) is a function mapping a signal © € Cl’ 1o B signals H(z) = (us)seppa, where
us € C"" for each s € [b]?, such that for each i € [n]?

Ugj = Z Gﬁ(j)_(n/b).sijﬂzj € C,

j€ln)
where G is a filter with B buckets and sharpness F' constructed in Lemma[2.3]

For a hashing H = (7, B, F), 7 = (X, q) we sometimes write Py 4, a € [n]? to denote Ps 4, We will
consider hashings of the input signal x, as well as the residual signal x — x, where

Definition 2.7 (Measurement m = m(x, H,a)). For a signal x € chn? 4 hashing H = (7w, B, F) and a

parameter a € [n]? a measurement m = m(z, H,a) € Cll is the B-dimensional complex valued vector of
evaluations of a hashing H(x) at a € CIM? i.e. length B, indexed by [b]* and given by evaluating the hashing

H ata € [n)% ie. for s € [b]¢
T

a’ Xj
ms = Z G r(j)—(n/b)-sTjW" 7,
j€[n]d

where G is a filter with B buckets and sharpness F' constructed in Lemma[2.3)

Definition 2.8. For any x € c” and any hashing H = (m, B, G) define the vector 2, (z) € RIn)* by letting
for every i € [n]?
i) = G S (0P IGag
j€mI\{i}

We access the signal x in Fourier domain via the function HASHTOBINS(Z, x, (H, a)), which evaluates
the hashing H of residual signal = — x at point a € [n]%, i.e. computes the measurement m(x, H,a) (the
computation is done with polynomial precision). One can view this function as “hashing” x into B bins by
convolving it with the filter G constructed above and subsampling appropriately. The pseudocode for this
function is given in section[9.2] In what follows we will use the following properties of HASHTOBINS:

Lemma 2.9. There exists a constant C' > 0 such that for any dimension d > 1, any integer B > 1, any
T,X € (C[”]d, ¥ i=x—x ifX € Mgxa,a,q € [n]d are selected uniformly at random, the following conditions
hold.

Let 1 = (X,q), H = (7, B,G), where G is the filter with B buckets and sharpness F constructed in
Lemma and let v = HASHTOBINS(%, X, (H,a)). Then if F > 2d, F = ©(d), for any i € [n]?

(1) For any H one has max,¢id |G;ti)w_“TEiuh(i) — i < G;b) D jes\fiy Goy(y || Furthermore,

EnlG, (- Cies\piy Goiiill] < 2m)2F - 04 |a'||1/B + N~e);
) Expg ()] < (20)24F - 42|13/ B,
Furthermore,

d

(3) for any hashing H, if a is chosen uniformly at random from [n]®, one has

- —aT'%i —Q(c
EaHGOibW > Up(i) — i) < N%{,z‘(%/) + N,

Here ¢ > 0 is an absolute constant that can be chosen arbitrarily large at the expense of a factor of G
runtime.



The proof of Lemma[2.9]is given in Appendix[A] We will need several definitions and lemmas from [IK14],
which we state here. We sometimes need slight modifications of the corresponding statements from [[K14],
in which case we provide proofs in Appendix [A]l Throughout this paper the main object of our analysis is a
properly defined set S C [n]¢ that contains the "large’ coefficients of the input vector 2. Below we state our
definitions and auxiliary lemmas without specifying the identity of this set, and then use specific instantiations
of S to analyze outer primitives such as REDUCELINORM, REDUCEINFNORM and RECOVERATCONST-
SNR. This is convenient because the analysis of all of these primitives can then use the same basic claims
about estimation and location primitives. The definition of .S given in (4) above is the one we use for analyzing
REDUCEL1NORM and the SNR reduction loop. Analysis of REDUCEINFNORM (section [8.1)) and RECOV-
ERATCONSTANTSNR (section use different instantiations of S, but these are local to the corresponding
sections, and hence the definition in () is the best one to have in mind for the rest of this section.

First, we need the definition of an element i € [n]? being isolated under a hashing H = (r, B, F). Intu-
itively, an element ¢ € S is isolated under hashing H with respect to set S if not too many other elements .S are
hashed too close to ¢. Formally, we have

Definition 2.10 (Isolated element). Let H = (7, B, F), where m = (%, q), ¥ € Mgxa,q € [n]%. We say that
an element i € [n]¢ is isolated under hashing H at scale t if

T (S\AE}) VB iy neoy (/) - 20)] < (2m)~FF - o220 04 ot
We say that i is simply isolated under hashing H if it is isolated under H at all scales t > 0.

The following lemma shows that any element ¢ € S is likely to be isolated under a random permutation 7:

Lemma 2.11. For any integer k > 1 and any S C [n]%,|S| < 2k, if B > (2m)**F .k /a? for o € (0, 1) smaller
than an absolute constant, F' > 2d, and a hashing H = (7, B, F) is chosen randomly (i.e. ¥ € Mgxq,q € [n]d
are chosen uniformly at random, and ™ = (X,q)), then each i € [n]? is isolated under permutation 7 with
probability at least 1 — 5\/5

The proof of the lemma is very similar to Lemma 5.4 in [IK14] (the only difference is that the ¢, ball is
centered at the point that ¢ hashes to in Lemma [2.11] whereas it was centered at 7(¢) in Lemma 5.4 of [IK14])
and is given in Appendix [A|for completeness.

As every element ¢ € S is likely to be isolated under one random hashing, it is very likely to be isolated
under a large fraction of hashings Hy, ..., H,

Tmaz *

Lemma 2.12. For any integer k > 1, and any S C [n]¢,|S| < 2k, if B > (2n)*F . k/a? for a € (0,1)
smaller than an absolute constant, F' > 2d, H, = (7., B, F), r = 1,. .., "ymas a sequence of random hashings,
then every i € [n]? is isolated with respect to S under at least (1 — \/Q)Tmae hashings Hy,r = 1,. .., "mae
with probability at least 1 — 2~ Q(Vormaz),

Proof. Follows by an application of Chernoff bounds and Lemma|[2.11 0

It is convenient for our location primitive (LOCATESIGNAL, see Algorithm|[I]) to sample the signal at pairs
of locations chosen randomly (but in a correlated fashion). The two points are then combined into one in a
linear fashion. We now define notation for this common operation on pairs of numbers in [n]¢. Note that we are
viewing pairs in [n]¢ x [n]¢ as vectors in dimension 2, and the x operation below is just the dot product over this
two dimensional space. However, since our input space is already endowed with a dot product (for i, j € [n]?
we denote their dot product by 37 5), having special notation here will help avoid confusion.



Operations on vectors in [n]%. For a pair of vectors (a1, 31), (g, B2) € [n]? x [n]¢ we let (a1, B1) * (a2, £2)
denote the vector v € [n]? such that

¥i = ()i - (a2)i + (B1)i - (B2)i forall i € [d].

Note that for any a,b,c € [n]? x [n]? one has a x b + a x ¢ = a x (b + ¢), where addition for elements of
[n]¢ x [n]? is componentwise. We write 1 € [n] for the all ones vector in dimension d, and 0 € [n]? for the
zero vector. For a set A C [n]? x [n]¢ and a vector (a, B) € [n]? x [n]? we denote

Ax(a, ) :={ax(a,B) :a € A}.

Definition 2.13 (Balanced set of points). For an integer A > 2 we say that a (multi)set Z C [n]? is A-balanced
in coordinate s € [1 : d| if foreveryr = 1,..., A—1at least 49/100 fraction of elements in the set {w\** } .cz
belong to the left halfplane {u € C : Re(u) < 0} in the complex plane, where wa = €™/ is the A-th root of

unity.

Note that if A divides n, then for any fixed value of r the point w\** is uniformly distributed over the
A’-th roots of unity for some A’ between 2 and A for every r = 1,...,A — 1 when z; is uniformly random

in [n]. Thus for  # 0 we expect at least half the points to lie in the halfplane {u € C : Re(u) < 0}. A set
Z is balanced if it does not deviate from expected behavior too much. The following claim is immediate via
standard concentration bounds:

Claim 2.14. There exists a constant C > 0 such that for any A a power of two, A = logo(l) n, and n a power
of 2 the following holds if A < n. If elements of a (multi)set A C [n]? x [n]¢ of size C'loglog N are chosen
uniformly at random with replacement from [n]* x [n]?, then with probability at least 1 — 1/log* N one has
that for every s € [1 : d] the set A% (0, ) is A-balanced in coordinate s.

Since we only use one value of A in the paper (see line 8 in Algorithm[I)), we will usually say that a set is
simply ‘balanced’ to denote the A-balanced property for this value of A.

3 The algorithm and proof overview

In this section we state our algorithm and give an outline of the analysis. The formal proofs are then presented
in the rest of the paper (the organization of the rest of the paper is presented in section f)). Our algorithm
(Algorithm 2), at a high level, proceeds as follows.

Measuring z. The algorithms starts by taking measurements of the signal in lines 5-16. Note that the
algorithm selects O(loglog N) hashings H, = (m,, B, F),r = 1,...,0(loglog N), where m, are selected
uniformly at random, and for each r selects a set A, C [n]? x [n] of size O(log log V) that determines locations
to access in frequency domain. The signal 7 is accessed via the function HASHTOBINS (see Lemma 2.9 above
for its properties. The function HASHTOBINS accesses filtered versions of Z shifted by elements of a randomly
selected set (the number of shifts is O(log N/ loglog IV)). These shifts are useful for locating ‘heavy’ elements
from the output of HASHTOBINS. Note that since each hashing takes O(B) = O(k) samples, the total sample
complexity of the measurement step is O(klog N loglog N). This is the dominant contribution to sample
complexity, but it is not the only one. The other contribution of O(k log N log log N') comes from invocations of
ESTIMATEVALUES from our ¢;-SNR reduction loop (see below). The loop goes over O(log R*) = O(log N)
iterations, and in each iteration ESTIMATEVALUES uses O(log log N) fresh hash functions to keep the number
of false positives and estimation error small.

The location algorithm is Algorithm I Our main tool for bounding performance of LOCATESIGNAL is
Theorem stated below. Theorem applies to the following setting. Fix a set S C [n]¢ and a set of
hashings Hy,..., H that encode signal measurement patterns, and let S* C S denote the set of elements

) Tmazx



of S that are not isolated with respect to most of these hashings. Theorem shows that for any signal  and
partially recovered signal y, if L denotes the output list of an invocation of LOCATESIGNAL on the pair (z, X)
with measurements given by Hy, ..., H, . and a set of random shifts, then the ¢; norm of elements of the
residual (z — x)g that are not discovered by LOCATESIGNAL can be bounded by a function of the amount of
¢1 mass of the residual that fell outside of the ‘good’ set S\ S*, plus the ‘noise level” ;1 > Hl’[n]d\ glloo times k.

If we think of applying Theorem [3.1]iteratively, we intuitively get that the fixed set of measurements given
by hashings Hi,..., H, allows us to always reduce the /; norm of the residual ' = x — x on the ‘good’
set S\ S* to about the amount of mass that is located outside of this good set(this is exactly how we use

LOCATESIGNAL in our signal to noise ratio reduction loop below). In section[6] we prove

Theorem 3.1. For any constant C' > 0 there exist absolute constants C1, Cy, C3 > 0 such that for any x,x €
CN, 2’ = x—x, any integer k > 1 and any S C [n]? such that ||z, a0\ s|loo < C'pt, where p = Hx[n]d\[k]Hg/\/%,
the following conditions hold if ||z ||se/p = NO),

Let 1, = (X, qr),7 = 1,...,Tymax denote permutations, and let H, = (7., B, F), F' > 2d,F = ©(d),
where B > (21)*FLk/a? for a € (0,1) smaller than a constant. Let S* C S denote the set of elements
that are not isolated with respect to at least a \/« fraction of hashings {H,}. Then if additionally for every
s € [1: d] the sets A, x (1, e;) are balanced in coordinate s (as per Definition for allr=1,...,"naw
and Tmaz, Cmaz > (C1/v/a)loglog N, then

Tmax
L:= | J LOCATESIGNAL (X, k, {m(, Hy,ax (1, w)}imee WGW)
r=1

satisfies ,
[ s-\ 2111 < (Coa) 2[5l + CF (|Ixpars|l1 + [« 111) + 4pS].

Reducing signal to noise ratio. Once the samples have been taken, the algorithm proceeds to the signal to
noise (SNR) reduction loop (lines 17-23). The objective of this loop is to reduce the mass of the top (about k)
elements in the residual signal to roughly the noise level u - k£ (once this is done, we run a ‘cleanup’ primitive,
referred to as RECOVERATCONSTANTSNR, to complete the recovery process — see below). Specifically, we
define the set S of ‘head elements’ in the original signal x as

S ={ien?: |z > ul, 4)

where (12 = Erry(x)/k is the average tail noise level. Note that we have | S| < 2k. Indeed, if |S| > 2k, more
than k elements of S belong to the tail, amounting to more than z% - k = Erri(az) tail mass. Ideally, we would
like this loop to construct and approximation x(*) to x supported only on S such that ||(z — x ™)) s||1 = O(uk),
i.e. the £1-SNR of the residual signal on the set S of heavy elements is reduced to a constant. As some false
positives will unfortunately occur throughout the execution of our algorithm due to the weaker sublinear time
location and estimation primitives that we use, our SNR reduction loop is to construct an approximation x (7
to z with the somewhat weaker properties that

1@ = x")slh + I pgars = O(uk)  and |[xT]jo < k. (5)

Thus, we reduce the /1-SNR on the set S of ‘head’ elements to a constant, and at the same time not introduce
too many spurious coefficients (i.e. false positives) outside .S, and these coefficients do not contribute much
£1 mass. The SNR reduction loop itself consists of repeated alternating invocations of two primitives, namely
REDUCELINORM and REDUCEINFNORM. Of these two the former can be viewed as performing most of
the reduction, and REDUCEINFNORM is naturally viewed as performing a ‘cleanup’ phase to fix inefficiencies
of REDUCEL1NORM that are due to the small number of hash functions (only O(loglog N) as opposed to
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O(log N) in [IK14]) that we are allowed to use, as well as some mistakes that our sublinear runtime location
and estimation primitives used in REDUCEL 1 NORM might make.

Algorithm 1 Location primitive: given a set of measurements corresponding to a single hash function, returns

a list of elements in [n]?, one per each hash bucket
1: procedure LOCATESIGNAL(Y, H, {m(Z, H,a * (1, W) }acAwew) >H = (r,B,F),B = b?
2 Let 2/ := x — y. Compute {m(a?’, H,a*(1,wW)}aeawew using Corollaryand HASHTOBINS.
3 L+«
4 for j < [b]¢ do > Loop over all hash buckets, indexed by j € [b]*
5: f « o
6 for s=1toddo > Recovering each of d coordinates separately
7 A < 9lzlogylogyn]
8 for g =1tolognn — 1do
9: w < nA79 - e > Note that w € W
10: If there exists a unique r € [0 : A — 1] such that
11: w;’"'ﬁs c o (AT B % — 1| < 1/3 for at least 3/5 fraction of a =
(o, ) € A
12: then f «+ f + A9~ .r.e, else return FAIL
13: end for
14: end for
15: L+ LU{X7'f} > Add recovered element to output list
16: end for
17: return L

18: end procedure

REDUCELINORM is presented as Algorithm [3| below. The algorithm performs O(loglog N) rounds of
the following process: first, run LOCATESIGNAL on the current residual signal, then estimate values of the
elements that belong to the list L output by LOCATESIGNAL, and only keep those that are above a certain
threshold (see threshold ﬁQ_tl/ + 4p in the call the ESTIMATEVALUES in line 9 of Algorithm . This
thresholding operation is crucial, and allows us to control the number of false positives. In fact, this is very
similar to the approach of [IK14]] of recovering elements starting from the largest. The only difference is that (a)
our ‘reliability threshold’ is dictated by the /1 norm of the residual rather than the /., norm, as in [IK14], and (b)
some false positives can still occur due to our weaker estimation primitives. Our main tool for formally stating
the effect of REDUCELINORM is Lemma below. Intuitively, the lemma shows that REDUCEL1NORM
reduces the /1 norm of the head elements of the input signal x — x by a polylogarthmic factor, and does not
introduce too many new spurious elements (false positives) in the process. The introduced spurious elements,
if any, do not contribute much #; mass to the head of the signal. Formally, we show in section

Lemma 3.2. Forany x € CN, any integer k > 1, B > (2m)**F . k/a® for o € (0, 1] smaller than an absolute
constant and F > 2d, F' = ©(d) the following conditions hold for the set S := {i € [n]? : |x;| > u}, where
p? = @0\ gl |3/ k. Suppose that ||z||o /pn = NOW.

For any sequence of hashings H, = (7., B, F), r = 1,..., "mas if S* C S denotes the set of elements of
S that are not isolated with respect to at least a /« fraction of the hashings H,,r = 1, ..., "yqz, then for any
yeCM’ o/ i= 2 — vy, ifv > (log* N is a parameter such that

A |l(z = x)slh < (v +20p)k;

11



C Itz =x)s [ + [Ixmaslh < gk

the following conditions hold.
If parameters Tz, Cmax are chosen to be at least (C1/+/a)loglog N, where C1 is the constant from
Theorem and measurements are taken as in Algorithm|2| then the output X' of the call

REDUCELINORM(x, k, {m(Z, Hr,ax (1,w)) :T:miwaeAr,weW’ 4,u(10g4 n)T_t, 1)
satisfies

L (2" = X)slh < log%]\fyk + 20pk (01 norm of head elements is reduced by ~ log* N factor)

2. I+ XD mensllo < lxgmgavsllo + log%Nk (few spurious coefficients are introduced)

31" = Xl + 1+ XD paslh < el + Ixpaslh + ok (6 norm of spurious
coefficients does not grow fast)

with probability at least 1 — 1/ log? N over the randomness used to take measurements m and by calls to ES-
TIMATEVALUES. The number of samples used is bounded by 20(d2)k(log log N)?, and the runtime is bounded
by 20(d) f; log®*? N.

Equipped with Lemma [3.2] as well as its counterpart Lemma [8.1] that bounds the performance of REDU-
CEINFNORM (see section we are able to prove that the SNR reduction loop indeed achieves its cause,
namely (5). Formally, we prove in section

Theorem 3.3. For any x € CN, any integer k > 1, if u?> = Erri(z)/k and R* > ||z||oo/pu = NOW, the
following conditions hold for the set S := {i € [n]¢ : |z;| > u} C [n]%
Then the SNR reduction loop of Algorithm 2| (lines 19-25) returns x\T) such that

[z — x|l S (¢1-SNR on head elements is constant)
ng])d\ slh S (spurious elements contribute little in {1 norm)
1
HXEZ]Z\S| lo < logTNk (small number of spurious elements have been introduced)

with probability at least 1 — 1/log N over the internal randomness used by Algorithm The sample
complexity is 20(d) f; log N (loglog N). The runtime is bounded by 20(d) f, log®+3 N.

Recovery at constant /1-SNR. Once (5) has been achieved, we run the RECOVERATCONSTANTSNR
primitive (Algorithm on the residual signal. Adding the correction y/ that it outputs to the output () of the
SNR reduction loop gives the final output of the algorithm. We prove in section[8.2]

Lemma 3.4. Forany e > 0, &,x € CV, 2/ = x — x and any integer k > 1 ifo'[Zk]Hl < O(Hx[n]d\[ka\/E)
and ||x/[n]d\[2k}”% < |z e 3, the following conditions hold. If ||z||ee/p = NOW, then the output x' of
RECOVERATCONSTANTSNR(Z, x, 2k, €) satisfies

2" = X'|15 < (1 + O(e) ||z pyay I3

with at least 99/100 probability over its internal randomness. The sample complexity is 20(d?) %kz log N, and
the runtime complexity is at most 20(d?) %k: log®! N.
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We give the intuition behind the proof here, as the argument is somewhat more delicate than the analysis
of RECOVERATCONSTSNR in [IKP14]], due to the ¢;-SNR, rather than /5-SNR assumption. Specifically, if
instead of ||(x — x)pxll1 < O(pk) we had ||(z — x)px|l3 < O(p?k), then it would be essentially sufficient
to note that after a single hashing into about k/(e«) buckets for a constant o € (0, 1), every element i € [2k]
is recovered with probability at least 1 — O(ex), say, as it is enough to (on average) recover all but about an
e fraction of coefficients. This would not be sufficient here since we only have a bound on the #; norm of the
residual, and hence some elements can contribute much more /5 norm than others. However, we are able to
show that the probability that an element of the residual signal 2/ is not recovered is bounded by O( ?ﬁﬁ; + %),
where the first term corresponds to contribution of tail noise and the second corresponds to the head elements.
This bound implies that the total expected £3 mass in the elements that are not recovered is upper bounded by

2 . .
S i 12112 - (245 + 88 < Ofepk + epn sy 21]) = O(epk). giving the result

||

Finally, putting the results above together, we prove in section

Theorem 3.5. For any ¢ > 0, x € CI"" and any integer k > 1, if R* > |2|oo/pp = NOW, 12 =
O(Hx[n]d\[kﬂ\%/k) and o« > 0 is smaller than an absolute constant, SPARSEFFT (&, k, e, R*, 1) solves the
Uy /Uy sparse recovery problem using 2O(d2)(k:logN10g log N + %k‘log N) samples and 2O(d2)%klogd+3 N
time with at least 98 /100 success probability.

4 Organization

The rest of the paper is organized as follows. In section [5| we set up notation necessary for the analysis of
LOCATESIGNAL, and specifically for a proof of Theorem [3.1] as well as prove some basic claims. In section [6]
we prove Theorem In section [7] we prove performance guarantees for REDUCEL1NORM (Lemma [3.2),
then combine them with Lemma to prove that the main loop in Algorithm [2| reduces #; norm of the head
elements. We then conclude with a proof of correctness for Algorithm 2] Section is devoted to analyzing
the REDUCEINFNORM procedure, and section is devoted to analyzing the RECOVERATCONSTANTSNR
procedure. Some useful lemmas are gathered in section [} and section [I0] describes the algorithm for semieq-
uispaced Fourier transform that we use to update our samples with the residual signal. Appendix |Al contains
proofs omitted from the main body of the paper.

S Analysis of LOCATESIGNAL: main definitions and basic claims

In this section we state our main signal location primitive, LOCATESIGNAL (Algorithm[I). Given a sequence of
measurements m(Z, Hy,a x (1, W))}aed, wew," = 1,...,Tmaq asignal = € Cln* and a partially recovered
signal x € C[”}d, LOCATESIGNAL outputs a list of locations L C [n]d that, as we show below in Theorem
(see section E]), contains the elements of x that contribute most of its £; mass. An important feature of LO-
CATESIGNAL is that it is an entirely deterministic procedure, giving recovery guarantees for any signal x and
any partially recovered signal x. As Theorem [3.1 shows, however, these guarantees are strongest when most
of the mass of the residual z — x resides on elements in [n]d that are isolated with respect to most hashings
Hy,...,H, . used for measurements. This flexibility is crucial for our analysis, and is exactly what allows
us to reuse measurements and thereby achieve near-optimal sample complexity.

In the rest of this section we first state Algorithm |1} and then derive useful characterization of elements ¢
of the input signal (z — x); that are successfully located by LOCATESIGNAL. The main result of this section
is Corollary This comes down to bounding, for a given input signal = and partially recovered signal ,
the expected ¢1 norm of the noise contributed to the process of locating heavy hitters in a call to LOCATESIG-
NAL(Z, x, H,{m(Z, H,a * (1,W)) }aea,wew) by () the tail of the original signal x (tail noise ety and (b)
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AlgorithmZ SPARSEFFT(z, k, €, R*, 1)

NN N N N N N N /= o o o s e e
A A S e AR U T

28:

R A A i

procedure SPARSEFFT(Z, k, €, R*, 1)

x© 0 >in C".
T+ log(log4 N) R*

F «2d

B <« (2m)*F . k/al, a > 0 sufficiently small constant

Tmaz < (C/+/a)log logN Cmaz < (C//a)loglog N for a sufficiently large constant C' > 0

W« {04}, A 913 logz logz n] > 0y is the zero vector in dimension d
for g = 1 to [loga n] do

W WUl nA9 e, > e is the unit vector in direction s
end for
G « filter with B buckets and sharpness F’, as per Lemma[2.3|
for r = 1 to 7442 doO > Samples that will be used for location

Choose ¥, € Myxa, ¢ € [n]? uniformly at random, let 7, := (3,, ¢,) and let H, := (7, B, F)
Let A, < C'loglog N elements of [n]¢ x [n]¢ sampled uniformly at random with replacement
for w € W do
m(z, Hy,a* (1,w)) <~ HASHTOBINS(Z,0, (H,,ax (1,w))) foralla € A,,w € W
end for
end for
fort=0,1,...,7—1do
X' + REDUCEL1NORM (X(t), k,{m(z,Hy,a* (1,w)) :Z‘ifaeAhwew,lly(log‘l n)T*t,,u>
> Reduce /1 norm of dominant elements in the residual signal
v < (log* N)(4p(log* N)T=(+1) 4 204) > Threshold
X" ¢ REDUCEINFNORM (&, x¥) + x/, 4k/(log? N), v/, /)
> Reduce /-, norm of spurious elements introduced by REDUCEL1NOM
X(t+1) « X(t) + X/ + X//
end for
X' < RECOVERATCONSTANTSNR (Z, x(7), 2k, ¢)
return (7) + y/

29: end procedure

Algorithm 3 REDUCEL 1NORM (5 X kX ke fm(@, Hyyax (Lw)}imse oy M)

1: procedure REDUCELINORM(Z, x, k, X, k, {m(Z, H,, a » (1, w)) e A, wews Vs 1Y)

_.
e

11:
12:

R e A A T

YO 0 >in C"
B« (2n)%F . k/af
for t = 0 to logy (log* V) do
for r = 1 to 744, doO
L, + LOCATESIGNAL <X +xB, k, {m(Z, Hyyax (1, w)) :T:n(ifaeAr,WEW>
end for
L U2 Ly
Y’ < ESTIMATEVALUES(Z, x + X\, L, 4k, 1, 155
X(t+1) «— X(t) + X/
end for
return y + y(7)

v2~t + 4y, C(loglog N + d? + log(B/k)))

13: end procedure
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the heavy hitters and false positives (heavy hitter noise eleady 1t is useful to note that unlike in [IK14], we
cannot expect the tail of the signal to not change, but rather need to control this change.

In what follows we derive useful conditions under which an element i € [n]¢ is identified by LOCATES-
IGNAL. Let S C [n]? be any set of size at most 2k, and let z be such that Tya\g < pt. Note that this fits the
definition of S given in (@) (but other instantiations are possible, and will be used later in section [8.2).

Consider a call to

LOCATESIGNAL(x, H, {m(Z, H,a x (1, W) }ac A wew)-

For each a € A and fixed w € W we let z := a % (1, w) € [n]? to simplify notation. The measurement vectors
m = m(a’, H, z) computed in LOCATESIGNAL satisfy, for every i € S, (by Lemma

where A corresponds to polynomially small estimation noise due to approximate computation of the Fourier
transform, and the filter G,, ;) is the filter corresponding to hashing H. In particular, for each hashing H and
parameter a € [n]¢ one has:
G;b)mh(i)wﬁTzi =z + G;b) > Goyyjw® 2070 4 G;b)Ah(i),zwszZi
j€ln]M\{i}

It is useful to represent the residual signal = as a sum of three terms: ' = (z — x)g — X[n]d\s T T[n)d\s>
where the first term is the residual signal coming from the ‘heavy’ elements in S, the second corresponds to
false positives, or spurious elements discovered and erroneously subtracted by the algorithm, and the third
corresponds to the tail of the signal. Similarly, we bound the noise contributed by the first two (head elements
and false positives) and the third (tail noise) parts of the residual signal to the location process separately. For
each ¢ € S we write

Gty =
+ G;%i) : Z Goi(j)l”;-wZTE(j*i) - Z Goi(j)xijTz(jfi) (head elements and false positives)
jes\{i} jen]d\S
+Goly > Gogymw” 207 (tail noise)
JEMNS
—2T5%

1
TG Anmw
(6)

Noise from heavy hitters. The first term in (6) corresponds to noise from (z — x)g\ (i} — X[n]\(S\{i})> 1-€-
noise from heavy hitters and false positives. For every ¢ € S, hashing H we let

e?ead(H’ 2,X) = G;t) ) Z Go,(hlyjl, wherey = (z — x)s — X[n)d\S- @)
JjeS\{i}

We thus get that e?ead(H , x, X) upper bounds the absolute value of the first error term in (6). Note that G > 0 by
Lemmaas long as F'is even, which is the setting that we are in. If e?“jad(H7 x,x) is large, LOCATESIGNAL
may not be able to locate ¢ using measurements of the residual signal = — x taken with hashing /. However, the
noise in other hashings may be smaller, allowing recovery. In order to reflect this fact we define, for a sequence

of hashings H, ..., H, and a signal y € clnl

ef“"U({H,}, x,x) := quant/ e[ (H,., z, ), ®)
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where for a list of reals u, ...,us and a number f € (0,1) we let quant/ (uy, ..., us) denote the [f - s]-th
largest element of u1, . . ., us.

Tail noise. To capture the second term in (6) (corresponding to tail noise), we define, for any i € S,z €
[n]¢, w € W, permutation = (%, q) and hashing H = (7, B, F)

eﬁ‘"l(H,z,x) = O(Z Z G, TR(-)| )

JemN\S

With this definition in place e’é“il(H , z, ) upper bounds the second term in (). As our algorithm uses
several values of a € A, C [n]? x [n]? to perform location, a more robust version of et ( H, z) will be useful.
To that effect we let for any Z C [n]? (we will later use Z = A, % (1, w) for various w € W)

eVl (H, Z, x) = quantzez or(i Z Goy () Tjw” RG] (10)
J€n]\S

Note that the algorithm first selects sets A, C [r]9x[n]¢, and then access the signal at locations A,x(1, w), w €
W.

The definition of e} (H, Ax(1,w), z) for a fixed w € WV allows us to capture the amount of noise that our
measurements that use H suffer from for locating a specific set of bits of ¥i. Since the algorithm requires all
w € W to be not too noisy in order to succeed (see precondition 2 of Lemma/[5.)), it is convenient to introduce
notation that captures this. We define

efa”(H, A, z) = 40up i (z) +

et (H, Ax (1, w), z) —40,”{,,-(35)‘ (11)
wew +

where for any 1 € R one has |n|; = nif n > 0 and |n|+ = 0 otherwise.

The following definition is useful for bounding the norm of elements ¢ € S that are not discovered by
several calls to LOCATESIGNAL on a sequence of hashings { H,}. For a sequence of measurement patterns
{H,, A} we let

el ({H,, A}, z) := quant!/®c!® (H,, A, z). (12)

Finally, for any S C [n]¢ we let

head § :ehead and egul § :etazl

€S €S

where - stands for any set of parameters as above.
Equipped with the definitions above, we now prove the following lemma, which yields sufficient conditions
for recovery of elements i € S in LOCATESIGNAL in terms of ¢"¢%? and e?®*.

Lemma 5.1. Let H = (7, B, R) be a hashing, and let A C [n]? x [n]%. Then for every S C [n]¢ and for every
T,X € Cc? and ' =z — X, the following conditions hold. Let L denote the output of

LOCATESIGNAL(x, H, {m(Z, H,a* (1, W)) }acAwew)-

Then for any i € S such that |z};| > N~ Q) if there exists r € [1: rimag] such that

1. e?ead(H, z') < |z}]/20;
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2. el(H, A% (1,w),z') < |x}]/20 for all w € W;
3. forevery s € [1: d| the set A (0, e;) is balanced in coordinate s (as per Definition ,
then i € L. The time taken by the invocation of LOCATESIGNAL is O(B - log?*! N).

Proof. We show that each coordinate s = 1,...,d of Xi is successfully recovered in LOCATESIGNAL. Let
g = Xi for convenience. Fix s € [1 : d]. We show by induction on g = 0,...,loga n — 1 that after the
g-th iteration of lines 6-10 of Algorithm [I] we have that f, coincides with g, on the bottom g - log, A bits, i.e.
f; — qs = 0 mod AY (note that we trivially have f; < AY after iteration g).

The base of the induction is trivial and is provided by g = 0. We now show the inductive step. Assume
by the inductive hypothesis that f; — q; = 0 mod A9~!, so that q; = s + A9 L (rg + Ary + A2rg +...)
for some sequence rg, 71, ...,0 < r; < A. Thus, (rg,r1,...) is the expansion of (qs — f;)/ A9~ base A, and
ro is the least significant digit. We now show that rq is the unique value of r that satisfies the conditions of
lines 8-10 of Algorithm|I]

First, we have by (6) together with (7) and (9)) one has for eacha € Aand w € W

o (7, H, a5 (1)) = oy yatao X7 < heod( Bz x) 4 el ax (1, w), ) + N~
Since 0 € W, we also have foralla € A

[0y (@, o x (1,0)) = Gy @O < e (1, x) 4 €l (H, 0 % (1,0), 2) + N~

where the N () terms correspond to polynomially small error from approximate computation of the Fourier
transform via Lemma
Let j := h(i). We will show that ¢ is recovered from bucket j. The bounds above imply that

mj( Hyax (1,w))  ajwe@w)a 4 gy

mj(5;,7H,a* (1,0)) B m;-w(“*(lvﬂ))Tq + E

13)

for some E’, E" satisfying |E'| < el°®(H, x, x)+el® (H, ax(1,w), 2)+ N~ and | E"| < efd(H, z, x)+
et (H,a % (1,0)) + N~ For all but 1/5 fraction of a € .A we have by definition of e!® (see (T0)) that
both
el (H,ax (1, w),z) < el (H,Ax (1,w),z) < |2}[/20 (14)
and
et (H,a*(1,0) < el (H, A% (1,0),z) < |2}|/20. (15)

In particular, we can rewrite (13) as

mj(a/:\’, H,ax(1,w)) B x;w(a*(lvw))Tq +E
my(a/,Hyax (1,0))  ajw(@tO)7a 4+ g
w(a*(l,w))Tq 14+ w—(a*(l,w))TqE//x;_

== . ¢ where { = 1+ w—(ex(@0)Tapw /o

o(ax(1,0))7q (16)
_ (e tw) a—(@x(10)7a ¢

= laxOw)Ta ¢

Let A* C A denote the set of values of a € A that satisfy the bounds (I4) and (I5)) above. We thus have
for a € A*, combining with assumptions 1-2 of the lemma, that

|E'| /) < (2/20) +1/N~©) < 1/8 and |E"|/z; < (2/20) 4+ 1/N~—) < 1/8 (17)
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for sufficiently large N, where O(c) is the word precision of our semi-equispaced Fourier transform computa-
tion. Note that we used the assumption that || > N (),
111 — d d mj(f;,,H,(l*(l,W))
Writing a = (o, 8) € [n]* x [n]%, we have by (16) that @ Hax(1.0))
wlq=nA"9q,; when w = nA e (as in line 8 of Algorithm , we get

= w((@B*Ow)Ta . ¢ and since

mj($/7 H7 ax (17 W)) _ w(a*(O,w))Tq X 5 _ wnA*965q3 . é’ — WNA7QBSC13 + w’NAigﬂst (g _ 1)
mj(z', H,a * (1,0))

We analyze the first term now, and will show later that the second term is small. Since q; = fs + AY _1(r0 +
Ary + A?ry + ...) by the inductive hypothesis, we have, substituting the first term above into the expression
in line 10 of Algorithm [T}

wgr‘ﬁs . w—nA_ng~,BS . wnA_gﬁsQS _ w;T'ﬁS . wnA_g(qs—fs)'Bs

_ w;?‘-ﬁs . wnA_g(Ag_l(T0+Ar1+A2'r2+...))~BS
_ ng-ﬁs - (/D) (ro+Ar +A%ra+.)-Bs
—_ _T'/Bs TO'B.S

WA WA

_ L
We used the fact that w™® = 270/ A)/n — 2m/A — )\ and (wa )™ = 1. Thus, we have

_ (2 H 1 —r+7r0)" —T+70)
ey sg).5. M5 (7, Hyax (1, w)) N O e DTS (18)
mj(x', H,a*(1,0))

We now consider two cases. First suppose that » = rg. Then w(A*HTO)'B ® =1, and it remains to note that

by we have [ — 1| < }ﬂ;g —1<2/7 < 1/3. Thus every a € A* passes the test in line 9 of Algorithm
Since |A*| > (4/5)|A] > (3/5)|A| by the argument above, we have that ry passes the test in line 9. It remains
to show that r is the unique element in 0, ..., A — 1 that passes this test.

Now suppose that  # ro. Then by the assumption that A (0, e;) is balanced (assumption 3 of the lemma)

at least 49,/100 fraction of w(A*HTO)'B ° have negative real part. This means that for at least 49/100 of a € A we

have using triangle inequality

‘ [W(A—r-i-ro)ﬂs + w(A—r-‘rTo)ﬂs (f _ 1):| . 1) > ‘W(A—r-‘rm)ﬂs - 1‘ . ‘W(A—r-l-ro)'ﬁs (5 _ 1)
>li—-1-1/3
>V2-1/3>1/3,
and hence the condition in line 9 of Algorithm [1]is not satisfied for any r # ro. This shows that location is
successful and completes the proof of correctness.
Runtime bounds follow by noting that LOCATESIGNAL recovers d coordinates with log n bits per coordi-

nate. Coordinates are recovered in batches of log A bits, and the time taken is bounded by B - d(logx n)A <
B(log N )3/ 2, Updating the measurements using semi-equispaced FFT takes B log?*! N time. O

We also get an immediate corollary of Lemma [5.1] The corollary is crucial to our proof of Theorem [3.1]
(the main result about efficiency of LOCATESIGNAL) in the next section.

Corollary 5.2. For any integer ryq > 1, for any sequence of ruqy hashings H, = (7., B, R),7 € [1 : maa)
and evaluation points A, C [n]?x[n]?, for every S C [n]¢ and for every x, x € C["}d, x' = x—x, the following
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conditions hold. If for eachr € [1 : Tyaz] Ly C [n]¢ denotes the output of LOCATESIGNAL(Z, X, H,, {m(Z, H,., ax
(1, w))}acA, . wew), L =74 Ly, and the sets A, x (0, w) are balanced for allw € W and r € [1 : T'paz),
then

2\ Il < 20[[&({H, }, 2, )11 + 20[[e§™ ({Hy, A}, 2) |1 +[S] - N~ *)

Furthermore, every element i € S such that
|2} > 20l ({H,}, z, x) + el ({H,, A}, 2)) + N~ (%)
belongs to L.

Proof. Suppose that i € S fails to be located in any of the R calls, and |z| > N —e), By Lemma and the
assumption that A, x (0, w) is balanced for all w € W and r € [1 : 7,4, this means that for at least one half
of values 7 € [1 : 7ynqz] either (A) ef4(H, z,x) > |2;]/20 or (B) el (H,, A, x (1,w),z) > |z;]/20 for at

least one w € VW. We consider these two cases separately.

Case (A). In this case we have e“*d(H, z,x) > |z;|/20 for at least one half of 7 € [1 : rpq.], SO in
particular ef**({H, }, z, x) > quant}«/%?e“d(Hr,m,X) > |xf]/20.

Case (B). Suppose that el (H,., A, x (1,w),z) > |2}|/20 for some w = w(r) € W for at least one half of
7 € [1 : rpag) (denote this set by @ C [1 : rypq,]). We then have

e ({Hy, A} @) = quant [ el (H,, A, )

r€[lirmag] ¢

1/5
= quantré[lirmaz] [40,[1]{“@'(1') + Z
wew

el (H,, Ay % (1,w), x) — 40,UHT,2'(1')‘+]

> min |40pg, ;
_gélcg[ p,i(x) +

egail(Hr’Ar * (]_7w(7°))’ x) — 40MHT,i(x)‘+:|

> min el (H,, A, « (1, w(r)), z)
reqQ

> |]/20

as required. This completes the proof of (¥) as well as (¥%). ]

6 Analysis of LOCATESIGNAL: bounding /; norm of undiscovered elements

The main result of this section is Theorem [3.1] which is our main tool for showing efficiency of LOCATESIG-
NAL. Theorem applies to the following setting. Fix a set S C [n]? and a set of hashings Hy, ..., H,, .,
and let S* C S denote the set of elements of S that are not isolated with respect to most of these hashings
Hy,... H, Theorem shows that for any signal x and partially recovered signal , if L denotes the

) Tmaz*

output list of an invocation of LOCATESIGNAL on the pair (x, x) with hashings Hi,..., H, ., then the ¢;
norm of elements of the residual (x — x)g that are not discovered by LOCATESIGNAL can be bounded by a
function of the amount of ¢; mass of the residual that fell outside of the ‘good’ set S\ S*, plus the ‘noise level’
w=> Hx[n}d\SHOO times k.

If we think of applying Theorem [3.1]iteratively, we intuitively get that the fixed set of measurements with
hashings { H, } allows us to always reduce the ¢; norm of the residual 2’ = = — x on the ‘good’ set S\ S* to
about the amount of mass that is located outside of this good set.

Theorem There exist absolute constants Cy, Cy, C3 > 0 such that for any x,x € CV and residual signal

x' = x — x the following conditions hold. Let S C [n]?,|S| < 2k, be such that l|2pa\slloo < p1. Suppose that
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||#]|oo/tt < NOW. Let B > (21)*F . k /o Let S* C S denote the set of elements that are not isolated with
respect to at least a \/« fraction of hashings { H, },™4*. Suppose that for every s € [1 : d] the sets A, % (0, e;)
are balanced (as per Definition[2.13), r = 1, ..., T'ymaq, and the exponent F' of the filter G is even and satisfies
F > 2d. Let

Tmax

L = | J LOCATESIGNAL(x, Hy, {m(Z, Hr,a x (1,W)}aca,.wew,)-
r=1

Then if "maz, Cmaz > (C1/+/@)loglog N, one has

2\ se 11 < (Coa)* 2|5l + CF (X aslln + @5 1[1) + 4ulS].

As we will show later, Theorem [3.1| can be used to show that (assuming perfect estimation) invoking Lo-
CATESIGNAL repeatedly allows one to reduce to ¢ norm of the head elements down to essentially

25111+ X njavs] 1,

i.e. the ¢; norm of the elements that are not well isolated and the set of new elements created by the process
due to false positives in location. In what follows we derive bounds on |||, (in section [6.1)) and ||e‘*||;
(in section [6.2)) that lead to a proof of Theorem

6.1 Bounding noise from heavy hitters

We first derive bounds on noise from heavy hitters that a single hashing H results in, i.e. ¢"(H,z), (see
Lemma , and then use these bounds to bound e"“*({ H}, x) (see Lemma. These bounds, together with
upper bounds on contribution of tail noise from the next section, then lead to a proof of Theorem

Lemma 6.1. Letz,x € CN 2/ =z — x. Let S C [n]?, |S| < 2k, be such that ||z n)a\slloo < g1 Suppose that
l|2||oo/pt < NOW). Let B > (2m)*F . k/a. Let m = (X, q) be a permutation, let H = (7, B, F), F > 2d be
a hashing into B buckets and filter G with sharpness F. Let S7; C S denote the set of elements 1 € S that are
not isolated under H. Then one has, for e"**¢ defined with respect to S,

e85t (H, 2, )|l < 2°@a||alg, g, (|1 + (2m) @ - 22O ([l |1 + [Ixmaslh).

Furthermore, if X|,ja\s = 0 and St; = (), then one has |lefead(H, z, x)||oo < 29D a/?||2/ ||

Proof. By () fori € S\ S},

e?ead (H, x’) - |G;%Z)| . Z |GOZ \xj| (isolated head elements)
JjeS\SE\{i}
+ |GO (l Z |G 05(j ]m | + Z || Xl (non-isolated head elements and false positives)
J€ST Jem\S

= |Go_il-)| (Ax (i) + A2(d)).
(19)

We bound Ay and A2 separately
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Bounding A;. We start with a convenient upper bound on Ay :

= > D Gyl (recall that 0;(j) = 7(j) — (n/b)h(i))
1€S\ S5 7€S\SH\{7}
= Z Z Z |Go,jyl|25],  (consider all scales t > 0)
120 i€S\ S5, 7€S\SH\{i} s.t.
ll7 () =7 ()l|oo €(n/b)-[2° 1,241 1)
Z > oy Goili) > 5]
ieS\Ss, [l () ﬂ)lloo (n/b) (2r-1) JES\SIN(i) si.

7 (5) = (D)oo <(n/b)- (21 ~1)
= > l2hl- Y] max  Gog-[{i€ S\ S\ {j} st () = (i)l < (n/b) - 2 = 1)}
. . =0 170 =m(0)]]o0 2

JESNSH 20 m)(2-1)
(20)
Note that in the first line we summed, over all i € S\ S, (i.e. all isolated %), the contributions of all other i € S
to the noise in their buckets. We need to bound the first line in terms of H:Ufg\ g+ ||1. For that, we first classified

H

all j € S\ Sj; according to the /, distance from i to j (in the second line), then upper bounded the value of
the filter G, (;) based on the distance |7 (i) — 7(j)||oo, and finally changed order of summation to ensure that
the outer summation is a weighted sum of absolute values of x; overall j € S'\ S};ﬂ In order to upper bound
Aj it now suffices to upper bound all factors multiplying x; in the last line of the equation above. As we now
show, a strong bound follows from isolation properties of <.

We start by upper bounding G using Lemma[2.3] (2). We first note that by triangle inequality

17(7) = (n/0)h(@)l s = ||7(5) =7 ()]]oo = [|7(2) = (n/0)h(D)]]oo > (n/b)(2 =1) = (n/b) = (n/b)(2! ~2).
The rhs is positive for all ¢ > 3 and for such ¢ satisfies 2= — 2 < 2!=2, We hence get for all ¢ > 3

2 F < )F

max Gy < _ , <[ ——) <27EF 21
(G~ loo = (n/b)-20-1-1) ) (1 +1Im(j) - (n/b)h(z)lloo> 1422

We also have the bound ||G||sc < 1 from Lemma [2.3] (3). It remains to bound the last term on the rhs of the

last line in (20). We need the fact that for a pair 4, j such that ||7(j) — 7(i)||oc < 2/T! — 1 we have by triangle
inequality
17(7) = (/) A(D)loo < 117 () = 7 (@)oo + |7 () = (n/D)R(0)]|oc < (/)2 = 1) + (n/b) = (n/0)2"".
Equipped with this bound, we now conclude that

HiES\S}}\{J’} s.t. [7(j) = 7(0)]loo < (n/b) - (27 = 1)}|

= [w(S\ {i}) N B jpyugey ((n/b) - 271)] < (2m) =0 /22420 ot
where we used the assumption that i € S\ Sj; are isolated (see Definition[2.10). We thus get for any j € S\ S},

mi=Y max  Goge|{i€ S\ S\ (st lln() - w0l < (n/6) - 2 = D}

207 (n/b)- (20— 1)

S Z((27T)_dF . ad/22(t+2)d+1 . 2t) min{l, 2—(t—3)F}
t>0

S (277)_dF . ad/222d+1 Z 2t(d+1) X min{l, 2—(t—3)F}
t>0

(22)

3We note here that we started by summing over i first and then over j, but switched the order of summation to the opposite in the
last line. This is because the quantity G, (;), which determines contribution of j € S to the estimation error of i € .S is not symmetric
in ¢ and j. Indeed, even though G itself is symmetric around the origin, we have o0;(j) = w(j) — (n/b)h(3) # 0;(%).
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We now note that
ZQt(dJrl) -min{1, 27(t73)F} = 1 4 92(d+1) 4 93(d+1) Z o(t=3)(d+1) | min{1, 27(t73)F}
t>0 t>3
— 1 4 92(d+1) 4 93(d+1) Z2(t—3)(d+1—F) < 1 4 22(d+1) 4 93(dH D+ < 9d(d+1)+1

t>3

)

since ' > 2d by assumption of the lemma, and hence for all j € S\ S}; one has n; < (2m)~¢F . 20(d) /2,
Combining the estimates above, we now get
Ar< Y f2hl o < el @m) 0T 20@ad?,
JES\S}
as required. The (o, bound for the case when x|,,ja\ g = 0 follows in a similar manner and is hence omitted.
We now turn to bounding As. The bound that we get here is weaker since X[n)d\S is an adversarially placed
signal and we do not have isolation properties with respect to it, resulting in a weaker bound on (the equivalent
of) n; for j € S}, than we had for j € S\ S};. Welet y := 2. — X[n)é\s to simplify notation. We have, as
in (20),
AZ < Z |.’L';’ “ Ky,
JES\S}
where
Rj=Y s Go) |{i € S\ SE\ {7} st [I7(f) — (@)l < (/) - (27 = D)}
=0 )iy
The first term can be upper bounded as before. For the second term, we note that every pair of points ¢1,72 €
S\ Sj; by triangle inequality satisfy
(n/b)l|m(i1) = 7(i2)lloo < (n/0)]|m(i1) = 7(5)lloo + [17(5) = 7(i2) lloc < (n/0) - (272 = 2) < (n/b) - 272
Since both 77 and 79 are isolated under 7, this means that
[{i € S\ Si \ (i} st |7(j) — 7(@)]]oo < (n/b) - (271 = 1)}| < (2m)~FF - /22034 9t+2 4

where we used the bound from Definition [2.10|for 7, but counted the point  itself (this is what makes the bound
on x; weaker than the bound on 7;). A similar calculation to the one above for A; now gives

k=Y max Gogy[{i € S\Si\ U} st lln() = ()l < (/) - (2 < D)}
20 /b1
< Z((zﬂ,)fd-F . ad/22(t+3)d . 9t+2 + 1) min{l, 27(t73)F}
>0

< 20(d)((2ﬂ_)7d-F . ad/2 + 1) — 2O(d).

We thus have
Ay <3 ysley < 29D jy1.
S
Plugging our bounds on Ay and As into (19)), we get
B (H @, x) < Gk |- (A1 + Az) < |G |20 2m)~4F - 092 a1 + 20 y])
< 20(d)ad/2lle9|h + (2m)*F - 201y,

as required.
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Remark 6.2. The second bound of this lemma will be useful later in section for analyzing REDUCE-
INFNORM.

We now bound the final error induced by head elements, i.e. e"“*¢({H,}, z, x):

Lemma 6.3. Let z,x € [n]%, ' = 2 — x. Let S C [n]%,|S| < 2k, be such that |2 a\slloo < g1 Suppose that

||2]|oo/pt < NOW. Let B > (2m)*F - k/a. Let {r,}™%" be a set of permutations, let H, = (r,, B, F), F >
2d be a hashing into B buckets and filter G with sharpness F. Let S* denote the set of elements i € S that are
not isolated under at least \/a fraction of H,. Then, one has for e"*¢ defined with respect to S,

€55 ({32, 0l < 27Dl + 2m) - 2% Ixgga s
Furthermore, if X[pja\ g = 0, then Hege\‘g‘i({HT},m, oo < 2920422/

Proof. Recall that by (8) one has for each i € [n]? eled({H,}, x,x) = quantré[1 rmas] € ehead(H, x,x). This

means that for each i € S\ S* there exist at least (1/5 — \/a)7yqq values of r such that ehead ( H zy) >
ehead({H,}, x,x), and hence

1 Tmazx

head
g ees (Hy, x, .
(1/5—\/705)7"771(13: — H S\S " X)Hl

et ({2, 0l <

By Lemmal6.1] one has
e (Hr )l < 20002l + (200 - 2@ ol

for all r, implying that

ea 1 .
Heg\si({Hr},%X)Hl < m(go (d) d/2Hx Il + (27r)dF . 2O(d)”X[n]’1\SH1)

< 292|211 + (2m)*F - 29|10 61l

as required.
The proof of the second bound follows analogously using the /o, bound from Lemma 6.1] 0

Remark 6.4. The second bound of this lemma will be useful later in section for analyzing REDUCE-
INFNORM.

6.2 Bounding effect of tail noise

Lemma 6.5. For any constant C' > 0 there exists an absolute constant C' > 0 such that for any x € c?
any integer k > 1 and S C [n]? such that [|Zpa\slleo < C"H:E[n]d\[k]Hg/\/E, for any integer B > 1 a power
of 2% the following conditions hold. If (H, A) are random measurements as in Algorithm|2| H = (7, B, F)
satisfies F' > 2d and ||z )0\ ||z > N —), where O(c) is the word precision of our semi-equispaced Fourier
transform computation, then for any i € [n]? one has, for !*" defined with respect to S,

Epy 4 (e (H, A, x)] 2m) . C4(40 + W27 D) 2 a2/ VB
Proof. Recall that for any H = (7, B, G), a, w one has (e'®(H, a % (1,W),$[n]d\[k}))2 = |u;|?, where
u = HASHTOBINS(Z[,14: < Tpyan g, 0, (H,ax (1, w))).
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Since the elements of A are selected uniformly at random, we have for any H and w by Lemma[2.9] (3),
since a * (1, w) is uniformly random in [n]?, that

E,[(ef! (H,a % (1,w),2))?] = By[|G, {;w™ @O Sy o) — ) < iy () + N~ (23)

where ¢ > 0 is the large constant that governs the precision of our Fourier transform computations. By
Lemma (2) applied to the pair (@, 0) there exists a constant C' > 0 such that

Enlui,] < 2r)* " CY 2,055/ B

We would like to upper bound the rhs in terms of Haz[n]d\[k} |2 (the tail energy), but this requires an argument
since .S is not exactly the set of top k elements of x. However, since S contains the large coefficients of z, a
bound is easy to obtain. Indeed, denoting the set of top k coefficients of z by [k] C [n]¢ as usual, we get

zpasl 13 < Nz pasopp 3 + zppsl3 < epapmlls +F - lzppsllZ < (4 Dllzpa g2

Thus, we have
Enlpd(z) + N~ < 2m)* - (C' + 2)C| |20 |13/ B,

where we used the assumption that ||z (ja\|l2 > N —9(), We now get by Jensen’s inequality
Eplpmi(2)] < 20" (C")lepall2/ VB 24)

for a constant C” > 0. Note that
By (@3) for each i € [n]? hashing H, evaluation point a € [n]? x [n]? and direction w we have
Eu[(e!*(H,ax(1,w),2))?] = (um.i(z))%. Applying Jensen’s inequality, we hence get for any H and w € W

d

Eu[e/ (H,ax (1,w), )] < pmi(x). (25)

Applying Lemmawith Y = el (H, ax(1,w),z) and v = 1/5 (recall that the definition of e!*!(H, z, x)
involves a 1/5-quantile over .A) and using the previous bound, we get, for any fixed H and w € W

E . [ el H, A% (1,w),z) — 40 - MH,i(x)u < ppr i) - 27HAD, (26)

and hence by a union bound over all w € V we have

>

wew

E4

e (H, Ax (1, w),z) — 40 - MH,i(z)\ ] < () - W27 0AD,
+

Putting this together with (24)), we get
Ena [eﬁail(H : «4,33)}

=Ey |[E4 40/~LH,i($)+ Z

wew
<Epy [,U«H,i(x)(40 + ’W|279(‘AD)}

< 2m) ()40 + W27 D) a1/ VB

egail(HPA* (LW),Q;) — 40 - qu(I)L”

as required. O
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Lemma 6.6. For any constant C' > 0 there exists an absolute constant C > 0 such that for any x € clnl? any
integer k > 1and S C [n]? such that [z slloo < C’||x[n]d\[k}||/\/E, if B > 1, then the following conditions
hold , for e!* defined with respect to S.

If hashings H, = (7, B, F), F > 2d and sets A,, | A,| > cmaz forr =1,. .., "maz are chosen at random,
then

(1) for every i € [n]? one has

E {1, a0} [ ({Hr A, )| < (2m)HF 40 + 1272 oy oy |2/ VB

(2) for everyi € [n]? one has

Pr((s, 0y | (LHr, A, @) > (2m) " CH A0 + W27 Eme)) a0, llo/ VB | = 2720mee)

and
E{(,.4,) [ el ({Hy, A} @) - (2m)"FCYa0 + |W\2—Q<me>>llw[nw\mHz/@u
= 27 rman) (2P €40 + W2 oy g o/ V.
Proof. Follows by applying Lemmawith Y = el (H,, A, z). O

6.3 Putting it together

The bounds from the previous two sections yield a proof of Theorem|3.1} which we restate here for convenience
of the reader:

Theorem For any constant C' > 0 there exist absolute constants Cy,Co,C3 > 0 such that for any
z € C"°, any integer k > 1 and any S C [n]? such that |z slloo < C'pt, where i = ||.’L'[n]d\[k]||2/\/E, the
following conditions hold.

Let 1, = (Xp,qr), 7 = 1,...,"max denote permutations, and let H, = (n,,B,F), F' > 2d, where
B > (2m)*Fk/a? for o € (0,1) smaller than a constant. Let S* C S denote the set of elements that are not
isolated with respect to at least a v/« fraction of hashings {H,}. Then if "maz, Cmaz > (C1/+/@) loglog N,
then with probability at least 1 — 1/ log? N over the randomness of the measurements for all x € CM such
that z' = x — x satisifies ||2']|oo /1t < NOO) one has

Tmaz
L:= | J LOCATESIGNAL (X, ke, {m(@, Hy,a% (1, w))}rmes wew)
r=1

satisfies .
e s-\ 2111 < (Coa) 2[5l + CF (IIxpars|l1 + [+ 111) + 4p)S].

Proof. First note that with probability at least 1 — 1/(10log? N) for every s € [1 : d] the sets A, x (0, e;) are
balanced (as per Definition[2.13)) for all * =1, ..., 74, and all w € W by Claim[2.14]
By Corollaryapplied with S = S\ S* one has

1@ = X)s\sonell <20 (el ((H Y, )y + (1€ ({Hyy A}, 2)]10) + (|2 oo] S| - N7
We also have

€455 ({H 3,2l < 292zl + (2m) " - 27 [xppa sl
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by Lemma and with probability at least 1 — 1/(101log® N)
lets- ((Hr, A}, @)1 < (2m)FCH(40 + W2 Hema)) | |21 S1 /v B

by Lemma The rhs of the previous equation is bounded by |S|u by the choice of B as long as « is smaller
than a absolute constant, as required. Putting these bounds together and using the fact that |[W| < log N (so that
W[ - (2= HUrmaz) 4 9=Uemaz)) < 1), and taking a union bound over the failure events, we get the result. [

7 Analysis of REDUCEL1INORM and SPARSEFFT

In this section we first give a correctness proof and runtime analysis for REDUCEL 1NORM (section[/.1)), then
analyze the SNR reduction loop in SPARSEFFT (section [7.2)) and finally prove correctness of SPARSEFFT and
provide runtime bounds in section

7.1 Analysis of REDUCEL1NORM

The main result of this section is Lemma (restated below). Intuitively, the lemma shows that REDU-
CEL1NORM reduces the ¢ norm of the head elements of the input signal = — y by a polylogarthmic factor, and
does not introduce too many new spurious elements (false positives) in the process. The introduced spurious
elements, if any, do not contribute much ¢; mass to the head of the signal. Formally, we show
LemmaRestated) For any x € CVN, any integer k > 1, B > (2m)2*F . k/a? for a € (0, 1] smaller than an
absolute constant and F' > 2d, F = ©(d) the following conditions hold for the set S := {i € [n]? : |x;| > u},
where 12 > Hx[n]d\[km%/k. Suppose that ||| oo /1 = NOW,

For any sequence of hashings H, = (w,, B, F), r = 1,..., rmas if S* C S denotes the set of elements of
S that are not isolated with respect to at least a /« fraction of the hashings H,,r = 1, ..., "'maz, then for any
X € chl? o =z — x. if v > (log* N)u is a parameter such that

A |[(z—x)slh < (v+20p)k;
B |[xmasllo < ooy ks
C H(x - X)S*Hl + Hx[n]d\SHl < log+Nk’

the following conditions hold.
If parameters Tz, Cmax are chosen to be at least (C1/+/a)loglog N, where C1 is the constant from
Theorem and measurements are taken as in Algorithm|2| then the output X' of the call

REDUCELINORM(y, k, {m(Z, H,,ax (1,w)) :z(iwaE.Ar,WEW’ 4,u(10g4 n)T_t, i)
satisfies

L |[(z" = x)sllh < log%NVk + 20pk (01 norm of head elements is reduced by =~ log* N factor)

2. I + XD pavsllo < xpgastlo + mk (few spurious coefficients are introduced)

3@ = XDs |+ 1(x + XD mgarsll < @l + [Ixpaslh + bgﬁ’/k (€1 norm of spurious
coefficients does not grow fast)

with probability at least 1 — 1/ log? N over the randomness used to take measurements m and by calls to ES-
TIMATEVALUES. The number of samples used is bounded by 20(d2)k(log log N)?, and the runtime is bounded
by 20(d) f; log®*? N.

Before giving the proof of Lemma[3.2] we prove two simple supporting lemmas.
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Lemma 7.1 (Few spurious elements are introduced in REDUCEL INORM). Forany x € CN, any integer k > 1,
B > (2n)*F . k/a? for o € (0, 1] smaller than an absolute constant and F > 2d, F = O(d) the following
conditions hold for the set S := {i € [n]® : |x;| > u}, where p? > Ha:[n]d\[km%/k.

For any sequence of hashings H, = (7, B, F), r = 1,..., "mas, if S* C S denotes the set of elements of
S that are not isolated with respect to at least a /« fraction of the hashings H,,r = 1, ..., "'maz, then for any
X € (C["]d, x' := x — x the following conditions hold.

Consider the call

REDUCELINORM(x, k, {m(Z, H,,ax (1,w))}/m" 4p(logt n)T—t

r=1,a€A,,weW> "u’)’

where we assume that measurements of x are taken as in Algorithm Denote, foreacht = 0, ... log, (10g4 N),
the signal recovered by step t in this call by x) (see Algorithm|3)). There exists an absolute constant C' > 0
such that if for a parameter v > 2%y at step t

A |2 = xD)sllt < 27t + 20p)k;

B [|(x + X)) pasllo < bg%Nk’

C I(@" = x®)se Il + 10 + X parslh < 52857k,

then with probability at least 1 — (log N) ™2 over the randomness used in ESTIMATEVALUES at step t one has

1

t+1 t
10+ ) pavsllo = 110+ X prasllo < 710g21Nk-

Proof. Recall that L' C L is the list output by ESTIMATEVALUES. We let
L' = {z eL:|x,—al| >a'/? (27w + QOM)}

denote the set of elements in L’ that failed to be estimated to within an additive a/? (27w + 20u) error term.
For any element i € L we consider two cases, depending on whether i € L'\ L"” ori € L".

Case 1: First suppose that i € L'\ L”, ie. |z} — x}| < a'/?(27'v 4 20p). Then if « is smaller than an
absolute constant, we have

1

—t (/20— >
1000V2 +4p — (a/*(27v 4+ 20p)) > 2p,

;| >

because only elements  with |}| > 15552 + 4y are included in the set L’ in the call

v27 "+ 4p)

1
X' < ESTIMATEVALUES(z, "), L, k, e, C(loglog N + d? + O(log(B/k))), 1000

due to the pruning threshold of ﬁuQ‘t + 441 passed to ESTIMATEVALUES in the last argument.
Since ||J:Md\ glloo < p by definition of S, this means that either i € S, or ¢ € supp x*). In both cases i

contributes at most 0 to ||(x + X(t+1))[n]d\s| o= [l(x + X(t))[n}d\s| lo-
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Case 2: Now suppose that i € L”, ie. |(z/ — x')i| > o'/2(27'v + 20p). In this case i may contribute 1
to |[(x + X(H_l))[n}d\sno —||(x + X(t))[n]d\sH(]. However, the number of elements in L” is small. To show
this, we invoke Lemma [9.1] to obtain precision guarantees for the call to ESTIMATEVALUES on the pair z, x
and set of ‘head elements’ S U supp x. Note that [S| < 2k, as otherwise we would have ||z, a\ 4| 2> p-k,
a contradiction. Further, by assumption B of the lemma we have ||(x + X(t))[n]d\s| lo <k, so |S Usupp(x +
x| < 4k. The ¢1 norm of 2/ — x® on S U supp(x + x*)) can be bounded as

(2" = x)sll1 + 112" = XD gupprx@nsln _ 12 = x®)sll1 + foi}d\sul + [l sloo - [supp (X + X )]
4k - 4k
(27" + 20u)k + 25k + - (4K)
< Qk"g <27 4204,

For the ¢5 bound on the tail of the signal we have

H(x/ - X(t))[n]d\(SUSupp(X-i—X(t)))Hg < ||x[n]d\5’”% < 2
4k - 4k -0
We thus have by Lemma (1) for every ¢ € L' that the estimate w; returned by ESTIMATEVALUES

satisfies
Pr[|wz~ — (L';| > a1/2(27t1/ + 20“)] < 2fQ(rmaI)'

Since 7paz is chosen as rpq; = C(loglog N + d? + log(B/k)) for a sufficiently large absolute constant
C > 0, we have

Pr{|w; — z}| > o'/2(27t + 20p)] < 270 mee) < (k/B) - (log N)~%.
This means that
E[|L"]] < |L|- (k/B) - (log N)™* < (B - rmaz) (k/B) - (log N)7*° < (log N) ™%,

where the expectation is over the randomness used in ESTIMATEVALUES. We used the fact that |L'| < |L| <
B - rpqz and that 7,4, to derive the upper bound above. An application of Markov’s inequality completes the
proof. 0

Lemma 7.2 (Spurious elements do not introduce significant ¢; error). For any x € CV, any integer k > 1,
B > (2n)%F . k/a? for o € (0,1] smaller than an absolute constant and F > 2d, F = ©(d) the following
conditions hold for the set S := {i € [n]? : |x;| > u}, where pu? > Hx[n]d\[k]H%/kz.

For any sequence of hashings H, = (m,, B, F), r = 1,...,"mas if S* C S denotes the set of elements of
S that are not isolated with respect to at least a /« fraction of the hashings H,,r = 1, ... rmaz, then for any
X € C[”]d, x' := x — x the following conditions hold.

Consider the call

REDUCELINORM(y, k, {m(Z, H,,a * (1, W))}:ZfaeA,«,WGW7 4u(log4 n)Tﬁt, 1),

where we assume that measurements of x are taken as in Algorithm Denote, foreacht = 0, ..., log, (log4 N),
the signal recovered by step t in this call by xV) (see Algorithm|3)). There exists an absolute constant C' > 0
such that if for a parameter v > 2t at step t

A |2 = xD)sllt < 27t + 20p)k;

B H(X‘i‘X(t))[n}d\SHO < l(Jg%Nk;
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C [|(a" = xD)sell1 + [1(x + XD)parsllt < ootk
then with probability at least 1 — (log N) ™2 over the randomness used in ESTIMATEVALUES at step t one has

(t+1))

(2" = x susll = 1@ = x®) pavs)us- k(v +p)

L —
b= log?! N

Proof. Welet Q := ([n]?\ S) U S* to simplify notation, and recall that L' C L is the list output by ESTIMAT-
EVALUES. We let
= {z €L:|y,—al>aV2 (27 + zou)}

denote the set of elements in L’ that failed to be estimated to within an additive a/? (27w + 20u) error term.
We write

1z = x"* gl = @ = x* vl + 1@ = X @rompeell + 1z = xF)grerlli @D

We first note that XEHI) = Xl(t) forall i ¢ L', and hence ||(z' — x"* D)o\ 2|11 = [|(z' — xD)o\z]1-

Second, fori € (QN L")\ L” (second term) one has |z, — X§t+1)] < /a(v27t +4p). Since only elements

i € L with |x}| > 105527 + 4 are reported by the threshold setting in ESTIMATEVALUES, so |z} — x| <
Va2 + 20p) < 24 as long as « is smaller than a constant. We thus get that ||(z — X(tJrl))(QmL’)\L”Hl <

Iz = XD @npnrrlh
For the third term, we note that for each ¢ € L the estimate w; computed in the call to ESTIMATEVALUES
satisfies

E [Hwi — i = Va2 v + 20u)\+} < Va2t 4 p) k2 Hrmaz) (28)

by Lemma 0.1} (2). Verification of the preconditions of the lemma is identical to Lemma (note that the
assumptions of this lemma and Lemma are identical) and is hence omitted. Since 7,4, = C(loglog N +
log(B/k)), the rhs of (28)) is bounded by (log N)~25\/a(27tv+ p)k as long as C' > 0 is larger than an absolute
constant. We thus have

I =X Dsnpll < 30 (Va2 +20m) + [l — o] — Va2 + 200 )
i€SNL"”

Combining (28)) with the fact that by by Lemma[9.1} (1), we have for every i € L

Pr [|w; — z}| > Va2 'y + 20p)] < 27Hrmes) < (k/B) - (log N)~%
by our choice of 7,,,4,, we get that

1@ = X" sarall < 2v/a(27 v+ 20p) - |L] - (k/B) - (log N) 2.

An application of Markov’s inequality then implies, if « is smaller than an absolute constant, that

Pr(||(z' — x")sap |l > (v+ p)k] < 1/log® N.

1
log?! N
Substituting the bounds we just derived into (27), we get

1
Iz =X gl < [z = x)qll + W(Wru)k

N

as required.
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Equipped with the two lemmas above, we can now give a proof of Lemma 3.2}
Proof of Lemma We prove the result by strong induction on ¢ = 0, ..., log,(log* N). Specifically, we
prove that there exist events &,t = 0, ..., logy (log4 N) such that (a) & depends on the randomness used in the
call to ESTIMATE VALUES at step t, & satisfies Pr[&|EgA. .. &_1] > 1—3/1og? N and (b) for all ¢ conditional
on&g ANEL A ... A& one has

@) [|(2' = xD)g\s+ 11 < (27 + 20p)k;

@ 10+ XD pasllo < Hxgmaysllo + ozryks
@) (12" = x®)s= 11+ 10+ XD oIt < el + [xgaysll + gy vk

The base is provided by ¢ = 0 and is trivial since x(°) = 0. We now give the inductive step.

We start by proving the inductive step for (2) and (3). We will use Lemma([7.1]and Lemma[7.2] and hence we
start by verifying that their preconditions (which are identical for the two lemmas) are satisfied. Precondition
A is satisfied directly by inductive hypothesis (1). Precondition B is satisfied since

4
t 1 i log 2(log™ N) < 2

k< k,
og?! N ~ log!? N log® N~ logt N

10x + XD pgavsllo < [xpavsllo + ]

where we used assumption B of this lemma and inductive hypothesis (2). Precondition C is satisfied since

< 2k,
log= N

t v t
o' —x®) g |1+ (x+x® < ||z )1+ +—7—vk < k+ vk
(@ =) s |1+ X ) sl < 2=+ X myas| o NS 1o N T o
where we used assumption 3 of this lemma, inductive assumption (3) and the fact that ¢ < log,(log* N) <
log N for sufficiently large V.

Proving (2). To prove the inductive step for (2), we use Lemma Lemma [7.1] shows that with probability
at least 1 — (log N)~2 over the randomness used in ESTIMATEVALUES (denote the success event by &) we

have
1

-k,
log?' N

10¢+ X)) pgasllo = 110+ XD pyaysllo <
50 ||(x + X pavsllo < 110¢ + x ) pasllo + ok < IXpaysllo + oot K as required.

Proving (3). At the same time we have by Lemma that with probability at least 1 — (log V)2 (denote
the success event by £7)

1
t+1 t
1@ = XD gpavsyose 1l = 11" = X gapavsyuse 1l < g N
so by combing this with assumption (3) of the lemma we get
1 t+1
12— x*) k

(m\syos+ Il < omo vk + oy

as required.
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Proving (1). Welet L” C L denote the set of elements in L that fail to be estimated to within a small additive
error. Specifically, we let

L= {z €L\, —al>a? (27 + 20u)} :

where y/ is the output of ESTIMATEVALUES in iteration t. We bound ||(z' — x**1) s\s+|[1 by splitting this
£1 norm into three terms, depending on whether the corresponding elements were updated in iteration ¢ and
whether they were well estimated. We have

(t+1) )

(' —x S\S*Hl =[]z’ = (xP +x))s\s+ 1
< (2 = (X + X Ns\sonylh + 1@ = GO + X)) snopznzell + 1@ = 6O + X)) snzpelh
+ 1" = 6+ X))k
= |I(2" — X ) vsunllt 1@ = 6O + X)) snopencell + 1@ = K + X)) snpneelh
1@ = D+ X)) zasinelh
=: 51+ S + 53+ Sy,
(29)

where we used the fact that X/S\ 1 = 0 to go from the second line to the third. We now bound the four terms.

The second term (i.e. S2) captures elements of .S that were estimated precisely (and hence they are not
in L"), but were not included into L’ as they did not pass the threshold test (being estimated as larger than
10002 v+ 4p) in ESTIMATEVALUES. One thus has

_ 1
1@ = W+ X)) snepenerlh < o'/?(2 tv+20u)-|(SﬂL’)\L”|+(m2 wdp) - |(SN L)\ L
< (== + a"?) 27t + (4 + 20a"/?) )2k

1000
(30)

since | S| < 2k by assumption of the lemma.
The third term (i.e. S3) captures elements of .S that were reported by ESTIMATEVALUES (hence do not
belong to L") and were approximated well (hence belong to L”). One has, by definition of the set L”,
1 = (W + XD snpnerlh = a2 +200) - (SN L)\ L] a1

< 201227t + 20p)k

since | S| < 2k by assumption of the lemma.
For the forth term (i.e. S4) we have

1@ = (X + X))ol < a2 (277w + 20u) - (2] + ) ‘Ixé —aj| =o' (27 + 20#)‘
ies *
By Lemmam (1) (invoked on the set S U supp(x + x® + x’)) we have E[|L"|] < B - 2=%(maz) and by
Lemma[9.1] (2) for any 7 one has
E U X — @l — a2 (270 + QOM)‘ ] < |L| - (27t 4 20p) 27 Hrmas),
+

Since the parameter 7, in ESTIMATEVALUES is chosen to be at least C(loglog N + d? + log(B/k)) for a
sufficiently large constant C, and |L| = O(log N) B, we have

E [||(:U' —(x® + X’))L//Hl} < al/? (27w + 20p) | |2~ $Urmae) < (2_t1/ +20p) k

log
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By Markov’s inequality we thus have

_ —Qlr 1 _
1@ = O+ X))l < @2 (27 4 20p) [L27H0me) < e (270 4 200 B (32)

log
with probability at least 1 — 1/log® N. Denote the success event by 7.

Finally, in order to bound the first term (i.e. S), we invoke Theorem [3.T]to analyze the call to LOCATESIG-
NAL in the ¢-th iteration. We note that since 7z, Cmaz > (C1/+/a) loglog N (where C is the constant from
Theorem by assumption of the lemma, the preconditions of Theorem are satisfied. By Theorem
together with (1) and (3) of the inductive hypothesis we have

1@’ = xM)s\seunyll < (AC2a) 2|2 — xD)g\s0 111 + (AC)E (10 + XD pjarslln + 12" = x®)se|[1) + 4plS|
2

< 1000(2 'Y+ 20p)k + Suk

(33)

if v is smaller than an absolute constant and NV is sufficiently large.
Now substituting bounds on S, Sa, S3, Sy provided by (33), (30), (31)) and (32) into (29) we get

D) gy5:ll1 < (100 + Oa!2)2 7 + (16 + O(a'/2)uk

<27 4 20uk

[1(2" = x

when « is a sufficiently small constant, as required. This proves the inductive step for (1) and completes the
proof of the induction.

Let & = EXNE} AE? denote the success event for step t. We have by a union bound Pr[£;] > 1—3t/ log? N
as required.

Sample complexity and runtime It remains to bound the sampling complexity and runtime. First note that
REDUCELINORM only takes fresh samples in the calls to ESTIMATEVALUES that it issues. By Lemma 0.]
each such call uses 20(@*) k(log log N) samples, amounting to 2°(4*) k(log log N')2 samples over O(log log N)
iterations.

By Lemma each call to LOCATESIGNAL takes O(B(log N)3/?) time. Updating the measurements
m(Z, H,ax (1,w)),w € W takes

IW|emazTmaz - FOW . Blog™t! Nloglog N = 20(d?) . klog?t? N

d+1

time overall. The runtime complexity of the calls to ESTIMATEVALUES is 20(d) . f; log?*! N (loglog N)? time

overall. Thus, the runtime is bounded by 20(d), log™?N. O

7.2 Analysis of SNR reduction loop in SPARSEFFT

In this section we prove
TheoremFor any x € CN, any integer k > 1, if u*> > Erri(2)/k and R* > ||z||oo/p = NOW, the
following conditions hold for the set S := {i € [n]¢ : |z;| > u} C [n]%

Then the SNR reduction loop of Algorithm|2|(lines 19-25) returns X(T) such that

[|(z — (T))S\ hSp (¢1-SNR on head elements is constant)
||X[n d\S| I < (spurious elements contribute little in {1 norm)

T) 1

||XEn] 2\ sllo < lmgTNk (small number of spurious elements have been introduced)
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with probability at least 1 — 1/log N over the internal randomness used by Algorithm The sample
complexity is 2°(@) k: log N (loglog N). The runtime is bounded by 20(d) | 103 N,

Proof. We start with correctness. We prove by induction that after the ¢-th iteration one has
M ||(x — xM)sl|1 < 4(log* N)T =t uk + 20uk;
@) ||z = xW|| = O((log" N)"~ =1 p);

3 [Ixjasllo < gk

The base is provided by ¢ = 0, where all claims are trivially true by definition of R*. We now prove the
inductive step. The main tool here is Lemma so we start by verifying that its preconditions are satisfied.
First note that

First, since |S*| < 2_Q(T"La“)]5| < 9 Urmaz) . < log%gNk with probability at least 1 — 2~ rmaz) >
1—1/log N by Lemma2.12|and choice of 7y, > (C/+/a)loglog N for a sufficiently large constant C' > 0.
Also, by Claimwe have that with probability at least 1—1/log? N for every s € [1 : d] the sets A, x(0, e;)
are balanced (as per Definition with A = 213 10g2 log "), as needed for Algorithm . Also note that by (2)
of the inductive hypothesis one has ||z — x|/t = R* - O(log N) = NOO),

First, assuming the inductive hypothesis (1)-(3), we verify that the preconditions of Lemma 3.2 are sat-
isfied with v = 4(log* N)T—*puk. First, for (A) one has ||(z — x))s|[1 < 4(log* N)T—tpk. This satisfies
precondition A of Lemma[3.2] We have

1w = x5 1h + 1 gl < Il = x oo - (1 = x40 + 11 l0)
1 t 16 (34
P T 0 ) < vk
log™ N log=® N log™ N

< O(log* N) - v- <

for sufficiently large N. Since the rhs is less than log%NVk’ precondition (C) of Lemma [3.2] is also sat-

isfied. Precondition (B) of Lemma is satisfied by inductive hypothesis, (3) together with the fact that
T = o(log R*) = o(log N).

Thus, all preconditions of Lemma are satisfied. Then by Lemmawith v = 4(log* N)T~*1 one has
with probability at least 1 — 1/log® N

Ll =X = X)slh < vk + 20uk:
t
2. 16O + X aysllo = lIx (g sllo < ook

311 = O + X Dse L+ 104 +x)paslin < 11" =X O)se |l + sl + vk

Combining 1 above with proves (1) of the inductive step:

1 1
— 5+ = l(z — x® — < k+ 200k = ———4(log* NItk + 20uk
[[(x = x"" sl = [|(x — x X)s!|1_10g4NV 7 log! NV (log" N)" " 1

= 4(log* N)T=0+D yk 4 20k

Also, combining 2 above with the fact that || X[(g asllo < bgﬁk yields HXE,Z?;I\)S\ lo < 103{01 ~ ¥ as required.

In order to prove the inductive step is remains to analyze the call to REDUCEINFNORM, for which we use
Lemma with parameter k = 4k/ log* N. We first verify that preconditions of the lemma are satisfied. Let
y:=xz— (x + x¥ + x') to simplify notation. For that we need to verify that

) ) 1
llygg|l1/k < 4(log* N)T~(+D = (log* N) - (o ? 200 (35)
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and

- 1
Hy[n]d\[,;]uz/\/é < (log* N) - (g + 200, (36)

where we denote k := 4k / log* N for convenience. The first condition is easy to verify, as we now show.
Indeed, we have

||y£;”1 < HySH1 + ”ybupp(x B 4x/ \S||1 + Hl’ d\S”OO ’

< sl + 1O + X sl + 2 app(@ sy slloo - &+ 1 aslloo - &

1 1 2
k + 20uk + k+2uk < k + 40k,
inY P og N T = 0 N a

where we used the triangle inequality to upper bound ||y, (5 () 4,1\ 511 bY | 1(xD+x") e [P | Ao |
k to go from the first line to the second. We thus have

A 1
[yl /k < ( vk + 40uk) /(4K log* N) < (log* N) - (thTN” +200)

log* N

as required. This establishes (33). .
To verify the second condition, we first let S := S U supp(x + X(t) + x’) to simplify notation. We have

Hy[n]d\[g]H% = Hyg\[;;]H% + Hy([n]d\g)\[g]\lg < Hyg\[;;]H% + 1k, (37

where we used the fact that Yj\§ = L)\ § and hence Hy( ]9\ ) \[,;]H% < u%k. We now note that HZ/S\U;]HI <
(logﬁ ~vk+ 20uk) (k/k), as otherwise the
vk 4 20uk) to [|yg||1, a contradiction. With these

llyslh < 2(ay 4Nyk+20uk:) and so it must be that ||yS\[k oo <

top k elements of Y would contribute more than 2( o ! ~

constraints ||ys\[k]]|2 is maximized when there are k elements in Ya\[i all equal to the maximum possible
value, i.e. [[yg |13 < 4y iy vk+20pk)? (k/k)?k. Plugging this into G7), we get ||y, o |13 < llyz iy lI3+
Pk < Ak + 20pk)? (k/k)2k + 12k This implies that

Hyn]d\[k]!lz/\/z < \/ uk +20uk)2(k/k)2 + p2(k/k) < Q(k/]%)\/(k)gij\fyk 4 20pk)? + 412

1 - 1
<2 k+20uk) + p)(k/k) < (log* N)(——vk + 20uk),
< ((1 i pk) + ) (k/k) < (log )(10g4NV k)

0g

establishing (36).
Finally, also recall that Hys\[fc}Hoo < 2(10;1

vk + 20pk)(k/k) < (log" N) - (gt vk + 20uk) and
Y glloo = l1Zmja\slloc < g

We thus have that all preconditions of Lemma are satisfied for the set of top k elements of y, and hence
its output satisfies

[lz = (0 =X = X")lloo = Olog N) - (i vk + 204k).

og”™ N

Putting these bounds together establishes (2), and completes the inductive step and the proof of correctness.
Finally, taking a union bound over all failure events (each call to ESTIMATEVALUES succeeds with prob-
ability at least 1 — log%N, and with probability at least 1 — 1/log® N for all s € [1 : d] the set A, * (0, e;)

is balanced in coordinate s) and using the fact that log7" = o(log N) and each call to LOCATESIGNAL is
deterministic, we get that success probability of the SNR reduction look is lower bounded by 1 — 1/log N.
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Sample complexity and runtime The sample complexity is bounded by the the sample complexity of the
calls to REDUCEL1NORM and REDUCEINFNORM inside the loop times O lo N/loglog N) for the num-
ber of iterations. The former is bounded by 20(d2)k(log log N)? by Lemma [3.2} and the latter is bounded by

k:/ log N by Lemma amountmg to at most 20(@) klog N (loglog N ) samples overall. The run-
time complexity is at most 20( )klogd+3 N overall for the calls to REDUCELINORM and no more than
20(d) f; log®3 N overall for the calls to REDUCEINFNORM. O

7.3 Analysis of SPARSEFFT
TheoremFor any ¢ > 0, z € C"" and any integer k > 1, if R* > l|2||oo/t = poly(N), u* >
||z[n}d\[k]||g/k, p? = O(H:E[n]d\[km%/k) and o > 0 is smaller than an absolute constant, SPARSEFFT (z, k, e, R*, i)

solves the {3 /{5 sparse recovery problem using 20(d?) (klog N loglog N—i—%k: log N') samples and 20(d*) %k log™3 N
time with at least 98 /100 success probability.

Proof. By Theorem [3.3|the set S := {i € [n]?: |z;| > u} satisfies
1z = xT)slly < uk
and

T
IXfapn sl S sk
1

<
HX[n]d\SHO ~ loglgNk

with probability at least 1 — 1/log N.
We now show that the signal 2/ := z — x(7) satisfies preconditions of Lemma with parameter k. Indeed,
letting Q C [n]? denote the top 2k coefficients of z/, we have

T
211 < llalgnsln + (g s)supp o 1 1@ - 17 sl < Ouk)
Furthermore, since () is the set of top 2k elements of z’, we have

Hxn]d\Q’|2 B ||x[n]d\ SUsupp x (1)) ||2 = Hmn]d\(SUsupr (1)) ”2 < H‘T d\S”2
< 121S| + [z pap |5 = O(W7k)

as required.
Thus, with at least 99/100 probability we have by Lemma 3.4] that

|z — X(T) —X'l|l2 < (1 + O(e)) Errg(x).

By a union bound over the 1/log N failure probability of the SNR reduction loop we have that SPARSEFFT is
correct with probability at least 98/100, as required.
It remains to bound the sample and runtime complexity. The number of samples needed to compute

m(z, Hy,ax (1,w)) <~ HASHTOBINS(Z,0, (H,,ax (1,w)))

forall a € A,, w € W is bounded by 2°(@)klog N (loglog N) by our choice of B = 206k r, .. =
O(loglog N), (W| = O(log N/ log log N) and |A,| = O(loglog N), together with Lemma [9.2] This is
asymptotically the same as the 20 Ik log N (loglog V') sample complexity of the /1 norm reduction loop by
Theorem The sampling complexity of the call to RECOVERATCONSTANTSNR is at most 20(d?) ik log N
by Lemma@ yielding the claimed bound.

The runtime of the SNR reduction loop is bounded by 20(d) f; log™3 N by Theorem L and the runtime
of RECOVERATCONSTANTSNR is at most 20(¢*) 1]4: log?™? N by Lemma O
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8 (. /(> guarantees and constant SNR case

In this section we state and analyze our algorithm for obtaining /¢, /¢> guarantees in O(k:) time, as well as a
procedure for recovery under the assumption of bounded ¢; norm of heavy hitters (which is very similar to the
RECOVERATCONSTSNR procedure used in [IKP14]).

8.1 /(. /(; guarantees

The algorithm is given as Algorithm [4]

Algorithm 4 REDUCEINFNORM(Z, x, k, v, R*, 1)

1: procedure REDUCEINFNORM(Z, x, k, v, R*, 1)

2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

R e A

x© 0 >in C"
B+ (27)%F . k /o for a small constant o > 0
T + log, R*
Tmaz < (C/+/a)log N for sufficiently large constant C' > 0
W {04}, A « 213 logs logy > 0y is the zero vector in dimension d
for g = 1 to [logs n| do

W«Wu U;l:l{nA_g es} > e, is the unit vector in direction s
end for
G « filter with B buckets and sharpness F', as per Lemma[2.3|
for r = 1 to 1y, do > Samples that will be used for location

Choose ¥, € Mgxa, ¢ € [n]? uniformly at random, let 7, := (%,, ¢,) and let H, := (7, B, F)
Let A, < C'loglog N elements of [n]¢ x [n]¢ sampled uniformly at random with replacement
for w € W do
m(z, Hy,a* (1,w)) < HASHTOBINS(Z,0, (H,,ax (1,w))) foralla € A,,w € W
end for
end for
fort =0toT — 1do > Locating elements of the residual that pass a threshold test
for » = 1 t0 744, doO
L, + LOCATESIGNAL <X(t), k,{m(Z, H,,ax (1,w)) :T:n(ifaeAr,WEW>
end for
L U2 Ly
X' < ESTIMATEVALUES(&, ), L, k, 1, O(log n), 5(v27 =41 4+ 1), 00)
X(t+1) . X(t) + X/
end for
return y(7)

27: end procedure

Lemma 8.1. For any x,x € C", 2/ = x — x, any integer k > 1, if parameters v and p satisfy v >
Hw’[k]Hl/k u? > Hx’[n]d\[k]H%//ﬁ, then the following conditions hold. If S C [n]¢ is the set of top k el-

ements of x' in terms of absolute value, and Hxin]d\sﬂm < v, then the output x € clnl? of a call to

REDUCEINFNORM(Z, X, k, v, R*, i) with probability at least 1 — N~10 over the randomness used in the call
satisfies

2" = X|loo < 8(v + p) + O(1/N°), (all elements in S have been reduced to about v + 1),
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where the O(||2'||oo/N€) term corresponds to polynomially small error in our computation of the semiequi-
spaced Fourier transform. Furthermore, we have X[njd\s = 0. The number of samples used is bounded by

20(d) f; log® N. The runtime is bounded by 20, logd™3 N.
Proof. We prove by induction on ¢ that with probability at least 1 — IV

@ (2" = x")slloc < 82" + )
t

@) X{ag =0
3) |(«) — x®);] < |«f| forall i € [n]?
for all such ¢.

The base ¢t = 0 holds trivially. We now prove the inductive step. First, since r = C'log N for a constant
C > 0, we have by Lemma that each 7 € S is isolated under at least a 1 — \/« fraction of hashings
Hi,...,H,,  with probability at least 1 — 2~(Vamaz) > 1 — N—10 55 long as C' > 0 is sufficiently large.
This lets us invoke Lemmawith S* = (). We now use Lemma to obtain bounds on functions e"¢%¢ and
et applied to our hashings { H,.} and vector 2. Note that ¢"°*? and ¢!*! are defined in terms of a set S C [n]¢
(this dependence is not made explicit to alleviate notation). We use S = [INc], i.e. S is the top k elements of .
The inductive hypothesis together with the second part of Lemma[6.3] gives for each i € S

et ({H}, o', x9)lloo < (Ca)2I(a" — x®)sllee.

To bound the effect of tail noise, we invoke the second part of Lemma@ which states that if 7,4, = C'log N
for a sufficiently large constant C' > 0, we have ||el% ({H,, A, },2')||c = O(Vap).
These two facts together imply by the second claim of Corollary|5.2|that each ¢ € S such that

(2" = x®)il = 20vall(@’ — x")s]loc +20van
is located. In particular, by the inductive hypothesis this means that every ¢ € S such that
(&' = xP)i] > 20V/a(@2" " + 2p1) + (4p)
is located and reported in the list L . This means that

12" = Xy slloo < 20va(@2" ™" + 20) + (4p0),
and hence it remains to show that each such element in L is properly estimated in the call to ESTIMATEVALUES,
and that no elements outside of .S are updated.

We first bound estimation quality. First note that by part (3) of the inductive hypothesis together with
Lemmal9.1] (1) one has for each i € L

Pr(lx’ — (' — xD)i| > va- (v + p)] < 27N rmea) < N1,

as long as 74> > C'log N for a sufficiently large constant C' > (0. This means that all elements in the list L
are estimated up to an additive (v + p)/10 < (27t + 11)/10 term as long as « is smaller than an absolute
constant. Putting the bounds above together proves part (1) of the inductive step.

To prove parts (2) and (3) of the inductive step, we recall that the only elements i € [n]¢ that are updated are
the ones that satisfy |x’| > 5(v27~(+1) 4 ;). By the triangle inequality and the bound on additive estimation
error above that

(@ = XO)i] > 527 ) — (v 4 1) /10 > 427D 4 ) > 4w+ p).

Since |(z' — x®);| < || by part (2) of the inductive hypothesis, we have that only elements i € [n]¢ with
|z}| > 4(v + p) are updated, but those belong to S since H:z’[n} a\s |oo < v by assumption of the lemma. This

~19 one has foreacht = 0,...,7 — 1

proves part (3) of the inductive step. Part (2) of the inductive step follows since |(z' —x® —x/);| < (v+p)/10
by the additive error bounds above, and the fact that |(z/ — x();| > 4(v + p). This completes the proof of the
inductive step and the proof of correctness.
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Sample complexity and runtime Since HASHTOBINS uses B - F? samples by Lemma the sample
complexity of location is bounded by

B F% e - Cmaz - W] = 20k 1og? N.

Each call to ESTIMATEVALUES uses B - F% - k - 7y samples, and there are O(log N) such calls overall,
resulting in sample complexity of

B-F rps - log N = 200@) k1002 N,

Thus, the sample complexity is bounded by 20(d) log® N. The runtime bound follows analogously. O

8.2 Recovery at constant SNR
The algorithm is given by

Algorithm 5 RECOVERATCONSTANTSNR(Z, x, k, €)
1: procedure RECOVERATCONSTANTSNR(zZ, x, k, €)
2: B+ (2n)%F . k/(ea?)

3: Choose ¥ € Mgy, q € [n]? uniformly at random, let 7 := (%, ¢) and let H, := (7, B, F)

4: Let A < C'loglog N elements of [n]¢ x [n]¢ sampled uniformly at random with replacement

5: W+ {04}, A « 913 log; logy ] > 04 is the zero vector in dimension d
6: for g = 1 to [logs n| do

7: W<+ Wu U§:1 nA79 . e > e 1s the unit vector in direction s
8: end for

9: for w € W do
10: m(Z, H,ax (1,w)) < HASHTOBINS(Z,0, (H,ax (1,w))) foralla € A,w € W

11: end for

122 L < LOCATESIGNAL (x, k, {m(Z, H,a * (1,W)) }ac A wew)
13: X' < ESTIMATEVALUES(Z, X, 2k, €, O(log N), 0)

14: L' <top 4k elements of x’

15: return x + X/,

16: end procedure

Our analysis will use

Lemma 8.2 (Lemma 9.1 from [IKP14]]). Let x,z € C" and k < n. Let S contain the largest k terms of x, and
T contain the largest 2k terms of z. Then ||x — 27|53 < ||z — xs||3 + 4||(x — 2)sur] |3

LemmaFor any e > 0, #,x € CN, 2/ = x — x and any integer k > 1 ifH:UE%}Hl < O(Hx[n]d\mHQ\/E)
and Hx/[n]d\pk}’g < |2 ey g 3, the following conditions hold. If ||z||ee/pn = NOW, then the output x' of
RECOVERATCONSTANTSNR(Z, x, 2k, €) satisfies

l|z" = X'|15 < (1+ O(e) ||z oy I3

with at least 99/100 probability over its internal randomness. The sample complexity is 20(d?) %k: log N, and
the runtime complexity is at most 20(d*) %k: log® ! N.

Remark 8.3. We note that the error bound is in terms of the k-term approximation error of x as opposed to the
2k-term approximation error of ¥’ = x — x.
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Proof. Let S denote the top 2k coefficients of 2’. We first derive bounds on the probability that an element
i € S'is not located. Recall that by Lemma(5.1|for any i € S if

L ef**(H,a’,0) < |x{] /20;
2. el(H, A% (1,w),2") < |z}|/20 for all w € W,
3. forevery s € [1: d] the set A x (0, ;) is balanced (as per Definition |2.13),

then ¢ € L, i.e. 7 is successfully located in LOCATESIGNAL.
We now upper bound the probability that an element i € S is not located. We let p? := H.T[n]d\kH% /k to
simplify notation.

Contribution from head elements. We need to bound, for ¢ € S, the quantity
elead(H, 1) 0) C Y Gyl
jes\{i}
Recall that m(Z, H,a = (1,w)) = HASHTOBINS(Z,0, (H,a x (1,w))), and let m := m(z, H,a * (1,w)) to
simplify notation. By Lemma[2.9] (1) one has

Bl |Gty mag) — o)) < (2 Ol /B + /N (38)

for a constant C' > 0. This yields
Ex [l (H,o/,0)] < 2m)*F - CY|asl11/B < (2m)*F - Cuk/B < o' Cep.
by the choice of B in RECOVERATCONSTANTSNR. Now by Markov’s inequality we have for each i € [n]?
Pryg[e[“Y(H,',0) > [¢}]/20] S a’Cep/|al]| < aen/|a| (39)
as long as « is smaller than a constant.

tail

Contribution of tail elements We restate the definitions of e'*** variables here for convenience of the reader

(sce ). (T0). (TT) and (12)).

We have
tail _ — 7
e (H,z,x):= Go(l Z G,, RG]
j€[n]N\S

For any Z C [n]? we have

egail(H,Z,x) = quantzez ; Z Go,(j)Tjw* TR

jem]\S

Note that the algorithm first selects sets A, C [n]? x [n]?, and then accesses the signal at locations given by
A x (1, w), w € W (after permuting input space).

The definition of e{%( H, A,., z') for permutation ™ = (X, ¢) allows us to capture the amount of noise that
our measurements for locating a specific set of bits of ¢ suffer from. Since the algorithm requires all w € W
to be not too noisy in order to succeed (see preconditions 2 and 3 of Lemma [5.1]), we have

el (H, A, 2') = 40pup4(z) + Z ‘ il (H, Ax (1, w), 2") — 40pp i (z )L
wew
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where for any 7 € R one has |n|+ = nif n > 0 and |n|+ = 0 otherwise.
For each ¢ € S we now define an error event £ whose non-occurrence implies location of element ¢, and

then show that for each 7 € S one has
ae,u,

PrH.A[g*] ~ ‘ /’2 (40)

Once we have (@0)), together with it allows us to prove the main result of the lemma. In what follows we
concentrate on proving (@0). Specifically, for each i € S define

E ={(H,A) : 3w e Wst el (H Ax (1, w),2") > |2}|/20}.

Recall that e[*!(H, z, ') = HASHTOBINS (Z[,a\ g, X[na\s» (H, 2)) by definition of the measurements .
By Lemma (3) one has, for a uniformly random z € [n]?, that E,[|el%(H,z,2")|%|] = ;@{Z(JJ’) By
Lemmal[2.9] (2), we have that

Ep[iri(a))] < 2m)** - CYl(@ = ) pgasl3/B + 4 /N? < aep®. (41)
Thus by Markov’s inequality
Pr (e[ (H, z,2')" > (|2]|/20)%] < ae(pmi(a"))?/ (|2} /20).
Combining this with Lemma[9.5] we get for all 7 < (1/20)(|«}|/20) and all w € W

Prafquant®, | el (H, 2, 2') > |2|/20[ud (o) = 7] < (47 /(|2}] /20) 24D, 42)

Equipped with the bounds above, we now bound Pr[€]. To that effect, for each 7 > 0 let the event &;(7)
be defined as &(7) = {um,i(z’) = 7}. Note that since we assume that we operate on O(logn) bit integers,
pmi(2") takes on a finite number of values, and hence &;(7) is well-defined. It is convenient to bound Pr[£]]
as a sum of three terms:

Priyl€] < Prya f‘”l(HA:L“)>|x|/2O‘ U &6

T<Vaep
(1/8)(1/20)
4 / Prig a [l (H, A1) > [2|/20 £:(r)] Prlgi(r)]ar
Voep
+ / Pr(c;(r)]dr
(1/8)(11/20)

We now bound each of the three terms separately for 7 such that |2}| /20 > 2/aepu g ;(x'). This is sufficient
for our purposes, as other elements only contribute a small amount of £3 mass.

1. By (2) and a union bound over W the first term is bounded by
W (Vaen/(|2}]/20) 2040 < aep®/[2f]* - (W] - 27 XD < aep? /o). (43)
since |A| > C'loglog N for a sufficiently large constant C' > 0 in RECOVERATCONSTANTSNR.
2. The second term, again by a union bound over WV and using (@2)), is bounded by
(1/8)(J;]/20) (A
/ W - (4 (Ja]/20)) 1AV Py () ar
Ve (44)

(1/8)(J71/20)
S/ W1 - (4 /(7] /20)) 04D (47 / (|| /20))*Pr(&i (7)) d
Voep
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Since |A| > C'loglog N for a sufficiently large constant C' > 0 and (47/(]x}|/20)) < 1/2 over the
whole range of 7 by our assumption that |z}|/20 > 2\/aepp ;(z"), we have

W] (47 /(a5 /20)) 214D < W) - (1/2)204D = o(1)
for each 7 € [/aep, (1/8)(|x}]/20)]. Thus, is upper bounded by

(1/8)(|%]/20)
/ (4 /(|2}1/20))*Pr(E,(r)]dr

Vaeu
.1 /<1/8><x;/2o> N
~ 7 T e T r|C;\T T
(1251/20)2 J Jaeu
aep?

= (al]/20)2

Hnee (1/8)(141/20) %
/ T2Pr[5i(7')]d7 < / TQPr[Ei(T)}dT = EH[,u%{’l-(x’)] = O(a)e,u2
Vaep 0
by @1).

3. For the third term we have

[e'e) 2
/ Pr&;(r)]dr = Prlusa(a') > (1/8)(12)]/20)] < 242
(1/8)(|}1/20) ||

by Markov’s inequality applied to (1)

Putting the three estimates together, we get Pr[€] = Ola)ep” Together with this yields for i € S

|5 [?

oep? n QEp

Prji ¢ L] < .
LS

In particular,

E > [af 1ieS\L] <> |#fPPrli ¢ L]
€S €S
2
<SS Jal? (O‘e,“ + 2> < agi’k,
ey ‘xz‘ |2

where we used the assumption of the lemma that | |w'[2k] 1 < O([| oy x| lov/k) and Hx’[n]d\[m 5 < gyl
in the last line. By Markov’s inequality we thus have Pr{[|z'g, |13 > epk] < 1/10 as long as « is smaller than
a constant.
We now upper bound ||z’ — x’||3. We apply Lemmato vectors ' and " with sets S and L' respectively,
getting
2" = Xl < Mo’ — 5|3 + 4| (2" = x)surlf3

< |z |13 + 41" = XV s\pll3 + 41 (@ = X )snrll3

< [z |13 + 4ep’k + 4ep®(S)|

< Jzpap |3 + O(enk),

where we used the fact that ||(z’ — x')snL||co < v/€u With probability at least 1 — 1/N over the randomness
used in ESTIMATEVALUES by Lemma9.1] (3). This completes the proof of correctness.
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Sample complexity and runtime The number of samples taken is bounded by 20(d?) %l{: log N by Lemma ,

the choice of B. The sampling complexity of the call to ESTIMATEVALUES is at most QO(dz)%k log N. The

d+1

runtime is bounded by 20(*) 1k log! Nloglog N for computing the measurements m(z, H, a* (1, w)) and

90(d?) d+1

%k‘ log®™* N for estimation. O

9 Utilities
9.1 Properties of ESTIMATEVALUES

In this section we describe the procedure ESTIMATEVALUES (see Algorithm[6), which, given access to a signal
x in frequency domain (i.e. given Z), a partially recovered signal y and a target list of locations L C [n]?,
estimates values of the elements in L, and outputs the elements that are above a threshold v in absolute value.
The SNR reduction loop uses the thresholding function of ESTIMATEVALUES and passes a nonzero threshold,

while RECOVERATCONSTANTSNR uses v = 0.

Algorithm 6 ESTIMATEVALUES(x, X, L, k, €, V, "maz)

1: procedure ESTIMATEVALUES(x, X, L, k, €, V, T"yaz) > I'mae controls estimate confidence
2: B <+ (2m)*F . k/(ea??)

3: for r = 0 to 14 do

4: Choose ¥, € Myxd, G, z- € [n]? uniformly at random

5: Let 7, := (%, q), Hy := (7, B, F), F = 2d

6: u, < HASHTOBINS(Z, X, X, (H, 2r))

7: > Using semi-equispaced Fourier transform (Corollary
8: end for

9: L'+ 0 > Initialize output list to empty
10: for f € L do
11: for r = 0to ryq, do
12: J hr(f )
13: w; — Upj G;fl( f)w_er Erf > Estimate 1:’f from each measurement
14: end for
15: wy + median{w}}, 4" > Median is taken coordinatewise
16: If lwg| >vthen L'« L'U{f}

17: end for

18: return wy,

19: end procedure

Lemma 9.1 (¢1/¢> bounds on estimation quality). For any ¢ € (0,1], any z,x € C", a2’ = z — x, any
L C [n)% any integer k and any set S C [n]%,|S| < 2k the following conditions hold. If v > ||(x — x)s||1/k
and 1i*> > ||(z — X)[n]d\sH%/k', then the output w of ESTIMATEVALUES(Z, X, L, k, €, U, Tinaz) satisfies the
following bounds if vqz is larger than an absolute constant.

Foreachi € L

) Prlw; — 2| > \Jea(v + p)] < 2= Hrmas);
(2) E [[Jw; — | — Vea(v + p)|,] < Vealv + )2~ %rmes);

3) E [[ lw; — 22 — ea(v + WH < 2-rmar) (12 § 12),
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190(a?) (@) L Jogd+!

. Nrmaz-

The sample complexity is bounded by kT maz. The runtime is bounded by 2° %k log

Proof. We analyze the vector u, <+~ HASHTOBINS(Z, x, (H,, z,)) using the approximate linearity of HASH-
TOBINS given by Lemma (see Appendix EI) Writing 2’ = z/y + a?/[n]d\ g0 We let

upe®? ;= HASHTOBINS (5, X5, (Hy, 2)) and ul* := HASHTOBINS(Z, 1\ 5, X{nji\ s> (Hr, 2r))
we apply Lemma[2.9] (1) to the first vector, obtaining
1 Ty :
En, . (|G, yw ™™ Pupd! — (@s)il] < 2m)® - CY|as|[1/B + u/N* (45)
Similarly applying Lemma (2) and (3) to the u'*, we get
_ _ Ty i .
Eir o, (1G5 0 ™ Zhufelly — (ol il < @m)2F - Claf L GI13/B,

which by Jensen’s inequality implies

- —al'Si, tai .
En, . (|G w ™ Pl — (@ = ) pas)ill < @m0 ||z pasl13/B 46)
< (2m)® . cdu - \/k/B.
Putting and (46) together and using Lemmal[A.T] we get

Er, -, |G, (o™ Sy — (@ = x)il] < @m)*F - C¥(||asll1/B + - /k/B). (47)

We hence get by Markov’s inequality together with the choice B = (2m)*?F" . k/(ea??) in ESTIMATEVALUES
(see Algorithm [6])

— —2z, 20 1
Pro, ., G, ™™ Pun) — (x = Xl > SVealv + ) < (Ca)™”. (48)

0; (7

The rhs is smaller than 1/10 as long as « is smaller than an absolute constant.
Since w; is obtained by taking the median in real and imaginary components, we get by Lemma 9.4

lw; — | < 2median(|w; — 2}, ..., [w]m — ).
By combined with Lemma 9.5 with v = 1/10 we thus have
Priy, . llwi — 2| > Vea(v + p)] < 27mes),

This establishes (1). (2) follows similarly by applying the first bound from Lemma with v = 1/2 to
random variables X, = |w] — x;|,r = 1,...,7mae and Y = |w; — x;|. The third claim of the lemma follows
analogously.

The sample and runtime bounds follow by Lemma[9.2]and Lemma[I0.1] by the choice of parameters. [

9.2 Properties of HASHTOBINS
Lemma 9.2. HASHTOBINS(Z, x, (H, a)) computes u such that for any i € [n),

al'sj
un@iy = Bngy + Y Go,(y (# = X)j00*
J

where G is the filter defined in section and Ai(i) < |Ixl3/((R*)2N1Y) is a negligible error term. It takes
O(BF®) samples, and if || x|lo < B, it takes O(2°4) . Blog? N) time.
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Algorithm 7 Hashing using Fourier samples (analyzed in Lemma[9.2)
1: procedure HASHTOBINS(Z, x, (H, a))

2: G « filter with B buckets, F' = 2d >H = (m,B,F),m=(Xq)
3 Compute 3’ = G - Py 4 (& — {'), for some ' with || — {'[|oe < N~ > ¢ is a large constant
4: Compute u; = VNF(y )(n/b) for j € [b]?

5 return u

6: end procedure

Proof. Let S = supp(G), so |S| < (2F)? - B and in fact S C B 51/4(0).
First, HASHTOBINS computes

y_G Panx_X—G Panx X+G PanX X7

for an approximation X’ to X. This is efficient because one can compute (P, ,%)s with O(|S|) time and
samples, and Py , ;X' is easily computed from /. for ' = {3(j — b) : j € S}. Since T is an image of an
£+, ball under a linear transformation and  is B-sparse, by Corollary - an approximation X' to X can be
computed in O(29(4) . Blog? N) time such that |; — x| < N~ forall i € T. Since IG|l1 < VN||G|2 =
VN|G|l2 < N||G|lse < N and G is 0 outside S, this implies that

IG - Psag(x = Xl < Gl max | (Po.aq(x = x))il = [1Gllimax|(x = x| < N~ 49)

as long as c is larger than an absolute constant. Define A by A=VNG- Pg7a7q(></—\x’). Then HASHTOBINS
computes u € C? such that for all 4,

un(y = VNF W) gy iy = VNF @) tns)ni) + Diso)-hiiy

fory = G- nga,qx/—\x. This computation takes O(||y’||o + Blog B) < Blog(N) time. We have by the
convolution theorem that

ungiy = VNF UG - Peag(@ = X)) nj)nii) + Dins)-hiiy
— (G # F(Psaq(@ — x X)) (n/6)-h(5) T Dn/b)hii)

= Z G (n/b)-1(i)—r()F (P5,0,0(T = X)) r(j) + A(nyb)-hii)
m(j)€[N]

=Y G T D) nii)
1€[N]

where the last step is the definition of 0;(j) and Lemma[2.2]
Finally, we note that

1AGnyn] < A2 = [Alls = VNG Pragx — X))z < N~

where we used (@9) in the last step. This completes the proof. O

9.3 Lemmas on quantiles and the median estimator

In this section we prove several lemmas useful for analyzing the concentration properties of the median estimate.
We will use
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Theorem 9.3 (Chernoff bound). Let X1, ..., X,, be independent 0/1 Bernoulli random variables with Y, E[X;] =
pt. Then for any 6 > 1 one has Pr[> 1| X; > (1 + 6)u] < e 91/3,

Lemma 9.4 (Error bounds for the median estimator). Let X1,...,X,, € C be independent random variables.
LetY := median(X, ..., X,,), where the median is applied coordinatewise. Then for any a € C one has
Y — a| <2median(| X1 — al,...,|X, —a|)

=2v/median(| X, — al?,...,|X, — al?).

Proof. Leti,j € [n] be such that Y = re(X;) 4+ i-im(X;). Suppose that re(X;) > re(a) (the other case is
analogous). Then since re(X;) is the median in the list (re(X1), ..., re(X,)) by definition of Y, we have that
at least half of X,,s = 1,...,n satisfy |[re(Xs) — re(a)| > |re(X;) — re(a)|, and hence

lre(X;) — re(a)| < median(|re(X1) —re(a)l, ..., [re(X,,) —re(a)]). (50)
Since squaring a list of numbers preserves the order, we also have
(re(X;) — re(a))? < median((re(X;) —re(a))?, ..., (re(X,) — re(a))?). (51)
A similar argument holds for the imaginary part. Combining
Y —al? = (re(a) —re(X;))? + (im(a) — im(X;))?
with (50) gives

[V — a|? <median((re(X;) —re(a))?,..., (re(X,) — re(a))?)
+ median((im(X1) — im(a))?, ..., (im(X,) — im(a))?)

Noting that
Y — a] = ((re(a) — re(X;))? + (im(a) — im(X;))*)"/? < [re(a) — re(X;)| + [im(a) — im(X,)|
and using (51)), we also get

|Y — a| <median(|re(X1) —re(a)|,...,|re(X,) —re(a)|)
+ median(|im(X;) —im(a)|, . .., [im(X,) — im(a)|).

The results of the lemma follow by noting that |[re(X) —re(a)| < |X —a| and [im(X) —im(a)| < | X —al. O

Lemma 9.5. Let Xi,...,X,, > 0 be independent random variables with E[X;] < u for eachi = 1,...,n.
Then for any v € (0,1) if Y < quant’(X,...,X,,), then

E[IY —4u/7,] < (/) -2~

and
Pr[Y > 4p/~] < 2794,

Proof. For any t > 1 by Markov’s inequality Pr[X; > tu/v] < 7/t. Define indicator random variables Z; by
letting Z; = 1if X; > tu/v and Z; = 0 otherwise. Note that E[Z;] < /¢t for each 7. Then since Y is bounded
above by the yn-th largest of {X;}7 ;, we have Pr[Y > tu/~] < Pr[>_"" | Z; > vyn]. As E[Z;] < 7/t, this
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can only happen if the sum > " | Z; exceeds expectation by a factor of at least ¢. We now apply Theorem
to the sequence Z;,7 = 1,...,n. We have

Pr

Y Ziz vn] < et (52)
i=1

by Theorem [9.3]invoked with 6 = ¢ — 1. The assumptions of Theorem [0.3are satisfied as long as ¢ > 2. This
proves the second claim we have ¢ = 4 in that case.
For the first claim we have

E[Y - 1y>4,/4] < / tp-PrlY >t p/vy]dt
4

< / tpe~(=In/3qy (by (52))
4
< /3 /OO e (=23 gy

4

= O(#’ . 6—n/3)

as required. O

10 Semi-equispaced Fourier Transform

In this section we give an algorithm for computing the semi-equispaced Fourier transform, prove its correctness
and give runtime bounds.

Algorithm 8 Semi-equispaced Fourier Transform in 20k 1log? N time

1: procedure SEMIEQUISPACEDFFT(z, c) >z € Cln* is k-sparse
2 Let B > 2%, bea power of 2d = B/

3 G, @ < d-th tensor powers of the flat window functions of [HIKP12al], see below

4 Yi Tlﬁ(a: *G);.z fori € [20].

5. y<+ FFT(y) > FFT on [2b]¢
6 T, < y; for ||i]|oo < b/2.

7: return 7’

8: end procedure

We define filters G, G’ as d-th tensor powers of the flat window functions of [HIKP12al, so that G; = 0 for
all [lilloe 2 c(n/b)log N, |G — G'lls < N,

G _ 1 ifllillee < b/2
TL0 il >b

and G'; € [0, 1] everywhere.
The following is similar to results of [DR93| IKP14]].

Lemma 10.1. Let n be a power of two, N = n?, ¢ > 2 a constant. Let integer B > 1, be a power of 2¢,
b= BY4. Forany z € CI"* Algorithmcomputes ; for all ||i||oo < b/2 such that

|75 — | < flxfl2/N°

in cPD||z||glog? N 4 2919 Blog B time.
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Proof. Define

z=——xx*xQG.

VN

We have that z; = @éz for all i € [n]?. Furthermore, because subsampling and aliasing are dual under the
Fourier transform, since y; = z;.(» /26, @ € [2b] is a subsampling of z we have for i such that ||i||oc < b/2 that

~/ ~ ~
T, =Y = E Zi4-2b-j

j€[n/(2b)]4

= Z TitonjGitonj

j€[n/(20)]4

= Z Titop;Glivonj + Z Tivoj(Givanj — Glitong)
j€[n/(2b)]4 Jj€[n/(2b)]4

= Z TiyopjG'itonj + Z Titon g (Giraps — Glivapg)-
j€[n/(20)]4 J€[n/(2b)]4

For the second term we have using Cauchy-Schwarz

S B (Gipang — GCipang) < l[allal|G = Glls < [[a]l2/N°.
Jj€ln/(2b))¢

For the first term we have
> ZBiyariGlivans = i Glipapo = T
J€ln/(2b)]4

for all 7 € [2b]¢ such that ||i||c < b, since for any j # 0 the argument of é\’iﬁb.j is larger than b in £, norm,

and hence G';;9p.; = 0 for all j # 0.
Putting these bounds together we get that

17— 7| <|Z)2)|G — G2 < ||zf2N"¢

as desired.

The time complexity of computing the FFT of y is 2°(4) Blog B. The vector y can be constructed in time
©@||z||olog? N. This is because the support of G; is localized so that each nonzero coordinate 7 of z only
contributes to ¢?@ log? N entries of . O

We will need the following simple generalization:

Corollary 10.2. Let n be a power of two, N = n%, ¢ > 2 a constant, and ¥ € Mgxq,q € [n]%. Let integer
B > 1beapowerof2, b= BY4 Let S = {S(i — q) : i € Z,||i||os < b/2}. Then for any z € CI"" we can
compute T, for all i € S time such that

|7 — il < |lzll2/N°

in °@||z||olog? N + 29 Blog B time.
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Proof. Define z} = w¥xg-r;. Then for all i € [n],

We can access 7} with O(d?) overhead, so by Lemma we can approximate Zy,(;_q) = Z; for |[i]|c < kin
PDE10g? N time. O
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A Omitted proofs

Proof of Lemma 2.11: We start with

Eso[Im(S\ {i}) N B 5y (0/0) - 2] = D Prsy[r B, )iy (/) - 21)]
jeS\{i}

Recall that by definition of & () one has |[(n/b) - h(i) — 7(i)||co < (n/b), so by triangle inequality
() = m()lloo < [I7(5) = (n/0)A()|loc + [I7 (i) = (n/b)A(i)]|oo,

SO
Exo[|7(S\ {i}) VB .y (0/0) - 2901 < Y Prsgn(s) € B, ((n/b) - (2° +1))]
JES\{ }
< D Prugln(y) € B ((n/b) - 27
JES\{i}
Since 75 4(i) = X (i — q) for all i € [n]?, we have

Prs,g[m(j) € B, ((n/b) - 271 = Prsg[l[2( — i)llee < (/) - 271] < 2(2"72/b)7,
where we used the fact that by Lemma[2.5] for any fixed ¢, j # 4 and any radius r > 0,
Pre[|(i — j) e < 7] < 2(2r/n)?

with r = (n/b) - 201,
Putting this together with (54)), we get

ExolIm(S\ {i}) N BE ) (n/0) - 2] < S| - 20272 /)" < (IS]/B) - 20+

—_

4
Now by Markov’s inequality we have that ¢ fails to be isolated at scale ¢ with probability at most

A

1
PrE,q |7T(S\ {’L}) ﬂBOO ((n/b) )| > (27T)—d~F . 64—(d+F)ad/22(t+2)d+t+l < 12—150/1/2'
Taking the union bound over all ¢ > 0, we get

Pry, ,[i is not isolated] < Z 2_t 42 < Z 4% < Zo1/?

t>0

l\?\»—\

1
2

as required.
O

(27T)_dF . 64_(d+F)O[d2(t+2)d+1.

(33)

(54)

(55)

Before giving a proof of Lemma[2.9] we state the following lemma, which is immediate from Lemma
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Lemma A.l. Let z, 2", 2%, v, x', x> € CV, 2 = 2! + 22 x = x! + x% Let ¥ € Mgyxaq,q,a € [n]?,
B =0b%,b > 2 an integer. Let

u = HASHTOBINS(Z, x, (H, a))
1 a

,a))

ul = HASHTOBINS(;T,X (H
H,a)).

(
u? = HASHTOBINS (22, Y2, (
Then for each j € [b]* one has
- —aT%i - —aTxi Ty 2 2
1G5 ™ — (@ — )il S 1G5 b = (@ =P |G L T (@2 = 32
+ N9
forp € {1,2}, where O(c) is the word precision of our semi-equispaced Fourier transform computations.
Proof of Lemma 2.9: By Lemma[2.5] for any fixed ¢ and j and any ¢ > 0,
Prs[|[S(i — j)lloo < 1] < 2(2t/n)",

Per Lemma HASHTOBINS computes the vector u € CP given by

aTTj
up@y — Aniy = Z Gy (™ > (56)

for some A with ||A[|2, < N~). We define the vector v € C" by vy = ;G (j)» S0 that
ungy = Bay = D W o = VNG,
j€m]?
SO .
un(py = w0 PGy — Dngiy = VN (Tgp)a-
We have by (56)) and the fact that (X + Y)? < 2X?2 4 2Y?

[eh? wfaTEiuh(') — i = G, % lung) W EG 7
< 2G \uh(z —w? ZiGO,(i)JZ Ah(z ’ + 2Go (l)A2()
=2G, 7| D Gy EJF+2G;%Z)A2()
j€[n)?
By Parseval’s theorem, therefore, we have
— —aTyi w®
EaHGoii)w Pupgy — @i < 26 2 i Eal Z Go,(5) Y2 4 2K, [AG )]
Jj€[n]?
=26, (o lls + Ak
—Q(c
SN+ N @G, (57)
J€[m\{i}
SN+ N @Gy
JE[N\ {7}

SN 413 (9).
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We now prove (2). Recall that the filter G' approximates an ideal filter, which would be 1 inside B{°(n/b)
and 0 everywhere else. We use the bound on G, ;) = G,T(Z)_W(]) in terms of ||7(¢) — 7(j)||oo from Lemma[2.3}

(2). In order to leverage the bound, we partition [n]? = B b4 (n /2) as
log(b/2)
B (/D) =BG (/)0 U ( (o) (/)2 N BT .1 z’)((”/b)?*l))'
t=1

For simplicity of notation, let Xo = B, ), ( /b) and X; = B /b)-hi ((n/b) 4 \B(n/b ((n/b) 2t=1)
fort > 1. For each ¢ > 1 we have by Lemma 2)

9 F
max |G, | < max Goonl < | ——= ) .
AR GO = g Ty |0 <1 + 2t—1>

Since the rhs is greater than 1 for ¢ < 0, we can use this bound for all ¢ < log,(b/2). Further, by Lemma
we have foreach j £ iandt > 0

Prs g[n(j) € Xi] < Preg[m(j) € B )40 (n/0) - 2%)] < 20271 /b)%.
Putting these bounds together, we get

Exgli$ ()] =Esgl D 125G

J€n]N\ {4}
log(b/2)
< Z \x;|2 Z Pry ,[7(j) € Xy] - {%2}){( 1Go, )]
jen]\{i}
log(b/2) 9 F
112 t+1 d
< X P Y @ -(HQH)
Jen]i\{i} t=0
2F =
/12 t+1)d—F(t—1
S D3
Jj€n]\ {4} t=0
< 90(d) 2|13
= B

as long as ' > 2d and F' = O(d). Recalling that G;_%i) < (27)®F completes the proof of (2).
The proof of (1) is similar. We have

aTsyj
Esglmax | Y 2}Gopw” P <Esgl Y [2)Go,i)] + A

a€[n]?

J€[M\ {3} JE[M\ {3}
log,(b/2)
<|Appl+ Y 1) Z Pryg[m(j) € X4 - e |G
FEENG! ‘
log,(b/2) 9 F
<|Appl+ D Gl YD @t p)e (H?g_l)
JEM N\ {4} t=0

oF = o
SRS ST B Ca
J€[n)A\{i} t=0

xl
< A 4 g0 12y B”l

(58)
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where
Apy S N7,

Recalling that G;b) < (2m)4F and R* < ||z||so/ 1 completes the proof of (1).
0
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