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Abstract

Learning graph cluster structure using few queries is a classical question in property
testing, with the fundamental special case, namely expansion testing, considered in the
seminal work of Goldreich and Ron[STOC’96]. The most recent results in this line of work
design clustering oracles for (k,€)-clusterable graphs, which are graphs that can be parti-
tioned into k induced expanders with outer conductance bounded by € < 1. These oracles,
given a graph whose vertex set can be partitioned into a disjoint union of k clusters (i.e.,
good expanders) with outer conductances bounded by ¢ < 1, provide query access to an
O(elog k)-approximation to this ground truth clustering in time = gpoly(k/€)p1/2+0(e) per
query.

Motivated by the rising interest in learning hierarchical structures in large networks, in
this paper we introduce (k,y)-hierarchically clusterable graphs, a natural hierarchical analog
of classical (k,¢)-clusterable graphs; intuitively, these are graphs that exhibit pronounced
hierarchical structure. We give a hierarchical clustering oracle for this model, i.e. a small
space data structure that provides query access to a good hierarchical clustering at cost
~ poly(k) - n'/>790) per query; notably, the dependence on k is polynomial, in contrast
to best known flat clustering oracles. The result relies on several structural properties of
hierarchically clusterable graphs that we hope will be of independent interest in sublinear
time spectral graph algorithms.
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1 Introduction

Clustering graph data is an important algorithmic problem. It has applications in a wide va-
riety of scientific disciplines from graph analysis to social science, statistics and more. The
overall objective in these problems is to partition the vertex set of the graph into vertex dis-
joint subgraphs where each of the subsets induce a “well connected” graph and such that the
subgraphs are sparsely connected to each other. A classically motivated measure for evalu-
ating cluster quality uses the notion of conductance. One natural graph clustering objective
motivated by conductance considers problem of partitioning the vertices of the graph into sub-
sets (called clusters) which have large inner conductance and a sparse edge boundary. Many
efficient algorithms [KVV04, NJW02, [SMO00L [VLO7] have been discovered for graph clustering
which use this objective, many of them relying on spectral techniques. Motivated by appli-
cations in big data analysis, a lot of recent research has focused on developing sublinear time
algorithms [CS04, MOPOT), IGKL"21] to cluster graph data. Such algorithms can typically
answer queries about the clustering without computing it explicitly at any point in time.

In this paper, we focus on the popular version of the problem where one assumes the existence
of a planted solution, namely that the input graph G = (V, E) admits a partitioning into a
disjoint union of k£ induced expanders C1, ..., ) with outer conductance bounded by € < 1.
We refer to such instances as k-clusterable graphs and we (informally) define the flat-clustering
problem as the task of recovering an approximation to C1, ..., Cy that is correct up to a small
missclassification error on every cluster. This problem has been extensively studied in the
property testing framework as well as local computation models. Its testing version, where one
essentially wants to determine k, the number of clusters in GG, in sublinear time, generalizes
the well-studied problem of testing graph expansion, where one wants to distinguish between
an expander (i.e. a good single cluster) and a graph with a sparse cut (i.e. at least two
clusters). Goldreich and Ron [GRII] showed that expansion testing requires Q(n'/?) queries,
then [CS07, [KS08|, NS10] developed algorithms to distinguish an expander from a graph that is
far from a graph with conductance € in time ~ n'/2+9(9) which the recent work of [CKK1§]
showed to be tight. The setting of k& > 2 has seen a lot of attention recently [CPS15, ICKK™18,
Pen20), (GKL™21]. The latest result is due to [GKL™21], where the authors design a clustering
oracle, i.e. small space data structure that allows fast query access to the clustering. The
clustering oracle of [GKLT21] recovers every cluster up to O(e - log k) misclassification error
and only needs ~ n!/2+0(©) preprocessing and query time, which is close to optimal due to the
aforementioned lower bound of [CKK™18|. The focus of this paper is to understand the power
of sublinear algorithms in discovering the hierarchical cluster structure of k-clusterable graphs.

The hierarchical clustering problem is the task of partitioning vertices of a graph into nested
clusters, naturally represented by a rooted tree whose leaves correspond to the vertices and
whose internal nodes represent clusters of their descendant leaves (such a tree is referred to as
a hierarchical tree). Dasgupta [Dasl6| introduced a hierarchical clustering objective function
and thereby initiated a line of work on developing algorithms that optimize the cost of the
hierarchical tree. The main question we address in this work is:

Is it possible to design a clustering oracle that recovers the underlying hierarchical
structure of a k-clusterable graph in sublinear time (i.e., a hierarchical clustering oracle)?

Hierarchically-clusterable graphs: We say that graph G is hierarchically-clusterable if
there exists a nested sequence of partitions into clusters of increasing outer conductance, each
partition refining the previous one.

In particular, for every cluster S that belongs to the partition at level h, we assume that
din(S) > ¢p and Pout(S) < O(pp—1). Therefore, @}, increases as we move from coarse partitions



towards refined partitions. We say that graph G is (k,~y)-hierarchically-clusterable if the last
partition (i.e the most refined one) consists of k clusters with constant inner conductance and
the conductance of clusters increases by about a factor 1/v as we go down the tree level by
level, i.e., the conductance of clusters at level h is at least o5, = g /7". Moreover, each cluster
gets split into few subclusters of comparable size (see Definition [6] for the formal version).

We show that it is possible to recover the hierarchical structure of well-separated hierar-
chically clusterable graphs sufficiently precisely to obtain a constant factor approximation to
Dasgupta cost:

Theorem 1. [Informal version of Theorem@/ For sufficiently small constant v € (0,1) there ex-

ists a hierarchical clustering oracle with =~ k9Mnl/2t00) preprocessing time and ~ kM pl/2+0()
query time that achieves a constant factor approzimation to Dasgupta cost on (k,~y)-hierarchically
clusterable graphs.

In what follows we formally define our model and formally state the main result, then give
an overview of the technical contributions, and finally give the detailed proofs.

1.1 Problem Statement and Main Definitions
We start by defining

Definition 1 (Clustering). For a graph G = (V, E) a clustering of G is a collection of disjoint
subsets of the vertex set V of G.

Note that our notion of clustering allows for outliers, i.e. a clustering of G is not necessarily
a partition of V. The main object of study in this paper is

Definition 2 (Hierarchical clustering). A hierarchical clustering of a graph G = (V| F) is
a sequence P = (PY ... PH) of nested clusterings of V, where PY = {V}. We say that
the sequence (P°,...,PH) is nested if for every h € [H] and every S € P" there exists a
unique S* € P"! such that S C S*. We call such an S* the parent of S in P and write
S* = PARENTp(S), often omitting the subscript when it is clear from context.

We write S € P if S € P" for some h € [H]. We say that a hierarchical clustering P is
isomorphic to a hierarchical clustering P if there exists a one-to-one mapping o of sets in P to
sets in P such that if for some S € P and S € P one has ¢(S5) = S, then o(PARENTp(S)) =
PARENTp(S).

Definition 3 (Tree representation of a hierarchical clustering). Note that hierarchical clus-
terings P = (P%,...,PH) are in one-to-one correspondence with rooted trees 7" whose leaves
are vertices in V and internal nodes are clusters in P" for some h € [H]. See Fig. [l for an
illustration.

Dasgupta introduced a natural optimization framework for formulating hierarchical cluster-
ing tasks as an optimization problem [DasI6]. We recall this framework now. Let T be any
rooted tree whose leaves are vertices of the graph. For any node u of T', let T'[u] be the subtree
rooted at u, and let LEAVES(T'[u]) C V' denote the leaves of this subtree. For leaves z,y € V', let
LCA(z,y) denote the lowest common ancestor of x and y in 7. In other words, T[LCA(x, y)]
is the smallest subtree whose leaves contain both x and y.

Definition 4. (Dasgupta’s cost [Das16]) Dasgupta’s cost of the tree T for the graph G = (V, E)
is defined to be COST(T) = 3 1, ,1ep [LEAVES(T[LCA(z, y)])|-

We will sometimes write COST(P) for a hierarchical clustering P to denote COST(T") for
the tree T' corresponding to P.
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Figure 1: A hierarchical clustering P of {a,b,c,d,e, f,g,h} and the tree T representing P
together with an approximate clustering P and its tree T.

After its introduction, Dasgupta’s cost received a lot of attention from the research com-
munity [CCT7, MWTI7, [CKMMT9, [CCN19] and a O(y/logn) algorithm is known for the prob-
lem |[CC17]. Furthermore, |[CCI17] showed that it’s impossible to approximate Dasgupta’s cost
within a constant factor in general graphs under the Small-Set Expansion hypothesis [CNC18].
A very interesting recent line of research started in [CKM17] and continued in [MS21] studies
the approximability of Dasgupta’s cost on the class of random graphs (akin to the stochastic
block model) that exhibit planted hierarchical structure. For example, in [CKM17] the authors
consider the hierarchical stochastic block model and prove that it is possible to obtain better
approximation for it.

In this paper we initiate the study of sublinear time hierarchical clustering algorithms. We
define a notion of hierarchically clusterable graphs, which is essentially a class of graphs with
pronounced hierarchical clustering structure, and give a sublinear time hierarchical clustering
oracle for this model. We consider d-regular graphs throughout the papeIEL and parameterize
the cluster structure of the graph using the notions of inner and outer conductance, defined
below and our main object of study is defined after:

Definition 5. (Inner and outer conductance) Let G = (V, E) be a d-regular graph. For a set
C CVandaset SCC,let E(S,C\S) be the set of edges with one endpoint in S and the

other in C'\ S. The conductance of S within C is ¢&(S) = % The outer conductance of

C' is defined to be ¢S, (C) = ¢$%(C) = % The inner conductance of C C V is defined

to be ¢%(C) = ming 0<|s|<iCl #%(S) if |C| > 1 and one otherwise.
= k) — 2

Definition 6 ((k,~v)-hierarchically clusterable graphs). A graph G = (V, E) is (k, v)-hierarchically
clusterable if there exists a hierarchical clustering P = (PY,..., PH) such that: (i) every P" is
a partition of V; (ii) the bottom level partition P contains exactly k sets; (iii) for every level
h € [H] and for every S € P" we have ¢7 (S) > ¢p, and ¢S, (S) < O(pp_1), where @51 = -3

for 2 < h < H and pg < 7v-p1. We let ¢ = pg denote a lower bound on the inner conductance
of the k base clusters.

We note that setting H = 1, we immediately recover the classical notion of a (k, €)-clusterable
graph, i.e. a graph that admits a partition into k£ induced expanders each with outer conductance
upper bounded by € € (0,1) (in our case we will have ¢ = ). This is a natural worst case
(i.e., robust) analog of the stochastic block model, and has been studied extensively in the
literature [CKM17]. Similarly, our model is a natural robust analog of the hierarchical stochastic
block model. We show in Section [A] that a natural class of random graphs with hierarchical

Note that if the input graph is bounded degree, it can be turned into a d-regular graph by adding an
appropriate number of self-loops; this of course changes the notion of conductances somewhat.



structure akin to the stochastic block model is (k,~)-clusterable as per our definition. To
simplify notation throughout the paper we assume that the conductance of the base clusters
satisfies ¢ > Q(’yl/ 20y " and that clusters in the ground truth hierarchical clustering P get
partitioned into constant number of subclusters of comparable size, i.e., for every S* € P and
every child S of S* we have |S| > 3|S*| for some § € (0,1). We assume 8 > Q(y/30)

We now introduce a natural notion of approximation for hierarchical clusterings.

Definition 7. (D-approximation of a hierarchical clustering) A hierarchical clustering P is a D-
approximation of a hierarchical clustering P if (i) P is isomorphic to P (denote the isomorphism
by o : P — P) and if (ii) For every every cluster S € P at level h € [H] we have |[SAS| <
D - ¢p—1 - |S|. where here and below for a cluster S € P we use boldface S to denote its image
under the isomorphism o, i.e., let S = o(S).

Before describing our main result it is interesting to describe few interesting properties of
our definition of D-approximation of a hierarchical clustering.

Why the notion of (k,~)-hierarchically clusterable is natural (i.e., why are in-
stances with planted solutions interesting). The study of graph clustering with planted
solutions has received a lot of attention from the research community on stochastic block model
(see, e.g. [Abb18] and references therein) as well as property-testing literature and sublinear
algorithms. The latter line of work was initiated by Goldreich and Ron [GR11] and has been
extended to various graph clustering algorithms that aim to recover the underlying ground-truth
solution [KPS08|, [NS10, [CPS15, ICKK ™18, [Pen20] IGKL™21]. Another prominent example is the
NIBBLE algorithm of [ST13|] (with many follow-up works, e.g. [AGPT16], providing improve-
ments) that guarantees finding sparse cuts in graphs when the sparsity is quite pronounced, yet
works very well and is commonly used in practice, where the sought-after cuts are not nearly as
sparse as the analysis requires. Our (k,y)-hierarchically clusterable model is a natural extension
of (k, p)-clusterable graphs, and we hope that it will lead to interesting algorithmic insights into
the hierarchical clustering problem.

Regularity assumption. Throughout the paper we consider d-regular graphs, which is a
clean and standard setting that has been considered in the property testing literature [GR11),
CPS15] as well as graph clustering community |[GKL™21]. Some of the results in testing cluster
structure generalize to irregular graphs (e.g., [CKK™18]), and ours probably does too. However,
for simplicity in this paper we work with d-regular graphs.

Why the notion of D-approximate hierarchical clustering is natural. Note that
the definition above is a natural extension of what is achievable in flat clustering that has been
studied extensively (e.g. see [KVV04, NJWO02]), where if every cluster has outer conductance
©Yout and inner conductance @iy, one expects to be able to classify all but O(pout/ gp?n)) fraction
of vertices per cluster (and the result of |[GKL'21|] gives an algorithm that misclassifies at
most O(pous log k) fraction of vertices). The guarantees of Definition |7 are quite a bit stronger,
however, as we do not divide the outer conductance ¢p_1 by the inner conductance of the
cluster at the same level. Instead, the loss parameter D will be set to a polynomial in the inner
conductance of the base clusters at level H.

Why significantly better approximation cannot be achieved. Note that one cannot
achieve a significantly better reconstruction quality. For example, suppose that H = 2 and
our input graph is a union of two induced expanders Ci, Cs, as well as a disjoint set Q of
~ poutn vertices each of which has d/2 random neighbors in C; and d/2 random neighbors in
(5. Then with high probability the corresponding graph is (k,y)-hierarchically clusterable, but

2Note that in our definition of (k,y)-clusterable graphs we assume a lower bound on the conductance of the
base clusters ¢ = pn as a function of -, as well as a lower bound on the worst case ratio 8 of the size of a child
cluster to the size of the parent cluster, again as a function of 4. This is to alleviate notation in the rest of the

o)
paper. In particular, for a constant ¢ > 0, we use the notation Og ,(7¢) to suppress factors of (ﬁ) .



the hierarchical clustering is not unique: the set () of ‘outliers’ can be assigned either to the
first or the second cluster. Thus, one cannot recover the clustering up to a better than O(pout)
precision.

Approximate hierarchical clustering vs Dasgupta cost. Our notion of approxima-
tion for hierarchical clusterings is strong enough to imply approximation of Dasgupta cost of
corresponding trees:

Lemma 1. Let G = (V, E) be a (k,~y)-hierarchical clusterable graph and let P be the hierarchical-
clustering. If P is a D-approzimation of P, then COST(P) < O (%) COST(P).

In particular, a D-approximate hierarchical clustering is also a good approximation to the
optimal tree in terms of Dasgupta cost:

Lemma 2. Let G = (V, E) be a (k,~)-hierarchical clusterable graph and let P be the hierarchical-
clustering. Suppose that ¢in(G) > po. Let P* be a hierarchical clustering of the graph G that

minimizes Dasgupta cost, then COST(P) < O (é) - COST(P*).

The above lemmas are close to best possible: in order to approximate Dasgupta cost to within
a constant factor, a clustering essentially needs to be O(1)-approximate as per Definition
Indeed, suppose that the hierarchical clustering P of G is balanced and b-ary in the sense that
at all levels clusters are partitioned into b > 2 equal size subclusters, and the conductance of the
base clusters ¢ is constant. That way we have H = log; k, and the base clusters are of size n/k.
Suppose further that ¢, = v#~" ., where v = 1/b+ € for every h = 1,..., H, for a constant
€ > 0. One can verify that the Dasgupta cost of this instance is dominated by the cost of the
root cut, and that any hierarchical clustering P that yields a constant factor approximation
to Dasgupta cost on this instance must misclassify at most O(yg) fraction of vertices across
the root cut, i.e. be O(1)-approximate in the sense of Definition Similar instances can be
constructed in which Dasgupta cost is dominated by level h cuts for every h € {1,..., H }E|

1.2 Main Result

We are now ready to state our main result.

Definition 8. (Hierarchical clustering oracle) A randomized algorithm O is a D-approximate
(k,~)-hierarchical clustering oracle if, when given query access to a d-regular graph G = (V, E)
that admits a (k,~y)-hierarchical clustering P, the algorithm O with high probability provides
consistent query access to a D-approximate hierarchical clustering P.

In the definition above the D-approximate clustering P is only a function of G and the
random seed of the oracle. Our main result is such an oracle:

Theorem 2. For every integer k > 2, every H € O(logk), every 8,0 € (0,1), every v <
O(min(¢?, 83%)), every graph G = (V, E) that admits (k,y@—)hiemrchical clustering, there exists

a D-approzimate hierarchical clustering oracle (Definition |8) with D = O <B£7> such that

e has O ((dk)o(l) . n1/2+05~7(7)) preprocessing time, query time, and space.

e uses O (kO(l) -nO/W(V)) random bits.

The dependency of running time on d is unnecessary and is an artifact of the running time
of Algorithm (13| (from |[CKK™18]) that counts the number of clusters at every level. This could
easily be adapted to run in time ~ n'/2t00) (without any dependency on d) for d-regular
graphs. However, for the simplicity of presentation of Section [F] we didn’t optimize factors d.

30mne must note here that this particular instance does not satisfy our assumption that the ratio of child
cluster size to parent cluster size is lower bounded by 8 = Q(’yl/go), and a slight relaxation of our notion of
D-approximate hierarchical clusterings would suffice under this assumption. However, such a relaxation would
not be as clean as our notion of approximation (Definition .



1.3 Related Work

We briefly review developments in the area of algorithms for hierarchical clustering since the
introduction of Dasgupta’s objective function. Dasgupta designed an algorithm based on re-
cursive sparsest-cut that provides O(log3/ 2 n) approximation for his objective function. This
was improved by Charikar and Chatizafratis who showed that the recursive sparsest-cut algo-
rithm already returns a tree with approximation guarantee O(y/logn) [CCI7]. Furthermore,
they showed that it’s impossible to approximate Dasgupta’s cost withing constant factor in
general graphs under the Small-Set Expansion hypothesis. [CNCIS§| presents algorithms with
improved approximations to Dasgupta Cost when the underlying hierarchy satisfies some nice
constraints. [MW17,[CKMM19,(CCN19] give algorithms for hierarchical clustering that consider
maximization variants of Dasgupta Objective.

Relation to work on hierarchical clustering of clusterable graphs. A related hier-
archical version of the stochastic block model was studied in [CKMI17]. In [CKMI17] the input
graph is generated by including every edge independently with probability that depends on the
least common ancestor of the endpoints in an underlying hierarchical clustering of the vertices
(edges whose least common ancestor is closer to the root have lower probability, corresponding
to our notion of the outer conductance ¢y, of level h cuts decreasing with h).

Furthermore for the algorithm of [CKM17] to work, the input graphs has to be very dense
(at least ~ y/n vertex degrees). Their algorithm also does not recover the underlying tree (in
fact, they do not have a separation assumption on the level conductances), and does not operate
in sublinear time. Thus, the work is related in spirit, but not technically comparable to ours.

In a very recent and concurrent work [MS2I] propose a new algorithm that obtains a
O(k?2 /%) approximation of the Dasgupta cost assuming that the input graph is k-clusterable.
Our algorithm differs on their work on several aspect. Our algorithm works in sublinear time and
recovers the underlying tree (in fact, also in their case they do not have a separation assumption
on the level conductances), our algorithm also obtains a better approximation factor although
under different assumptions (they assume a larger gap between inner and outer conductance at
the base level but do not have a separation assumption on the level conductances).

Two recent works, [AKLP22, IACL"22] consider the problem of hierarchical clustering un-
der Dasgupta objective in the streaming model. Both papers give a one pass O(n) memory
streaming algorithm which finds a tree with Dasgupta cost within an O(y/logn) factor of the
optimum in polynomial time. Additionally, [AKLP22] also considers this problem in the query
model and presents a O(y/logn) approximate hierachical clustering using O(n) queries without
making any clusterability assumptions of the input graph. On the other hand, our algorithms
assume the graph is hierachically clusterable and run in sublinear time.

Relation to work on k-clusterable graphs. The class of k-clusterable graphs, i.e. graphs
that can be partitioned into k expanders with small outer conductance, has been studied ex-
tensively since the seminal work of Goldreich and Ron on expansion testing [GR11]:

Definition 9. ((k, ¢, €)-clustering) A (k, ¢, €)-clustering of G is a partition of vertices V into
disjoint subsets C1,...,Cy such that for all i € [k], ¢S (C;) > ¢, ¢5,(Ci) < e (Definition .

out

Graph G is called (k, ¢, €)-clusterable if there exists a (k, ¢, €)-clustering for G.

We note that our notion of a (k,~)-hierarchically clusterable graphs is a natural extension
of this classical definition. In fact, if the number of layers H is equal to 1, then a (k,~)-
hierarchically clusterable graph is exactly (k, ¢, v)-clusterable as per Definition @] In particular,
note that our hierarchical clustering oracle achieves preprocessing and query time n!/2+0()
which is the same as the n'/2t9(€) runtime that is achievable for the classical clustering version
of the problem |[GKL™21].

Very recently [KKLM22] studied the problem of hierachical clustering of (k, ¢, €)-clusterable
graphs in the query model augmented with cluster id queries. In this stronger model, [KKLM22]



gives algorithms which on input a (k, ¢, €)-clusterable graph G, return a O(y/log k) approxima-
tion to the Dasgupta cost of G in sublinear time. This work is incomparable to ours, since
the access model is stronger (it allows cluster id queries), but not hierarchical clusterability
assumption is made and no hierarchical clustering oracle is obtained, i.e. only Dasgupta cost
is estimated. The techniques used by [KKLM22] are very different from ours, modulo the fact
that both use the dot product oracle of [GKL™21].

2 Technical Overview

In this section we give an overview of the main ideas that go into the proof of Theorem
We denote the input (k,y)-hierarchically-clusterable graph by G = (V, E) (Definition [6), the
corresponding hierarchical clustering by P = (P") ne(t) and the corresponding ground truth tree
by T E| Our goal is to design an efficient local computation algorithm that provides fast query
access to a hierarchical clustering P that D-approximates P. Specifically, for every cluster
S € P at level h and the corresponding cluster S € P must satisfy

[SAS| < |S]- O(pn-1)- (1)

In other words, the misclassification error at every level must be on the order of outer conduc-
tance of the corresponding level cuts. Let T be the tree corresponding to P. Since T has n
leaves, we never construct it explicitly, but rather obtain a local computation algorithm for it
with small preprocessing and query time — we describe these phases of the algorithm below,
and then discuss the main challenges in the analysis as well as the main ideas behind their
resolution. B

In the preprocessing phase, we construct a sketch T of the tree T' by essentially sampling
a few vertices in V' (specifically, ~ nf . 01 vertices) and constructing a good hierarchical
clustering on the sample — see CONSTRUCTTREE (Algorithm in Section. The construction
proceeds top down, starting from the root of the tree, which corresponds to a single cluster that
includes all vertices in V, and then iteratively refining the clusters — see REFINEPARTITION
(Algorithm [4] in Section [4.1]).

In the query phase the approximate clustering P is then defined by essentially extending
the clustering of the sample to the entire graph. This is done using the procedure ORACLE
(Algorithm in Section . For every h € [H], let P" = (S1,...,8,,) denote the hierarchical
clustering that we aim to construct, where k;, = |P"| is the number of clusters at level h in the
ground truth clustering P. The procedure ORACLE proceeds top down. Having defined P,
it first calculates kj,, the number of clusters at level A in the ground truth clustering | P" and
then for every ¢ € [kp] defines the approximate cluster S; C V by letting

S = {z €V : OrRACLE(G, 2, T, D) = z} ,

thereby defining P". The runtime of ORACLE is roughly n!/2t0(),

In what follows we outline the obstacles involved in designing CONSTRUCTTREE and ORA-
CLE and how we overcome them. For sake of simplicity in the technical overview we explain how
our techniques can be used to construct the tree T explicitly, even though this would take Q(n)
time. Then in the next section we will show how our approach leads to a sublinear preprocessing
and query time.

Refining P": how one could use known techniques and why they fail. Consider
the h-th iteration of REFINEPARTITION, where we would like to construct P that should

“Theorem [7] shows that the model of (k,y)-hierarchically-clusterable graphs contains non-trivially interesting
families of graphs. In particular, this theorem shows that an explicit family of graphs, which belong to the
Hierarchical Stochastic Block Model of [CKM17], are (k,~y)-hierarchically clusterable.

®This is done using existing cluster structure testing results, namely [CKKT 18] — see line [4] of Algorithm
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approximate P", the ground truth partition at level h. Let x; = |P"| denote the number of
clusters at level h in P". As per our goal is to recover every cluster S € P" up to O(pp_1)
misclassification error, i.e. we need to solve the flat clustering problem for every level h up to
error O(¢p—1). The central challenge here is the fact that known techniques (e.g. |[GKLT21])
only allow one to recover every cluster with precision ~ ¢p_1/ go%, only ensures that for every
cluster S € P" and the corresponding cluster S € P satisfy

|SAS| < |S|- O(pn-1/03)-

This is because the partition P” consists of clusters S € P" with inner conductance Gin(S) >
©p, and outer conductance ¢out(S) < ¢p—1. Not only is this clearly insufficient, but furthermore
this guarantee becomes meaningless in our setting, since we are thinking of ¢;_1 =~ v - ¢, and
©p, small, so that ¢p_1/ gp%l is quite possibly larger than 1. This means that existing results
on flat clustering are simply not applicable! The squaring of the inner conductance ¢y in the
denominator comes from Cheeger’s inequality and is clearly problematic. Our first step towards
achieving our result is to show that such a loss is unnecessary for (k, v)-hierarchically-clusterable
graphs — the spectral gap turns out to be linear as opposed to quadratic in the inner conductance
for such graphs:

Lemma 3. [Linearity of the spectral gap] Let G = (V, E) be a (k,~)-hierarchically-clusterable
graph (Definition @ Let h € [H], and S € P" be a cluster at level h. Let x2(S) be the second
smallest eigenvalue of Lg (Definition . Then we have

B3 p?
300

Note the ¢? loss on the left hand side: since the bottom level clusters are arbitrary expanders
with inner conductance lower bounded by ¢, this loss is unavoidable. However, Lemma [3| shows
that the eigenvalues of the Laplacian whose eigenvectors intuitively encode the partitions P”
are much closer to the corresponding inner conductance than to its square. Fortunately, these
are the only eigenvalues and eigenvectors that we need to work with to obtain our main result.

In the following subsection we first establish a key property of hierarchically-clusterable
graphs i.e., hierarchically concentration of cluster centers around their ancestor cluster centers,
then using this property we sketch the proof of the linearity of the spectral gap (Lemma [3)).

95 (9) < x2(5) <265, (5).

2.1 Linearity of the Spectral Gap

We outline the proof of Lemma [3| Fix a level h of the hierarchical partition, and let x = |P"|
denote the number of clusters in P*. For every z € V let f* € R" denote the k-dimensional
spectral embedding of z, i.e. the vector whose coordinates are the values of the bottom x
eigenvectors of the (normalized) Laplacian of G at qﬂ We then define x-dimensional cluster
centers as follows:

Definition 10. (k-dimensional center of a cluster) For any set S C V and any s € [n] we
define the x-dimensional center of S as g = ﬁ Y owes fu, where fi € R” for vertex z € V' is
the k-dimensional spectral embedding of z.

Using standard techniques in the literature (see Lemma [5in Section [4.2)) one can show that
for every vector a € R* with ||a||2 = 1 vertices are concentrated around their respective cluster
centers along direction a:

K o 2 )\K,
> St s <0 () 2

Seph zeS

50ne notes that f, is only well-defined up to orthogonal transformations, but this is enough — see Deﬁnition
for a more formal treatment.



In this subsection first by induction we assume that the spectral gap is linear for clusters at
every level b > h*, i.e., x2(S) > Q(yy) for every S € P". Then using this inductive assumption
we prove that centers of refined clusters at level h > h* are concentrated around the centers of
their ancestor at level h*, i.e., for every S* € P""| S € P" where S is a descendent of S* we

have
1/4

s — psll3 < |7T| (3)
(see Lemma in Section [4.3]). Then using we prove the linearity of the spectral gap for
the next level (i.e., h* —1).

Concentration of cluster centers around their ancestors’ centers (proof sketch):
Using the directional variance bound one can show that the sum of outer products of embed-
dings f, € R" (i.e., > oy fof5T = Iyp) is well approximated spectrally by YoV Pttt = Ik,
where p, is the center of cluster that contains vertex x (see Lemma |§| and Lemma :

Ak
Z |S|MSM:€ - Inxn S 2 \/ (4)

. Y
Seph ) mingepn x2(5)

We now show that for every S* € P*", S e P h* < I/, such that S is a descendent of S*
we have ||ug — pg|| < T;—ﬁ, where x = |P""| and pg+, us are s-dimensional center of S* and S
respectively. Let S* = 8" s +1 ,SM=1 8h" — § denote the path from the cluster S* € P"
to the cluster S € P" in tree T associated with P. For every cluster S, let Ag = g — HpaRENT(S)
be the difference of the x-dimensional center of a cluster to the k-dimensional center of its
parent. In what follows we show that for every h > h* + 1

2 pyh—h*
2
1AslE < 7571 T (5)

which implies by the triangle inequality and by summing a geometric series:

h/ hl
2 Ah—h 71/4
s — psll3 < E ||A5h|\§:® E 3 :O<|S| _
h=h*+1 h=h*+1

It remains to establish to complete the proof. essentially follows because the subspace
spanned by the centers of the refined clusters is a close to the subspace spanned by the centers
of the coarse clusters. In particular, for every h > h* 4+ 1 we have

> ASlusus™ = > ASlpsus™|| < || D0 ISlnsud — Low|| || D 1SlusE — Texs
Seph Seph—1 9 Seph 9 Seph—1 9

<2 # +2 /\n <9 ﬂ (6)
B minSE'Ph XZ(S) minsetph,1 XQ(S) - 70.3 ’

where, the second inequality holds by and the last inequality holds by the inductive assump-
tion of the linearity of the spectral gap on every level h > h* (i.e., x2(S) > Q(¢p) for S € P")
and also by Ay < O(pp=—1) according to the multiway Cheeger inequalities. Now we show that

S scpn 1Slnsis™ ~ Sepns 1Slsis™ [, = || Socpres 19185857 |, as fllows:




> 1Slusus = ) S 1Sl (ps + Ag) (s + Ag)"

Seph S’ePh—1 SECHILDREN(S')

D SEED SRRV SN B SIS
S’ePh—1 SECHILDREN(S") SECHILDREN(S) SECHILDREN(S”)

= Y > ISIASAL +[S|psrps” (7)

S'ePh—1 S€CHILDREN(S’)

where the first equality holds as Ag = 15 — fipsrenr(s) = s — s and the last equality holds as
s = Egrccnmoren(s) [1ts]; hence, 3~ gecupren(sy [91As = 0. Therefore, by (6) and (7) we get

h—h*
S [18gnlB < || 2 1s1asasT|| <2-4/2

0.3
Seph v

as required in . The details are presented in Section (Lemma .

Linearity of the spectral gap (proof sketch): We now outline the proof of Lemma
The proof inductively proceeds from the most refined partition (at level H) to the crudest
partition (at level 0). For simplicity of the argument suppose that S* € P"" is a cluster with
two children S,8' € P+l By induction we assume that the spectral gap is linear for all
levels h > h* + 1, hence, for S, S’. Let uz be the second eigenvector of Lg (i.e., the normalized
Laplacian of the induced subgraph on S). Let pg, s be the 2-dimentional center of cluster S
and S’ respectively. By linearity of the spectral gap for S, S’ and by applied to the subgraph
G[S*], one can verify thatfl]

S*) Oh*
Sluspk 419 ws pk — I <. |l <0( ><<1, 8
|[1Slistis + 18" s g — Iaxal], < min(ya(S), x2(5) Ohe1 (®)

% be the mean of second

i.e. pg and pg are almost orthogonal. Now let v(S) =

eigenvector uy for vertices in cluster S (and similarly for S’). By near orthogonality of pg and

wsr we have that v(9) is far from v(S’) (i.e., [v(S)—v(S)| > 5 1‘5‘). Moreover, by (3] we have

that the centers of descendant clusters are concentrated around the center of their ancestor, so
for every cluster C' € PH that is descendant of S and every cluster C’ € P that is a descendant

of §" we have [v(C) —v(C")| > 3 1|S|.

We say that vertex z is bad if us(z) is far from the center of base-cluster C' € PH containing
vertex z (i.e., (uz(z) — v(C))? > m). By the directional variance bound applied to the

partition P¥ we have

2 X2 (S™) .
CeZperZc (uz(z) —vo)” < mingpr X2(0) < O(x2(57)), 9)
cCTs* oCs*

where, the second inequality holds as x2(C) > Q(1) for C € PH. Therefore, the number of bad
vertices in S* is bounded by O(|S*| - x2(S*)). Letting E52d denote the set of bad edges in S*,
edges with at least one bad endpoint, we get

bad
|Eg

<O(d-[S7] - x2(57)). (10)

"Note that (8] requires a lower bound of Q(pp++1) on x2(S) and x2(S”). This lower bound follows by linearity
of spectral gap on level h*, which we argue by induction in the actual proof — see Section for more details.
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On the other hand, as we show now, ]Eg?d\ can be lower bounded in terms of the inner conduc-
tance of S*:

|ESY) = QS| - d- ¢5,(57)). (11)

Combining with yields x2(S*) = Q(¢% (S*)), as required. Let F9°°¢(S, S') be the

set of edges with one endpoint in S and the other in S’ such that both endpoints are good
vertices. We have that any edge (z,y) € E9°°¢(S, ") is long:

/ / 1 2
() ~ 2] 2 () (O] = C) — @) = C') = mal0)| 2 g = 5

where, C,C" € PH are base-clusters containing = and y respectively. Now, given the total length
of edges in Eg- is bounded }_, \cp.. (u2(x) —uz (y))? = d- x2 (S*), only small fraction of edges
in E(S,S’) could be long. Therefore, most of edges in E(S,S’) are short and connected to at
least one bad vertex. This implies that |E52d| > W = Q(|S*|-d- ¢ (S*)), establishing
and completing the proof. The details are presented in Section (Lemma (3)).

2.2 Strong Concentration of Vertices Around Their Centers

Once linearity of the spectral gap is established, known flat clustering techniques (e.g., [GKLT21])
give a local computation algorithm with ~ ¢j_1/pp misclassification rate per cluster. While
this is nontrivial, it is very far from useful: since ¢p_1/pp = 7, this is not nearly enough to
achieve , and in particular not enough to obtain meaningful guarantees for Dasgupta’s cost.
We now explain how the &~ ¢p_1/p, misclassification rate can be achieved, and outline the
main challenges in improving it to & ¢p_1, as well as our resolution of these challenges. Using
standard techniques in the literature (see Lemma [5|in Section one can show that for every
acR |lallz=1

S St —usal <0 (o) —o(22) —og), (12)

Seph zes mingepn X2(S)

where we used Lemma 3| to lower bound mingcpn x2(S). One can also convert into an
upper bound on the typical Euclidean distance squared from the cluster center, (by summing
over «v in an orthonormal basis of R"), getting

Y D lfE = psll3 < Ok - ). (13)

Seph zeS

It is then reasonable to define, for every cluster S € P* a candidate cluster S to be the set of all
vertices that are close to pug (we assume that we know cluster centers for simplicity of overview)
as follows: .
SZ{:BGV:Hf;”—usH%SM}- (14)
While the above definition is reasonable, it suffers from a major deficiency: given , it
is completely possible that Q(x) clusters defined by are not even O(7)-approximations to
their respective clusters S, let alone a O(¢p—1)! This was resolved by using a recursive subspace
partitioning approach in [GKL™ 21|, where O(v) per cluster misclassification rate was achieved,
but it’s not clear how that approach can yield our target O(pp_1)-misclassification rate. In this
subsection, we outline the main ideas to achieve O(¢p—1)-approximation to clusters.
One can write || f5 — pus||3 as S5, (fF — us, o;)? where a, ..., a, are orthonormal basis.
We start by showing that for every fixed direction o € R” with ||a||2 = 1, at least 1 — O(pp—_1)
fraction of vertices in S are concentrated around the center of cluster S along direction « (i.e.,

2
<fa’,? _M57a> < ﬁ‘sl)
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Let z € S, and C' € PH be the cluster in level H that contains vertex z. Note that cluster C
is the the bottom-most descendant of the cluster S that contains vertex x. We define p, = uc
as the k-dimensional center of the cluster C. Therefore, we have

(fr —ps,a) = (fy — o, ) + (pc — ps, @) (15)

We now show that both terms on rhs of are appropriately small. By for every cluster
C € PH that is a descendent of cluster S we have

A1/4
(e — ps, ) < |luc — plly < IR (16)

By a stronger version of the variance bound , applied to the k-dimensional embedding of
vertices at level h and to the bottom level clustering (i.e., P), we have that the embedding of
vertices at level h are highly concentrated around the center of their clusters at level H > h:

> e <0 () =0, a7)

o L mingepr X2(C)

where, the last inequality holds as A\ < O(¢p—1) and x2(C) > (1). The strong improvement
in is because we consider the concetration of k-dimensional embedding of vertices (where,
k = P") around their respective cluster centers at level H (as opposed to level h). Thus, the
gap between the conductcance of clusters at level h and level H allows to achieve O(pp_1)-
approximation. This is a novel tool comparing to the standard flat clustering techniques where
the dimension of the embeddings is often the same as the number of clusters in the partition.
Therfore, by we have

Hx €55 (12— na) > giprz | < 151 Ofn) (1)

Thus, by (16| and (18)) for all but an O(pp_1) fraction of vertices in S we have

(f3 —ws,a) = (fy — pc, @) + (e — ps, @ \/ |S \/400 Gk (19)

2.3 Putting it Together

So far we showed at least 1 — O(¢p—1) fraction of vertices in S are concentrated around their
center along direction « as in ((19). Turning this fact into an actual hierarchical clustering
oracle is not immediate, and requires another idea. Basically, we would like to turn strong
concentration bounds in any fixed direction that we just proved into concentration of cluster
vertices around corresponding centers in the Euclidean metric. This relation is lossy in high-
dimensional spaces. However, it turns out that the problem of refining a cluster at level h, say,
into its children at level h + 1 is essentially a constant dimensional problem, as the number of
subclusters of a cluster is constant by our assumption. To exploit this observation, we introduce
the notion of subgraph subspaces: theses are constant dimensional subspaces of R** that
suffices to perform the refinement operation. We outline the main ideas here next, and then
present our algorithm.

Subgraph subspaces and fast refinement of approximate partitions. Our RE-
FINEPARTITION procedure (Algorithm 4] in Section is able to construct an approximate
partition P" with misclassification rate O(p,_1) per cluster in time polynomial in the size &y,
of P", with an n'/2t9() overhead for estimating various collision probabilities to access the
corresponding spectral embedding. The polynomial dependence on the size of P" is achieved

12



by refining every cluster S* € P"~! individually. Our main innovation here is to not work di-
rectly with the xp-dimensional embedding of vertices in S*, but instead to define an appropriate
constant dimensional subspace II of a x; dimensional space that is (approximately) spanned by
the cluster means of children of S*, and perform ball-carving there. Intuitively, this idea lets us
simulate access to the subgraph of GG induced by S*, and perform clustering there efficiently as
a result. The fact that this can be done is somewhat surprising, since (a) we are not given the
ability to run random walks on subgraphs and (b) the outer conductance of the corresponding
cut is merely a small constant, so walks of logarithmic length mostly leave the cluster that they
start with.

Our algorithm. We now give the full description of our hierarchical clustering oracle. First,
linearity of the spectral gap (Lemma 3) allows us to define kp-dimensional spectral embeddings
for h € [H] U {0}. Letting Lg = UAUT denote the eigendecomposition of the normalized
Laplacian of G with 0 = A < Ay < ... < A, for any 1 < k < n we write U[H] € R™** for the
matrix whose columns are the first £ columns of U. We now introduce

Definition 11. (k-dimensional spectral embedding) For every vertex x we let fF = Ug;}]lx
be the k-dimensional spectral embedding of vertex .

This embedding is indeed well defined because of Lemma [3| as we argue now. Indeed, we
have ky, clusters at level h such that for every cluster S € P" we have x2(S) > Q(yp) and
dout(S) < O(pp—1). Thus, by Lemma we have A\, < 2-¢p_1 and Ay, 41 > mingepn x2(S5) >

Q(¢n). Hence, )\:Zil =0 (%) = O(7) < 1, and therefore the subspace spanned by the
bottom &y, eigenvectors of L is well-defined. For simplicity we set £ = k. Recall that f) € R”
is the x dimensional spectral embedding of vertex z (Definition [11]).

The notion of k-dimensional spectral embedding above lets us apply the recent result
of [GKL™21] to estimate (f5, f,) in sublinear time (see Theorem . In other words, our prob-
lem now reduces to designing a hierarchically clustering oracle assuming dot product access to

the spectral embedding above. We now define

Definition 12. (Subgraph projection II) Let r,x € [n] and S C V. Let A € R**ISI be a
matrix whose columns are f# for all z € S. Let A = YT'ZT be the SVD of A, where T' refers
to the diagonal matrix of the singular values in non-increasing order. We define the subgraph
projection matrix IT € R®** of S with respect to x and r as the orthogonal projection matrix
onto the left r singular vector of A i.e., Il =Y, Y[;F]

For intuition, let S* € P be a cluster at level h — 1 and for S € CHILDRENp (S*) let ug € R
denote the k-dimensional center of S, where k = |P"| is the number of clusters in P". Then if r
is the number of children of S*, as we show below (see Lemma |14]in Section , the subgraph
projection matrix II of S* with respect to x and 7@ satisfies

1 ~ > S| - psp. (20)

S€CHILDRENp (S*)

This is very useful in refining (our approximation to) the level h — 1 partition P"~! to PP
Indeed, when refining (our approximation to) P"*~! that = € S*, to recover the clusters at level
h it suffices to decide which of the children S of S* the vertex = belongs to. If we had access
to the subgraph induced by S*, we would solve this problem by ball-carving in the spectral
embedding of S*, in particular by checking which of the cluster means pg the vertex z is closest
to. We do not have direct access to the subgraph, but the subgraph projection matrix II allows
us to simulate this access! In Section (Theorem [5)) we show that ¢2-norm distance between

8Note that here we need to know the number of children of S* in P. This, however, can be estimated efficiently
by computing the approximate rank of the Gram matrix of a few vertices sampled from S* — see Algorithm
and its analysis in Section @
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the embedding of any pair of vertices on the projected subspace (i.e., [[ILf; — IIf[|2) can be
approximated with high accuracy.

We now have all the ingredients necessary to define our REFINEPARTITION primitive. Sup-
pose for some h > 1, that (an approximation of) the level h — 1 partition P"~! has been
constructed, and we are now refining it. Let S* € P be a cluster at level h—1, and suppose by in-
duction that we can recover a candidate cluster S* such that |S*AS*| < |S*|-O(pp—2). Then our
goal is to recover approximations S to children S of S* in P such that |[SAS| < O(¢p-1)-|S|. Let
IT denote the subgraph projection matrix of S*. Let £ = 10+|S*|' For the child S € CHILDREN(S*)
we define the cylinder around the mean of cluster S as the set of vertices that are close to g € R*
(Definition in the projected subspace:

el(pus, (1S%) = {w € §7 : |[TLf5 — Thus|[3 < £} (21)

We show that for children S # S” of S* one has cyl(ug, £|S™) N cyl(ugr, £]S*) = (). This is
basically because by the matrix II is close to a projection onto the space spanned by the
means pg of children of S*, and these means are sufficiently close to orthogonal (see Lemma
so that Ilug ~ ug . Therefore, one can verify that cluster centers are quite far from each other

even in the projected space (see Lemma |18 in Section and we have ||TIy — IIy/||3 > & =

15~

103 - £. Thus every vertex x € §* belong to at most one of the candidate clusters cyl(ug, £|S*).

Showing cyl(ugs, ¢|S*) approximates S well. Now, to complete the proof we need to show
that cyl(ug, ¢|S*) approximates S up to an O(pp—1) error. In other words, we have to prove
that for all but an O(ipy,_1) fraction of the vertices x € S we have |[TLf5 — Tlug||3 < 10+|S*| =/,
where /15 is the s-dimensional center of cluster S. Let € S, and C' € PH be the bottom-most
descendant of cluster S that contains vertex x. We define u; = pc as the k-dimensional center
of the cluster C. Therefore, by triangle inequality we have

[ILfy — Tps|l2 < [Tfy — Ouclle + |[Hue — pslle < |[ILfy — uc|l2 + |lne — nsll2 - (22)

1/4

By (3) we have ||uc — ,u||§ < VITI < m. We will now show for all but an O(pp_1) fraction
of vertices in S, ||IIfF — Iucll2 < m. Similar to (18) we have

n 1
Hx €S <f$ —,U,I,CM>2 > 4103|S*|}‘ < ‘S‘ 'O(Qph—l).

Summing over all « in an orthonormal basis for the range of II, we get

D IILfE = Tpg|f3 < rank(TT) - O(pn-1) < 7 O(pn1); (23)
zeSs

where, rank(Il) < r = |CHILDREN(S*)| by (20). Thus, we get that

]{ € S+ IILfE — M|} > }\ < 18] -1 Olgnar) < Olonr) - IS, (24)

1
104 - |57

where, the last inequality holds as S* has constant number of children with comparable size,
ie, r = O(1) and |S*| = O(|S]). Therefore, we have |S \ cyl(us, ¢|S*)| < O(en-1)|S| (see
Lemma [13]in Section [4.5). Then using S* &~ S* and given cyl(ug, £|S*) Ncyl(pg:, £|S*) = 0 for
S # S’ € CHILDREN(S*) one can show |cyl(us, £]S*) \ S| < O(¢r—1)|S|. Therfore,

|SAcyl(ps, £1S™)] < O(pn-1)S|-

See Theorem [3] in Section for the full argument.
Algorithm. For simplicity of technical overview we assume that we know the k-dimensional
center of clusters at level h, i.e., ug for all S € P". Under this assumption we present algorithms
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for recovering the hierarchy of clusters below. For sake of simplicity we explain how to construct
the tree T' explicitly, even though this would take 2(n) time. In Section |4 we will show the
actual algorithms with sublinear preprocessing and query time.

Algorithm 1 CONSTRUCTTREE(G)

1: T=0

2: for h=1to H do

3: k = # of clusters at level h > can find & in time &~ n!/2+00) (see Appendix

4: P"1 « approximate partition at level h — 1 (Definition > not constructed
explicitly

5. P" « REFINEPARTITION(G, h, k, P"~1,T).

6: generate unique id’s from 1 to x for any cluster S € P"

return T

Algorithm 2 REFINEPARTITION(G, h, k, P!, T)
1: for S* € P"! do
2 r < COUNTCHILDREN(G, I, k, S). > Algorithm
3 IT < INITIALIZESUBGRAPHPROJMATRIX (G, h, k, 1, S)
4 for x € S* do

5 for p15 € centers(P") do

6

7

8

9

eyl(ps, 015*) = {x € 8%+ |[Nf5 — ps|} < 1rbser |
S + eyl(us, £1S°)
add S as a child of S* in T
: S*«+— S*\ S
10: P"« PhU{S}
11: return P"

Note that to find cyl(ug, ¢|S*) we need to have access to ug, but learning the centers is
not straightforward and might require exponential runtime in & as in [GKL"21|]. Therefore, to
tackle this challenge, we develop a ball carving algorithm that instead of the ball around ug,
finds a larger ball around a vertex in S* that contains cyl(ug, ¢|S*) but is still disjoint from
cyl(ugr, £]S™*) for S" # S € CHILDREN(S*). We present the details of the ball carving algorithm
in Section
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3 Preliminaries

For ¢ € N we use [i] to denote the set {1,2,...,7}. Our algorithm and analysis use spectral
techniques, and therefore, we setup the following notation. For a symmetric matrix A, we write
Vi(A) (resp. Vmax(A), Vmin(A)) to denote the it largest (resp. maximum, minimum) eigenvalue
of A.

We also denote with Ag the adjacency matrix of G and with Lg the normalized Laplacian
of G where Lg = I — ‘%. We denote the eigenvalues of Lo by 0 < Ay < ... < A, < 2 and
we write A to refer to the diagonal matrix of these eigenvalues in non-decreasing order. We
also denote by (u1,...,u,) an orthonormal basis of eigenvectors of L and with U € R™"™ the
matrix whose columns are the orthonormal eigenvectors of L arranged in non-decreasing order
of eigenvalues. Therefore the eigendecomposition of Ly is Lg = UAUT. For any 1 < k < n
we write Uy € R™ " for the matrix whose columns are the first £ columns of U. Now, we
introduce a central definition to this work, which is the notion of a spectral embedding.

Definition 11. (k-dimensional spectral embedding) For every vertex x we let fI = U[,:C}]lw
be the k-dimensional spectral embedding of vertex x.

The spectral embeddings of vertices in a graph provide rich geometric information which
has been shown to be useful in graph clustering [LGT14], [CPST5, ICKK ™18, IGKL™21].

In this paper, we are interested in (k, )-hierarchically-clusterable graphs (Deﬁnition@. Our
algorithms often require to estimate the inner product between spectral embeddings of vertices
z and y denoted f;* and fj" (here kj, denotes the dimensionality of the embeddings for the
level h partition). The following remark asserts that the inner products between ff» and Iy
are well defined even though the choice for these vectors may not be basis free.

Remark 1. We note that for any h € [H] G is kp-clusterable and Ay, /As,+1 15 smaller than a
constant. Thus, the space spanned by the bottom ky, eigenvectors of the normalized Laplacian of
G 1s uniquely defined, i.e. the choice of U, s unique up to multiplication by an orthonormal
matriz R € R*%h on the right. Indeed, by Lemma@ m Section we show A, < O(pn—1) and

by LemmaH mn Sectz’on one has Mg, 41 > %) - p. Thus, since we assume that 53%@20

is smaller than an absolute constant, we have A, /A, +1 is smaller than a constant, hence,
the subspace spanned by the bottom ky, eigenvectors of the Laplacian, i.e. the space of Uy, 1, is
uniquely defined, as required. We note that while the choice of fi* for x € V is not unique, but
the dot product between the spectral embedding of x € V and y € V is well defined, since for
every orthonormal R € R***" one has

(Rfs Rffmy = (R )T (RfEm) = (f0)" (RTR) (f5m) = (f5m)" (f5) .

For pairs of vertices x,y € V we use the notation (f7, f) = (f:’;)T(f;) to denote the dot
product in the embedded domain.

For a multiset Ig = {x1,..., x5} of vertices from V we abuse notation and also denote by
S the n x s matrix whose ™ column is 1,,. For a vertex z € V, we say that 1, € R" is the
indicator of z, that is, the vector which is 1 at index x and 0 elsewhere. For a set S C V, let
1g we say that 1g € R™ is the indicator of set S, where 1g(z) = 1if z € S and 1g(z) =0
otherwise.

We denote the transition matrix of the random walk associated with G by M = % (I + %’).
From any vertex v, this random walk takes every edge incident on v with probability ﬁ, and
stays on v with the remaining probability which is at least % Note that M =1 — LTG Observe
that for all 4, u; is also an eigenvector of M, with eigenvalue 1 — 2:. We denote with X the

2
diagonal matrix of the eigenvalues of M in descending order. Therefore the eigendecomposition

of M is M = USUT. We write Y € R**% for the matrix whose columns are the first k rows
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and columns of ¥. Furthermore, for any ¢, M? is a transition matrix of random walks of length
t. For any vertex x, we denote the probability distribution of a ¢-step random walk started from
x by mgy = M'1,. For a multiset Is = {x1,..., 7} of vertices from V, let matrix M!S € R"** is
a matrix whose column are probability distribution of ¢-step random walks started from vertices
in Ig. Therefore, the i-th column of M!S is m,,.

We also define the Laplacian of an induced subgraph as follows:

Definition 13. (Laplacian of an induced subgraph) Let G = (V, E) be a d-regular graph and
let S C V. Let G[S] be the graph obtained by adding d — ds(x) self-loops to each vertex x € S,
where dg(z) = |{y € S : {z,y} € E}. Let Lg denote the normalized Laplacian of G[S]. For any
i € [S] we write x;(S) to denote the i-th smallest eigenvalue of Lg.

We will use the following standard result on eigenvalues presented in [GKL™21] whose proof
is given in [LGT14] and [CKK™T18§].

Lemma 4 (|GKL"21]). Let G = (V,E) be a d-reqular graph that admits a (k,p, €)-clustering
C1,...,Ck. Then we have A\, < 2¢ and A\py1 > mingepy x2(Ci). In particular, Mgy > % —2

Finally, we define the parent, children and the lowest common ancestor of clusters in a
hierarchical-clustering as follows:

Definition 14. Let G = (V, E) be a graph that admits a (k,y)-hierarchical-clustering (Defini-
tion [6]) and let T be the tree representation of this hierarchical clustering. For h € [H], and any
cluster S € P"~1 we let CHILDREN(S) denote the set of children of S in T at level h. If S is not
partitioned at level h — 1 then CHILDREN(S) = {S}. We let PARENT(S) denote the parent of
S in T. For any two internal clusters S; and Sz we define LCA(S], S2) as the lowest common
ancestor of S and S5 in T

4 Recovering Hierarchically-Clusterable Graphs

In this section we assume that the graph G admits a (k,7) hierarchical-clustering (P%)Z,
(Definition @ The goal of this Section is to design a local computatlon algorithm that recovers
a hierarchical clustering (P) that is a D-approximation of (P?)Z (Definition [7) ' The main
result of this section is Theorem

Theorem 1. [Informal version of Theorem@/ For sufficiently small constant ~y € (0,1) there ex-

ists a hierarchical clustering oracle with =~ k9 n1/2t00) preprocessing time and ~ kOMnl/2+0()
query time that achieves a constant factor approzimation to Dasgupta cost on (k,~y)-hierarchically
clusterable graphs.

4.1 Algorithm

Assume that the graph G admits a (k, ) hierarchical-clustering (Ph)}lfzo represented by the tree
T. The goal of the local computation algorithm is to recover (Ph)hH:O represented by the tree
T which is an D-approximation of (P")fL . Our algorithm has two phases: the preprocessing
phase and the query phase. In the preprocessing phase, the algorithm CONSTRUCTTREE(G)
(Algorithm |3)) constructs a sublinear space data structure D and obtains a small tree 7" which
is a sketch of (P")/L . For any hierarchical clustering P = (P)IL, and any h < [H], we now
define the corresponding subsampled clustering at level h:

Definition 15. (Subsampled clustering) Let G = (V, E) be a graph and let (P")2_ be a
hierarchical clustering. Let V C V be a set of vertices sampled independently and uniformly
at random from V. For any level h € [H] and any cluster S € P" we define the subsampled
cluster S as S = VN S. For any level h € [H], we denote the subsampled clustering at level

h by ph which is the collection of all subsampled clusters at level h. Formally, we have P" by
Ph=PhOV.
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In the preprocessing phase, the algorithm CONSTRUCTTREE(G) (Algorithm B) computes
{Ph}h o- Then in the query phase algorithm ORACLE(G, 2,7, D) (Algorithm [5|) receives this
information (stored in D) and for any vertex z € V identifies the cluster this vertex belong to
in sublinear time. Therefore, Algorithm [5] determines the path from the root of the tree T to
the last cluster containing vertex z.

4.1.1 Preprocessing Phase: Constructing the Sketch of the Tree

We first start by explaning the algorithm CONSTRUCTTREE(G). This algorithm has H iterations
and at iteration h it refines the partition P"=1 to obtain the partition P". Let P"! be the
approximate partition constructed implictly by our local computation algorithm for level h — 1

(Definition [16]).

Definition 16. (Approximate clustering) Let G be a graph that admits a (k,~) hierarchical-
clustering (P")fL . Let 0 < h < H, and k), = [P"| denote the number of clusters at level h.
Then for every i € [ky,] we define the approximate cluster S; C V as follows:

S; = {z ev.: ORACLE(G,z,T,D) = z}

We define the approximate clustering P" = {S;}ih, as the collection of all approximate clusters
at level h

Consider the iteration h of algorithm CONSTRUCTTREE(G). Recall that at iteration h we
want to refine the approximate partition constructed at level h — 1. Note that our algorithm
does not construct P"~! explicitly. However, using algorithm ORACLE we have query access to
P! 5o for any vertex z € V' we can find the index i € [s3] such that z € §;. Therefore, for a
small set of vertices V we can compute the subsampled partition Ph=1 = ph~1 V. Then we
use the REFINEPARTITION (Algorithm 4)) ' to obtain P" from P!,

Algorithm 3 CONSTRUCTTREE(G)

1: T=0and D=0
2: &= 1073
3: for h=1to H do
4: Kk = # of clusters at level h > can find & in time & n/2+0() (see Appendix
5: P"~1 « approximate partition at level h — 1 (Definition > not constructed
explicitly
v : k-nY/?.logn o) . .
6: V <« a set of size <fg> sampled independently and uniformly at random
from V
Pl ph-lny
P" « REFINEPARTITION(G, h, k, P"™1,V ¢, T, D).
9: generate unique id’s from 1 to x for any sampled approximate cluster Seph

return D, T

Now we explain the REFINEPARTITION algorithm. This algorithm receives Ph1 ag input
and the goal of the algorithm is to refine every subsampled cluster S* to its children. Let
S* € P"~1 be a cluster at level h — 1 that has r children at level h. Let x = |P"| denote the
number of clusters at level h. Let IT and II be the subgraph projection matrix of S* and S* for
x and r respectively (Definition [12).

Our goal is to recover set S that approximates cluster S € CHILDREN(S*) up to O(pp—1)
misclassification error. In the technical overview, we proved that cyl(us, ¢|S™) provides O(pp—1)
misclassification error for cluster S, and for every S # S’ € CHILDREN(S*), cyl(us, £]S*) N
cyl(ps, £]S7) =0
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However, to find cyl(us, £|S™) we need to have access to pg, but learning the centers is not
straightforward. Therefore, to tackle this challenge, we develop a ball carving algorithm that
instead of the ball around pg, finds a large ball that contains cyl(ug, ¢]S™) that is still disjoint
from cyl(us/, €]S*). To that end, we first find a representative vertex x € cyl(ug, ¢|S*), and
then we consider a large enough ball around z denoted by cyl(fF,25¢|S™) as follows:

cyl(fy, 25008%) = {y € §*  [|ILfy — ILfy |13 < 25},

Since 25¢ > ¢ we have cyl(ug, £]S™) C cyl(fr,25¢|S*), therefore, cyl(fr,25¢|S™) approximates
S up to O(pp—1) misclassification error (see Theorem [] item [1).

After finding a good representative for cluster S, we remove the set cyl(fF,25¢|.S*) from
S* and we proceed to find other children S’ € CHILDREN(S*). Since 25¢ < 103 - ¢ we have
cyl(fE,25018*) N cyl(ug, £|S*) = 0, hence, even by removing cyl(f,25¢|S*) we don’t touch
cyl(psr, £|8*) of other children (see Theorem [4] item [2)).

Finally, we need to explain how one can find a good representative for every S € CHILDREN(S™).
Note that any vertex x such that cyl(f¥, 25¢|S*) D cyl(ug, ¢|S™) and is disjoint from cyl(ugs/, £|S™)
for any S’ # S € CHILDREN(S*), can be a good representative for cluster S. Therefore, during
the ball-carving algorithm we first need to test if vertex x € S* can be a good representative
for some cluster S € CHILDREN(S*) and then we recover cyl(fF,25¢|S*). To test this fact we
consider a ball cyl(fF,6¢|S™) around vertex .

If cyl(fy,6¢|S™) overlaps with cyl(us,?|S*), then cyl(fF,25¢|8*) O cyl(us,£]S*). So if
cyl(f¥,6¢|S™) overlaps with one of the cyl(ug, £|S*) for some S € CHILDREN(S™), then z is a
good representative for the corresponding child (see Figure .

Now note for every cluster S € CHILDREN(S*), cyl(ug,¢|S™) is O(¢n—1) approximation of
S, therefore, the total number of outliers outside of all the balls is at most O(¢p—1) - |S*| (see
Lemma [20). Hence, if [cyl(f#,6¢|S*)| is larger than the number of outliers, then it means
that cyl(f¥,6¢|S*) overlaps with one of the balls (i.e., cyl(ug,¢|S*)) and hence z is a good
representative. In conclusion, to test if vertex x is a good representative it suffices to test if the
size of cyl(f,6(|S*) is large enough (see line (§)) of Algorithm [4).

cyl(pa, 250)8*) cyl(p1, 6£|.S™) cyl(pe, 250|8*) cyl(usa, 6¢|S™
@B  @r
cyl(p, 0)S*) * cyl(p2, 0lS) | eyl(p1,4|S*) &yl(pa, 0|S*
(a) Carving the first child, Si. If z € Si, then (b) Carving the second child, Sz. If cyl(p2, 6¢|.S™)
cyl(u1,6€]S™) contains Si. overlaps with S, then cyl(uz,25¢|S™) contains

Sa.
Figure 2: Ball Carving

Let ¢ = N%ISI As we explained above, if the size of the ball around vertex z, i.e.,
cyl(fF,6¢|S™) is large enough (which means that vertex z passes the test in line of Al-
gorithm , then vertex x is a good representative for a unique cluster S € CHILDREN(S™).
Therefore, cyl(ff,25¢|S*) approximates cluster S very well, and we can recover it (see line (9)
of Algorithm .

As S* is close to S*, in our algorithms we can use lapx = 1/10% - |S*| as the proxy for radius
of the ball i.e., £ = 1/10% - |S*| . We also estimate [|ILf — Hf;ijz by |[ILf5 — ILf%||? with the
help of Algorithm [§ and we define the approximate ball around vertex z as:

~ ~ 2
A5l = {w € 87112 =T || < b
apx
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In section we prove cyl, . (fr, lapx|S™) approximates cluster S very well (see Lemma
and Lemma [30))

Algorithm 4 REFINEPARTITION(G, h, s, P"~1 V¢, T, D)
1: for S* € P! do

2: = 7|§*~\n
4 )
3 Lapx = 1000 _
4: r <= COUNTCHILDREN(G, h, k, S*, s). N > Algorithm
5: Dg. « INITIALIZESUBGRAPHPROJMATRIX(G, h, , 1, 5%, 5,§) > Remark
6 for z € S* do
~ ~ i~ ~ 2
7 B, = {yES* : Hﬂfg’;—ﬂf; <5-€apx} DRemark
apx
8: if |B,| >0.9-3-|5% then
- ~ i~ ~ 2
9 Sz{yes*:HHf;—Hf; §25-eapx} DRemark
apx
10: rep(g) — N N > x is the representative of S
11: add Sgs a child of *in T
12: ST S*\S
13: Ph + PPuU{S}

14: D+ DU {ﬁh} U {Dg*}g*eﬁh—l U {rep(g)}§el5h
15: return {P"}

N

.9.2) as follows:

- ~ 2
Remark 2. For computing Hﬂff —1fy

we use AlgorithmH (Section

pT

gz —Tigy

= PROJECTEDDISTANCE(G, 7, ¥, &, Dg. ),

apx

where Dg, « INITIALIZESUBGRAPHPROJMATRIX(G, h, K, T, S* s, €) (Algorithm @)

4.1.2 Query Phase: Hierarchical Clustering Oracle

In the preprocessing phase using algorithm CONSTRUCTTREE(G) we learn the structure of the
tree T" and we find a good representative for every cluster. Furthermore, for every cluster S* we
construct a data structure Dg« that is to access the subgraph projection matrix and computing

~ ~ 2
|fips —Tigg

apx

structure D. In the query phase, algorithm ORACLE receives the data structure D and a vertex
z € V as input and assigns z to corresponding candidate cluster S. The algorithm proceeds in
at most H iteration. Suppose that at iteration h — 1, algorithm ORACLE assigns vertex z to the
cluster 8* where S* is the candidate cluster corresponding to S* € P"~!. Recall that for any
cluster S € CHILDREN(S™) the representative of cluster S has computed in the preprocessing
phase. Let z denote the representative of one of the children, say S € CHILDREN(S*). If
~ ~ 2
Mgy —IIfY < 25 - L,px, then by definition of S, we know that z € S, hence the algorithm

apx

assigns vertex z to S, and recurs on this child (see line [13]of Algorithm . Otherwise, if vertex
z does not belong to any of the candidate clusters for children of S*, then vertex z is an outlier.

In that case, the algorithm assigns z as a direct child of S* and stop the algorithm (see line |§|
of Algorithm .

during refinement of S*. We store all this information in a small space data
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Algorithm 5 ORACLE(G, z,T, D)

1. §* = root(T)

2: for h =1 to height(T) do

3: Senitg = 0 B B

4: for S that is a child of S* in T do

5: z + rep(S)

6: if Hﬁ i tifs" <2560 then > Remark
apz

T Sehild < S

8: break from the inner-loop

9: if Senilg = () then

10: add z as the direct child of § = ¢(S*) in T.

11: return id of the cluster corresponding to S

12: else

13: g* < Sehitd

14: add z as the direct child of § = ¢(5*) in T.
15: return id of the cluster corresponding to S

Finally, we give a roadmap for the rest of Section Section develops properties of
hierarchically clusterable graphs and presents concentration results which show that spectral
embeddings of most vertices in a cluster are close to the center of the cluster. Next, Section
[4.3] uses the strucutre of hierarchically clusterable graphs to prove a crucial property which
shows that the centers of descendant clusters concentrate around their parent. This property is
then used in Section to develop one of the key features of hierarchically clusterable graphs.
Namely, it is used to show that for any cluster at level h, the spectral gap of the normalized
Laplacian induced by the cluster grows only linearly with the inner conductance of the cluster.
Building up on these results, Section proves the core bounds which show that for any cluster
S € P and for any projection IT onto some space of small dimensionality, at most O(¢p,_1)|S]
vertices end up far from the projection of the cluster center. Thereafter, Section uses and
induction argument to show that the subgraph projection matrix of cluster S is close in operator
norm to the subspace spanned by the means of its children. This section also shows that this
closeness in operator norm continues to hold even if we replace the subgraph projection matrix
of S with the subgraph projection matrix of a set Q C V that is a good approximation of set
S (more formally, @) is D-hierachically close to S as per Definition . Section uses all of
this machinery to conclude that centers of subclusters of a cluster remain far from each other.
Section builds tools which we later use to analyze our algorithms and in particular it uses
an inductive argument to show that if a set @ is D-hierachically close to a cluster S € P!,
then the children of Q produced by the ball carving procedure remain D-hierarchically close
to corresponding chidren of S at the next level. In Section we prove that fs-norm distance
between embedding of any pair of vertices on the projected subspace (i.e., |[ILfy —IIf7||2) can be
approximated accurately with high probability. Finally, Section puts all this together and
proves correctness of our procedures REFINEPARTITION (Algorithm [4)) and ORACLE (Algorithm

B).

4.2 Properties of Hierarchically Clusterable Graphs

In this section, we fundamental important properties of hierarchically-clusterable-graphs which
we use later. We begin with a variant of a variance bound which was shown in |[GKL'21]
(Lemma 6): Suppose G = (V, F) admits a partitioning into m subsets of vertices each of
which induce expanders. Then, the sum of squared distances of k-dimensional embedding of
vertices from their corresponding centers along any direction a € R* can be bounded by the
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k-th eigenvalue of the normalized Laplacian. This is a generalization of the variance bound
from |[GKLT21| as the dimension of embeddings (i.e., k) could be different from the number
of clusters in the partition (i.e., m), which helps us to derive stronger concentration bounds
comparing to standard flat clustering techniques. The proof of the following lemma, is given in

Appendix

Lemma 5. (Variance bounds) Let k € [n] and m > 2 be integers. Let G = (V, E) be a d-regular
graph. Suppose that V is partitioned into m disjoint subsets V.= S1U...USy,. Then for any
a € R with ||a|| = 1 we have

m 3 | ) )\R
Z Z <f;r — i, a)” < m;

=1 z€S;

where p; € R* is the k-dimensional center of set S; (Definition @), X2(S;) is the second smallest
eigenvalue of Lg, (Definition , and A, denote the k-th smallest eigenvalue of Lg.

Next, we state Lemma [6] that is a variant of Lemma 9 from [GKLT21]. The lemma notes
the following: Take any partitioning of GG into m subsets Si, So, - ,S;, each of which induce
expanders. Consider k-dimensional embeddings for all vertices in V' and take any subgraph
@@ C V. Then the sum of outer products ZwEQ s ffT is well approximated spectrally by
an appropriately weighted sum of u;u! (where p; is the s-dimensional center of S;). This
generalizes Lemma 9 from |[GKLT21| to subgraphs and is a central tool which is used to
develop several important properties of hierarchically-clusterable graphs (e.g., Lemma [3[ and
Lemma . The proof of the following lemma is given in Appendix

Lemma 6. Let k € [n] and m > 2 be integers. Let G = (V, E) be a d-regular graph. Suppose
that 'V is partitioned into m disjoint subsets V. = Sy U...US,,. Let Q C V. Then for any
a € R with ||a|| = 1 we have

m
A
T T kT K
! QN Silpip; — > fuf al <20y —TF—nr,
; o | e g % xJx mlnz‘emX2(Si)

where u; € R" is the k-dimensional center of set S; (Definition @), X2(S;) is the second smallest
eigenvalue of Lg, (Definition , and A\, denote the k-th smallest eigenvalue of Lg.

The next lemma is an immediate corollary.

Lemma 7. Let G = (V, E) be a (k,v)-hierarchically-clusterable graph (Definition[6). Then for
any h € [H] we have

Ak
Z ‘S‘/’LSME_IK)XH §2\/

mingepn X2(5)
Seph 9 €

where pg € R* is the k-dimensional center of cluster S (Definition @), and A s the k-th
smallest eigenvalue of Lg.

Proof. Note that fff;T = U[z} Ul = Lisxs- Thus the proof follows by Lemma |§| and by
choice of Q = V. O

Next we state the following properties of cluster means developed in |[GKLT21]. It states
that the Euclidean length squared of the mean of cluster S is roughly 1/|S|. Also, for any two
different clusters S, S’ € P", the cluster means are almost orthogonal.
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Lemma 8. (Cluster means)[GKL"' 21| Let G = (V, E) be a (k,~)-hierarchically-clusterable graph
(Definition @ Let h € [H] and k = |P"| denote the number of clusters at level h. Then we
have

1. Forall S € P, |||us||3 - Té\‘ <4 W ' ﬁ
2. Forall S # S €Ph, {us, ps)| < 8- minse:; =) \/|Sl|.|5/|

where p; € R* is the k-dimensional center of set S; (Definition @), X2(S;) is the second smallest
eigenvalue of Lg, (Definition , and A, denote the k-th smallest eigenvalue of Lg.

We also need the following lemma which follows from multiway Cheeger inequalities [LGT14].

Lemma 9. Let G = (V,E) be a (k,7)-hierarchically-clusterable graph (Definition @ Let
h € [H] and let P" be the partition at level h. Let k = |P"| denote the number of clusters
at level h. Then, we have

An < O((ph71>'

Proof. By Lemma {4 we have A, < 2-maxgepr Pout (5). By Definition |§| for any cluster S € P"
we have ¢out (S) < O(¢n—1). Thus we have A\, < O(¢p—1). O

4.3 Concentration of descendant’s centers around the ancestor centers

The main result of this section is Lemma in which we prove a fundamental structural
property of (k,~) hierarchically-clusterable graphs. We show that in such graphs the center of
clusters at every level are concentrated around the center of their ancestors. In Lemma [10] we
prove this property at a given level h* assuming the spectral gap is linear (see Definition
for all the clusters in the levels below (i.e, h > h*). Later in Section we show the linearity
of the spectral gap.

Definition 17. (Linearity of the spectral gap) Let G = (V,E) be a (k,~y)-hierarchically-
clusterable graph (Definition @ and let o € [0,2]. We say that the spectral gap is a-close
to linear at level h if for every cluster S € P

- ¢ (S) < x2 (S) <26 (5)
where x2(S) is the second smallest eigenvalue of Lg (Definition [L3)).

We outline the major ideas that go inside the proof of Lemma (this was also done in
tech overview). We first show that the x-dimensional center of a node S € P (with x = |P"|)
and the x dimensional center of its parent. We then use triangle inequality to bound the
distance between the k-dimensional centers of an ancestor/descendant pair. We first recall the
assumption of the model.

Assumption 1. We assume that the conductance of the base at level H clusters satisfies
varphig = ¢ > Q(vl/ 20y and that clusters in the ground truth hierarchical clustering P get
partitioned into constant number of subclusters of comparable size, i.e., for every S* € P and
every child S of S* we have |S| > B|S*| for some 8 € (0,1). We assume 8 > Q(v'/30).

We now present the proof of Lemma
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Lemma 10. Let G = (V,E) be a (k,~)-hierarchically-clusterable graph (Definition [6]). For
every h* € [H| such that the spectral gap is 5;6“82 -close to linear for all h > h* the following
condition holds: For every S* € PP, every h > h* and every cluster S € P" that is a descendant

of the cluster S* (i.e, S C S*) we have

1/4
2 _ 7
— * <

where, k = |P""| is the number of clusters at level h* and pg, pus- € R® are the k-dimensional
center of the cluster S and cluster S* respectively (Definition @)

Proof. For any h* < h < H, and any cluster S € P" let pug = % be the k-dimensional

center of cluster S. Note that by Lemma [7| for any h and we have

Ak
S (It — D] | <2 \/ (25)

Seph 9 minSE’Ph XQ(S)

By the assumption of the lemma (linearity of the spectral gap) for any h > h* and any cluster
3.2 .

S € P" we have x2 (S) > 53(;8 - % (S). By Assumption [1f we have ¢ > 7'/20 and g > /%0

Hence,

B0 g B - p? y1/5
S) > o7 (S) > . > L. 2
X2 (8) 2 —550= i (8) 2 —550— #n = 555 en (26)
Moreover since k = |P""| by Lemma @ we have
Ao < O(ne-1) (27)

Recall that by Definition |§| for any h' we have @p«_1 = @5, - y"~" 1. Thus, by putting (25)),
and together, for every h > h* we get

> O(n=—1) yh=h"+1
|S|/"(’SH£ - IEXH S 2 : 71/5 S 03 bl (28)
ScPph 9 300~ Ph v

where the last step follows on choosing a sufficiently small v to cancel the hidden constant in
O(.). Similarly, for every h > h* 4+ 1, we get

T yh
Z |S‘MS:U’S — Lk < 0.3 (29)
SGPhil 2 ’7
Therefore for every h > h* + 1, by , and triangle inequality we have
h—h*+1 h—h* h—h*
y i i
> ISluspk = Y SIusuk|| < \/ R \/ 5 <2 s (30)
Seph Seph-1 9
For any cluster S € P" at level h we define Ag € R” as follows:
Ag = ps — HpareNT(S) (31)
Note that for any cluster S’ we have
1
s = @ : Z 5] - ps (32)

SECHILDREN(S)
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Thus by (32), and since |S| = 3 gcouupren(s |1 for any S’ € Ph=1 we have

> I8]-As=0 (33)

SECHILDREN(S)

Therefore we can write

> 1SH ps) ()"

SePph
- > ST ISl (us + As) (ns + As)T By (31)
S’ePh—1 SECHILDREN(S’)
- > > ISIASAL + [S|psps”

S’ePh—1 \ SECHILDREN(S’)

+ > |us > 1SlAs |+ > 181As | uk

S'eph—1 SECHILDREN(S) SECHILDREN(S)
= Z Z IS|ASAL + |S| g g™ By cross terms are 0
S’ePh—1 \ SECHILDREN(S')
= D IS1AsAs + ) |8 lusy Since [S'= Y [5]
Seph Seph-1 SECHILDREN(S")
(34)
Therefore for any h > h* + 1 by , and we can write
T T T AR
> 1Slusu — > 1Slusus|| = || D] 1S1AsAL]| <2- 3 (35)

Seph Seph-1 9 Seph 9

Therefore for every h > h* + 1 and for any a € R* with ||| = 1 we have

h—h*

Y IsHAs, ) =[aT [ Y Isjasal ol <2y [T
Seph Seph "

Thus for any h > h* 4+ 1 and for any cluster S € P" at level h, by choice of o = ”ﬁﬁ we get

2 ,Yhfh*

Al < ey Tt
H HQ ‘S’ ,70.1

(36)

Let S* € PP and let S € P" be a cluster at level b’ > h* such that S is a descendent of S*
(ie., S C §*). Let S* = M §h"+1 .. S" denote the path from S* to the cluster S in the
underlying tree T'. For any h > h* + 1 we define Agn = pign — pgn—1. Note that since S" is the
child of $"~! we have |S"| > §-|S""!|. Note that 8 > v/30 by Assumption l 1, thus for any
h* +1 < h we have

N A L A Y (37)

Putting and together for any h > h* + 1 we get

2 h—h* 2 1 h—h* 9 7/15-(h—h*)
[AgH I3 < ! ! !

. < . . < .
= 15k A3 = 8% ~(h—h*)/30 A03 = |5 ~+3/20 (38)
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Note that

s —pse = D figh — fign-1 = ¥ Agn
hh 41 h=h" 41

Thus we have

hl
Z Ash

s — pgell2 =
h=h*+1 )
< Z [|Agn||s By triangle inequality
h=h*+1
9 A T/15h7
RN -
h=h*+1
. ~19/60
<2. 277*
|5
~y1/4
< 5] for small enough ~

Therefore for any cluster S that is a descendant of the cluster S* € P*" we have
2 _ A1/4
2 S

5%

|lps — pge

O]

Using Lemma we prove the following lemma (Lemma that we will use later in Section
[44] to prove the linearity of the spectral gap. Let ug denote the second eigenvector of the
Laplacian. For S C V, let vg = W This lemma shows that the second eigenvector
of Laplacian in a (k,~)-hierarchically-clusterable graph inherits some information about the
hierarchical cluster structure in the following sense. Take S* € P* . Then the children of
S* can be partitioned into two collection of sets M, N such that for any cluster C' € M and
C’' € N v¢ is far from vor. The key to this argument is the following: first, we show that
35 € CHILDREN(S™) for which vg > 1/1/2|5*|. One can sort the vector {vs}scommpren(s+) and

use averaging arguments to find a pair of succesive children S,7 € CHILDREN(S*) for which
1

> > .
VS TV = L st /25

Lemma 11. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6]). Let

h* € [H] and S* € P"". Suppose that the spectral gap is B2 close to linear for all h > h*. Let

300
ug be the second eigenvector of Lg+ (Definition . For every set S C S* let vg = w

be the mean of ug in set S. Then there exists a partition of clusters in CHILDREN(S™) into two
collection of sets M, N such that for all S € M and all T € N we have

Also, for any h > h* and C,C" € P such that C C S and C' C T we have
B

vo —Vor| 2 ————.
| Y e
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Proof. Let G[S*] be the graph obtained by adding d — dg~(z) self-loops to each vertex z € S*,
where dg-(x) = [{y € S* : {z,y} € E}|. Therefore, for any cluster S that is a descendant

of §* in G we have (bfl[s ](S) = ¢%(9) and (bfu[ts*](S) < ¢S .(S). Therefore, G[S*] is (k*,7)
hierarchically-clusterable (Definition @ where k* = }{C’ epil.ccs *H
Let r = |CHILDREN(S™)|, and for every set S let us € R" be the r-dimensional center of S

in graph G[S*] (Definition [10). By Lemmal7 for any a € R” with [|a|| = 1, we have

T 2 : T Xr
« ‘S’MS,US — I ol < 2. - (39)
SECHILDREN(S*) o MINgecHILDREN(S*) (X2(S)>

Here, x, denotes the r-th smallest eigenvalue of Lg[g+], the normalized Laplacian of G[S*]. Note
that by assumption of the lgmma (linearity pf the spectral gap) for any h > h* and any cluster
S € P we have x2 (8) 2 £52° - 66, (8) = £532" - 65157 (5). Since 2 7/% and i 2 91/, we
have

) ﬁS . 902 1/5
min (x2(9)) = 300 PHHL = g Phe (40)

SECHILDREN(S*)

Moreover since |CHILDREN(S*)| = r by Lemma [9| we have
Xr < O(pn+) (41)

Putting , and together we have

O h*
aT Z |S|:U‘SM?S: - Ir><r ol < 2 ’WJ# < 71/47 (42)
SECHILDREN(S*) L5 - Phet1

where the last step holds because pp+ = @p+11 - v, and by choice of sufficiently small ~.
Let « = (0,1,0,0,...,0) € R" be a r-dimensional vector whose second coordinate is 1 and
the rest is zero. Thus for every set S we have o’ g = vg. Therefore by we have

S ISR <M (43)

SECHILDREN(S*)

First we show that maxgecumpren(s*) yg > 2|39*| . Suppose by contradiction that maxgecumpren(s*) ng <

2‘}?*‘. Thus by we get

1 1
Y S|-vi—1|>15%- —1|>=

S ECHILDREN(S*)

Thus by we get 1/2 < ~1/4 and given v is a sufficiently small constant we have the
contradiction. Therefore,

2 1
max 14
SECHILDREN(S*) §= 2‘5*‘

Suppose that we sort the clusters in CHILDREN(S*) based on the value of vg. Without loss of
generality suppose that vg, > vg, > ... > vg, and suppose that vg, = arg,,,, v4. Also note
that ug is ortogonal to u; = 1. Thus we have

> S| vs = ug(x) =0 (44)

SECHILDREN(S*) zeV
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Therefore, vg, > 0 and vg, < 0. Recall that maxgecppren(s<) Vs = Vs, =

there exists an index 2 < 7 < r such that
N 1
v, — Vs, | =2 —F——
T /2157
By Assumptionfor every S € CHILDREN(S*) we have (- ]S*| < |S| < [S*|, hence, r < % Thus
we have
B
2|5%

Now define M = {S; € CHILDREN(S*) : j > i} and N = {S; € CHILDREN(S™) : j < i}. Hence,
for any S € M and T € N we have

Vs, —VSiy 2

B
2|5%

vs — v > (45)

By Lemma [10] for any cluster C' € P that is a descendant of a cluster S € CHILDREN(S*) we
have

(ve — VS)2 <|lpc - MSH% Since v¢o — vg is second coordinate of uoc — ug
/4
< W By Lemma
71/4
< =G Since |S| > g |S*
B2 /4
< 100 - |S*| By Assumption N is a sufficiently small constant

(46)
Similarly for any cluster C' € PH that is a descendant of a cluster 7' € CHILDREN(S*) we have

2
2 B
) — A — 47
Putting (45), (46) and (47) together for any S € M, T € N, C C S, C' C T we get
B

215

lve —ver| > lvs —vr| — v — vs| — |lver — vrp| >

4.4 Linearity of the Spectral Gap

The main result of this subsection is Lemma [3| which presents one of the key properties of
(K, ~y)-hierarchically-clusterable graphs. Namely, for any cluster S € P" the spectral gap of the
normalized Laplacian of induced subgraph on S is linear i.e., x2(S) = ©(¢%(S)). This is a
strong property on hierarchically-clusterable graphs as opposed to general graphs that might
suffer from a quadratic gap between the second eigenvalue and inner-conductance.

To prove Lemma[3|we use the fact that the center of base-clusters at level H are concentrated
around the center of their ancestor. Using this we show that there exists a small set of bad
vertices that are far from the center of their base-cluster. This implies that the number of edges
connected to the bad vertices is bounded EP4(%) < O(|S|-d - x2(S)). Next, we show that most
of the edges crossing the cut between children of S* are connected to the bad vertices. This
implies that EP4(5) > O(|S| - d - ¢S (S)). By putting together the lower bound and the upper
bound on EP24(%) we obtain x2(S) = Q(¢%(S)))
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Lemma 3. [Linearity of the spectral gap] Let G = (V, E) be a (k,~)-hierarchically-clusterable
graph (Definition @ Let h € [H], and S € P" be a cluster at level h. Let xo(S) be the second
smallest eigenvalue of Lg (Definition . Then we have

B3 P
300

95 (S) < x2(8) <265 (5).

Proof. The upper bound immediately follows from the easy direction of Cheeger’s inequality.
We prove the lower bound by induction on h.

Base: Let h = H. Note that G is (k,~)-hierarchically-clusterable. Thus it admits a clustering
C1,...,Cy such that for any cluster C; we have qﬁ(C’l) > . Note that h = H, thus by Cheeger’s
inequality we have

<p72 B3 - 902 ' ¢G(C)
2 300 T

where the last inequality holds since 3 < 1 and ¢% (C;) < 1.

Inductive step: By induction hypothesis we suppose that for any A’ > h + 1 and for any
/ 3.2
S" € PP we have x3 (S) > 530‘8 - #%(S"). Then we want to prove that for any cluster S € P"

at level h we have x3 (S) > % - ¢5(9).

Let G[S] be the graph obtained by adding d — dg(z) self-loops to each vertex x € S, where

ds(z) = [{y € S : {x,y} € E}|. Let us € RISl and x3 (S) € R be the second eigenvector and

the second eigenvalue of Lg respectively. For any C' C V let vo = W An application

of variance bounds on the graph G[9] (Lemma and the partition defined by clusters C' € PH
with the choice of k =2 and a = (0, 1) gives

>3 ) e < ) 5 < fS) (48)
chgél zeC Ccegs X2 2

where the last inequality holds since for any cluster C' € P we have qbgl(C’) > ¢ and hence, by
Cheeger’s inequality we have x2(C) > ‘%2. We define v(z) = v¢o if z € C.

We now define set B as the set of bad vertices whose embedding i.e., ua(z) is from the center
of their cluster i.e., v(z) = ve:

2
B= {33 €5 : (ua(x) —v(x))* > 100ﬂ' |5\}

By , we have
200 - [S] - x2 (S)

B2 p?
Let Eg denote the set of edges in G[S]. Let E2*d denote the set of edges in Eg which are
adjacent to at least one bad vertex. We have

|B| <

200 - |S]-d - x2(S)
B2 - ?
In the remaining argument, we derive a lower bound on |E5*d| which depends on ¢ (S) and
we put it together with to complete the proof.
First, we show that the induced subgraph G[S] is hierarchically-clusterable and thus, by the
inductive assumption for any h’ > h+1 the spectral gap is linear. To this end, note that for any
cluster S’ that is a descendant of S in G we have qbfl[S](S') = ¢%(S") and qﬁG[S](S’) < ¢S (5.

out

|E§ad]:]{{x,y}EES:mEBoryEB}\ < (49)
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Therefore, G[S] is (K’,7) hierarchically-clusterable (Definition @) with k' = |[{C € PH:. C C
S}|. This means the graph G[S] satisfies the assumption of the Lemma Let S1,...,S,
denote the children of cluster S and let M, N denote the partition of these children into two
collections of sets that are constructed as per Lemma Therefore, by Lemma for any
S;,S; € CHILDREN(S), S; € M, S; € N and C C S;, C' C S; such that C,C’ € PH we have

(50)

vo — Vo 2
| B 5

Let Vir = Ugen S and Vv = Upeny T Recall that v(z) = ve if o € C. Thus for any x € Vi
and y € Vy we have
g
v(z) —v(y) =

—24/19] (51

Next we prove for any edge e = (z,y) such that x € Vjy \ B, and y € Vy \ B we have
s

[ua(2) = ua(y)l 2 5 Gk

We read this as saying that the edge e = (z,y) is long. Now, we will show that edges e = (z,y)
with 2 € Vi \ B and y € Vi \ B are long. Note that

uz(z) = u2(y) = (uz(x) — v(z)) + (v(2) = v(y)) + (v(y) — u2(y))

By definition of B we have (uz(z) — v(z))?* < ﬁ_25| and (ug(y) — v(y))? < %ﬁs‘. Thus by
triangle inequality we have

jua () = u2(y)| = [v(z) = v(y)| - 1()2\/%

Thus by for any edge e = (x,y) such that x € Vj; \ B, and y € Vy \ B we have

s 2-8 s
IU2($)—uz(y)lz2m—10mzmm

Furthermore we have

D (ua(r) —ua(y)® =d-uj (Ls)ug = d - x2 (5) (53)
(z.y)ELs

Therefore by and we get an upperbound on the number of long edges as follows.
100 - |S|-d - x2 (S)

{{z,y} € Es:x € V)y \Band y € Vy \ B}| < 72 (54)
We lowerbound \Egad| by the number of bad edges which are long. This gives.
{{z,y} € Es:x € Boryec B} (55)
> |{{337y} € E(VM,VN) cxeVynNBoryeVy ﬂBH
=|E(Vi,VN)| = {{z,y} € Es 12 € Viy \ Band y € Vi \ B}|

, 100 -S| - d - xa(S
> 64 (5) - min(Vigl Vi) - - 20 L) By

100 -

>|S|-d <<Z>§1(S) -8 — 006X22(S)> By Definition [6] and Assumption
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By putting and together we get
200 - x2(S)
B

Hence, we have

|S]-d

Z|{{$’y}eEsi$€BOTZJ€BHZ|S|-d<¢§l(5).ﬁ_100'6);2(S)>

O]

The following result extends a lemma from [GKL*21] and shows that for any cluster S € P"
the Euclidean length squared of the x-dimensional center of S is roughly 1/|S| where x = |P"|.
Also for every S # S’ € P", the center of S and S’ are almost orthogonal.

Lemma 12. (Cluster means)[[GKL"21)]] Let G = (V, E) be a (k,~)-hierarchically-clusterable
graph (Definition @ Let h € [H] and k = |P"| denote the number of clusters at level h. For
any cluster S € P" let ug € R* be the k-dimensional center of cluster S (Definition @ Then
we have

4.~1/4
lusl 3 - | < 424

1. For all S € P",

/ h , &
2. For CLHS#S e P, |<:u5'uuS>| < 1S]157|

Proof. By Assumption [l we have 8 > /30 and ¢ > 41/29 and for any cluster S € P" we have
®in(S) > ¢p,. Thus by Lemma [3| for any cluster S € P" we have

NI g S ggg-wh
Also by Lemma |§| we have A\, < O(pp—1). Note that by Definition |§| we have ¢p_1 = 7 ©p-
Therefore, we have
\/ Ak < O(pn-1) < /4
mingepn x2(5) 7310/05 con

where the last step follows by taking v to be sufficiently small. Therefore by Lemma [8] for any

S € P" we have
1 A 1 4.4
|u5|2—‘<4- — . <
" Y mingepr x2(8) 18] = 9]

and for any S # S’ € P" we have

Me 1 8. yl/4
|<MSaMS’>|§8'\/ <

mingepr x2(5) ' \/|5‘ 18~ \/|5‘ 18]

4.5 Concentration of Vertices Around the Center of Their Ancestors

The main result of this subsection is Lemma [I3] This lemma shows that for every cluster
S € P" and any d’-dimensional subspace, at most O(yp,_; - d') fraction of vertices in S are
far from their cluster center ug in the projected subspace. This is a key step in showing that
the ball carving procedure correctly classifies at least 1 — O(pp_1) fraction of vertices in every
cluster (Theorem [3)). To prove this we first show that for at least 1 —O(pp_1) fraction of vertices
the spectral embedding of vertex x i.e., f is is close to the the center of the base cluster C
containing z i.e., uc in the projected subspace. Next, we bound the distance between uc and
s by Lemma
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Lemma 13. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6). Let
IT € RE*% be an arbitrary orthogonal projection matrixz onto a subspace of dimension d'.Then
for every & > 4-~Y4 and every cluster S € P at level h we have

) d
IFE —Tul2 > — S < [ —— ) - O(wp,_1) -

where k = |P"| is the number of clusters at level h, p € R is the rk-dimensional center of
cluster S (Definition [10), and ¢ = op.

Proof. For any cluster C € P let uc € R* be the r-dimensional center of cluster C. For any
x € C, let uy = pe. Note that by triangle inequality we have

[LfE = Mgl < [ILfE — Mpe[l2 + [[Tpe — ull,

We bound the two terms on the Right Hand Side separately.

Bounding ||[TIff — u,|[2: By Lemma |5 applied to the partition PH# = {C1,...,C}}, for any
a € R with ||a|| =1 we have

Z(fg_ux7 Z Z fx HC,x) > . )\K

min CY’
eV CepH xel CePH X2( )

By Cheeger’s inequality for any cluster C' € PH we have y2(C) > %2. Also by Lemma |§| we
have Ay < O(¢p—1). Thus for any a € R* with ||a|| =1 we have

A O(pp—
S pal? € e < AP
zeV CePH X2 ¥
Let a1, ..., aq be an orthonormal basis for the columnspace II. Thus, on applying Lemma [5] to

directions {a; }icia], we get

> Iy - Huxng—ZZ (f5 = oy ai)® < d' - =5 - O(pn-),

zeV =1 zeV

and

6 1 d
{oe s -mul =5 1] <151 0tenn): (w) (56)

Bounding ||y, — ull,: Fix 2 € V and let C € PH denote the cluster which contains x.
Write u, = MO as before By Lemma |3} I for any h iH ] and any cluster S € P" at level h we

have y2(S) > 300 - $%(S). Therefore by Lemma
the cluster S we have

for any cluster C' that is a descendant of

1/4 5 1

Y
e —plls < - < = =
2=18) — 4 |8

The last inequality holds since § > 4y'/4. Note that ||TI||z = 1, thus for any C' C S we have
2 2 _ 0
Mpe = plly < flpe —plly < 3 (57)
4|5
Thus, by (57)), we have

[1Mp = Tpll5 = |[Mpe — plf; < (58)

419
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Putting it together: By for at least |S] - (1 - %) vertices in S we have

o
LS~ W]y < U5 — Wglly + [y~ Tall, By triangle inequality

—_— — —_— . — n

B EE T ’
0

S -
5]

Therefore, we have ||[TIf% — TIu||3 < ﬁg'. O

4.6 Span of the Embedding of Vertices in the Parent Is Close to a Matrix of
Small Rank

The main result of this subsection is Lemma [14] which shows that for cluster S* € P"~1 the
subgraph projection matrix of S* (with respect to r = CHILDREN(S*) and x = |P"|) is a good
approximation of the subspace spanned by the means of children of S* in the operator norm.
Further, this closeness in operator norm also holds for any set @ that is D-hierarchically-close
to S as defined below:

Definition 18. Let G = (V, E) be a (k,~)-hierarchically-clusterable graph and let T be the
tree corresponding to the nested partitions. For cluster S* € P"*" at level h*, and for any level
h < h*, we define the set of cousins of the cluster S* for level h as follows:

COUSINS;,(S*) = {S e Ph" L LCA(S*, S) is at level h} .
We denote the set of vertices in COUSINS(S*) by B (S¥):
B (S*) = {x € COUSINS,(S™)}.

Definition 19. (D-hierarchically-close sets) Let h* € [H], S* € P"" be a cluster at level h*
and @ C V. We say that the set @) is D-hierarchically-close to the cluster S* if

L |S*\Q| < D-pp_1-|5%

2. Forany 0 < h <" =1, QN Bu(87)] < |57 - (524 ) (Deﬁnition.

Note that the definition of D-hierarchically-close depends on the level of the cluster S*, i.e., h*.

Lemma 14. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6). Fiz
h € [H], and take a cluster S* € P"~1. Let r = |CHILDREN(S*)|. Then for every D > r and
every set QQ C 'V that is D-hierarchically-close to the cluster S* (Deﬁm’tion@) we have

> ISuspd —T|| <30-D-AM*

SECHILDREN(S*) 9

where k = |P"| and II € R*** is the subgraph projection matriz of Q with respect to k and r
(Definition @) Also for any cluster S, ps € R* is the k-dimensional center of S (Definition

33



Level 0 Partition: PY

Level 1 Partition: P!

Level 2 Partition: P2

cluster S*

’ Level 2 cousin of S* || Level 1 cousins of S* ’ Level 0 cousins of S*

Figure 3: An illustration of cousins of a level 2 cluster S* at various levels h, denoted by
CousINS;, (S*) (Definition [L8)). Level h cousins contain clusters whose LCA with S* is at level
h in the tree.

To prove Lemma we first need to prove Lemma This lemma proves an intuitive
intermediate result and shows that for cluster S* € P*~! and any set @ that is D-hierarchically-
close to S*, the projection matrix onto the subspace spanned by the means of S € CHILDREN(S™)
is close to the projection matrix onto the subspace spanned by k-dimensional embeddings of
vertices in @ (where k = |P"|). The following simple proposition would be helpful.

Proposition 1. Let G = (V, E) be a (k, ~)-hierarchically-clusterable graph (Definition[6) and let
T be the tree representation of the associated ground truth clustering P of G. Let Sy # Sy € P
be two clusters at level h*. Suppose that LCA(S1,S2) is at level h < h*. Then we have

(h*—h)
/@(h**h) < @ < <1>

TSl TS
Proof. Let S = LCA(S1,S2). By Assumptionwe have 3V =" . |S| < |S1| < |S| and B M) .
. (h*—h
|S| < [Sa| < |S|. Thus we have gV ") < % < (%) . O

Lemma 15. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6). Then
for every level h € [H], every cluster S* € P!, every D > 1 and every set Q C V that is
D-hierarchically-close to the cluster S* (Deﬁnition@) we have

> |Sluspus = > frfs|| <5-D-y!

SECHILDREN(S*) z€EQ 9

where k = |P"| is the number of clusters at level h, and for any cluster S, ps € R” is the
k-dimensional center of S (Definition @)

Proof. By Lemma [6] we have

> 1QN Slusub = > frfa” SQ'\/ A

min S)’
S v , sepn x2(5)

2

By Lemmafor any cluster S € P" we have x2(S) > ﬁ;bff ¢4 (S) > 5;6‘8 Cop > % - p. By
Lemma |§| we have A\, < O(pp—1). Thus we have

O(pp,—
S QnSiusut - 3 prgs|| <2- [Fo) < s (59)

Seph z€Q 9 300 < ¥Fh
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where the last inequality holds as ¢p_1 = 7 - ¢, and by choice of v to be sufficiently small to
cancel hidden constants in O(.). Note that

dolQNSlusus = Y QN S|usub + > QN Slpspk

Seph SECHILDREN(S*) SEPh\CHILDREN(S*)
= > (SI- IS\ Q) pusub + 3 1Q N Slusi’
SECHILDREN(S*) SE€PI\CHILDREN(S*)

By triangle inequality we have

> ISlusps — Y QN S|usud

S ECHILDREN(S*) SePph 9
< S (1S\ Q) psuk|| + > QN Slpspk (60)
SECHILDREN(S*) 9 S€PH\CHILDREN(S*)

Putting and together and by triangle inequality we have

> Sluspk =Y £ <

SECHILDREN(S*) zeQ 9
v 4 > 1S\ Qlusub|| + > QN S|usps (61)
SECHILDREN(S*) 2 SEPM\CHILDREN(S*)

In the rest of the proof, we will upper bound the second and the third term of .

Step 1: First we prove an upper bound on HZSECHILDREN(S*) 1S\ Q‘M&UEHQ. Note that by

triangle inequality

Yoo IS\Qlusus™|| < Y 1S\QI-lusll; (62)

SECHILDREN(S*) 9  SECHILDREN(S*)
By Lemma [12 and for small enough v we have

1 2
lusl < (1+4-4) = < = (63)
2 15|~ 15
Note that S* is a cluster at level h — 1, and @) C V is D-hierarchically-close to cluster S*. Thus
by Definition [I9] we have
IS\NQI <D - 2|5 (64)
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Thus by and we have

-|.S
Sos\Qusik| < Y 2IIS’\@I

S ECHILDREN(S*) 9  SECHILDREN(S*)

219\ Q . *
< Z \S|'*|\B| By Deﬁnltlon@,\S]Zﬁ'w,

S ECHILDREN(S*)

2
= 5%\ Q) Since S* = U

B ‘S ‘ SECHILDREN(S*)
2 *
_B.‘S*|'D‘S@h—2"5| By (64)
2.D -~
< g ohl Since pp—2 = pn-1-7
<2.D.~Y4 Since v*/* < B and ¢p_1 <1 (65)

Note that v3/4 < 3 holds since 71230 is smaller than a sufficiently small constant by Definition
(6}

Step 2: Finally, we prove an upper bound on "Zseph\CIIILDREN(S*) QN S| (us) (MS)T‘ ’ Note
that by Definition [I§ we have

h—2
U Bw(s") =V \8s = U S
h'=0

S€Ph\CHILDREN(S*)

Thus we have

h—2
> QN Slusps|| =||d_ D QN S|usus (66)
SEPI\CHILDREN(S*) h=0 Sephst.
SCB,/(5%)

Also note that S* is a cluster at level h — 1, and @ C V is D-hierarchically-close to cluster S*.
Thus by Definition [19|for any 0 < I/ < h — 2 we have

Do
QN By (57)] < |57 - <ﬁh_2@_@) (67)

By triangle inequality we have
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h—2
> > QN Slusuk

h=0 gephs.t.
SCB),/(5%)

< Z Z QN S| - |lusll3 By triangle inequality

h'=0 Sephs.t.
SCB,(S%)

2-1QnNS|
< § i e B
< S| y (63)

2.
< Z W By Proposition (1)) and definition of By (S™)

o 20 1QN B (57
o Z \S*] ﬂh h

Therefore, we have

h—2
> D 1@NSlusuk

h'=0 S€CoUSINS,, (S*)

Z 2-1Q N B (S|
= |5+] - gh=F
= 2-D- g |5 Dy
"D - - _ . . -
< Z 5] pEh—2—2m) Since |Q N By (S*)| < |S*] - (W) by (67)
h'=0

Dy A"
:22 B2h—2=2W
h'=0

Since % < 1/2, by a geometric sum we get

h—2 h—2 f)/ h—h' 272
Yo > lenSlusu §2D'90h'/32'z<52> < 2Dy 6 Gi <% Ay
h'=0

h’=0 SeCoUsINS,,/ (S5*)
(68)
The last inequality holds since 2% 55 smaller than a sufficiently small constant by Definition

@ Putting , and together we get

S ISlusuk =Y ffT] <

SECHILDREN(S*) z€Q 9

h—2
M|l X IS\Quseb|| {1 Y QN Slusid|| By @)

SECHILDREN(S*) 9 h/=0 S€CouUsINs,,/ (S5*)

<AY442.D 4V 2.D .4 By (63) and (G8)
§5-D-71/4 Since D > 1
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We need the next lemma to prove Lemma Recall that for a symmetric matrix H, we
write v;(H) (resp. Vmax(H), Vmin(H)) to denote the i" largest (resp. maximum, minimum)
eigenvalue of H.

Lemma 16 (Weyl’s Inequality). Let H, P € R™*™ be two symmetric matrices. Then we have
forallie {1,...,n}:

V’L(H) + Vmin(P) < Vz(H +P) < Vz(H) + VmaX(P)a

where for a symmetric matric H € R™™ v;(H) denotes its it" largest eigenvalue and v, (H)
and Vmax(H) refer to the smallest and largest eigenvalues of H.

To prove Lemma [14] we need the following ingredient.

Lemma 17. Let G = (V,E) be a (k,~)-hierarchically-clusterable graph (Definition @ Let
h € [H] and take S* € P"~'. Let r = |CHILDREN(S*)|. Then, for every D > r and every set
Q CV that is D-hierarchically-close to the cluster S* (Deﬁnition@ the following holds:

1. vpy1 (AAT) <5-D- 71/4
2. v, (AAT) >1-13- D -A1/4
where k= |P"|, and A € R*¥I9Ql is o matriz whose columns are f5 for all x € Q.

Proof. By the definition of A above, we have AAT = > 2eQ fofst Let H = D SecHLpREN(S*) |S|pusuk.
We define P as follows:

P=AAT —H=Y"frpT ST |S|usud,

z€Q SECHILDREN(S*)

by Lemma [15) we have

1P|y = > |Slusub =Y fifsT|| <5-D AV

SECHILDREN(S*) z€Q 9

Proof of item : Weyl’s Inequality (Lemma gives
Vr+1(H+ P) < Vr+1(H) + Vmax(P)7
and since vpax(P) = ||P|l2 < 5- D -4Y*, and H + P = AAT. Thus we get
vr1 (AAT) < vy > |S|usp’ | +5-D -y
SECHILDREN(S*)

Note that S has 7 children i.e, (|CHILDREN(S™)| = r), thus the matrix H = 3 gc i prmn(s+) |S|uspk
is of rank at most r. Thus we have v,11 (H) = 0 and therefore,

Vi1 (AAT) <5.D -4/
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Proof of item (2): By Weyl’s Inequality (Lemma we have
vp(H + P) 2 vp(H) 4 vmin(P) 2 v, (H) — || P|]2

Note that vmax(P) = ||P|l2 <5 D -4 and H + P = AAT. Therefore, we have

v (AAT) = v, Y ISluspk | —5-D-AV (69)

S ECHILDREN(S*)

Recall that |CHILDREN(S*)| = r. Let Y € R™™" be a matrix whose columns are indexed by
the set CHILDREN(S™). In particular, for S € CHILDREN(S*), the corresponding column in the
vector /|S| - ns. Thus we have

Uy Z 1S|usps | = vimin (YYT) = vpin (YY) (70)

SECHILDREN(S*)

Note that Y'Y € R"™ " is a matrix where YTY(S,S) equals |S| - ||us||3 for every S €
CHILDREN(S™) and its off-diagonals are < |S] - ps, /|19 -,u5/> for every S # S’ € CHILDREN(S™*).
Note that by Lemma [12] item we have |S| - [|us||? < 1+ 4-~Y% and by we have
< |S| - s, /|9 ~,ug/> < 8-~ Therefore,

YTV —I|la < [|IYTY — I||p < \/r2- (8- 4/4)2 <81 - 4M/4

Thus by Weyl’s Inequality (Lemma [16]) we have
Vnin(YTY) > viin (1) = [|YTY = I||s > 1—8-r-~/4 (71)
Thus by we have

Y Z 1S|pspl | = vmin(YTY) > 187 ~4

SECHILDREN(S*)

Note that D > r, therefore, we have

Vr > 1S|uspl | >1-8-r-4Y4>1-8.D.44 (72)

S ECHILDREN(S*)

Therefore by , and we have

vy (AAT) >, > 1S|uspl | =5 D414

S’/ ECHILDREN(S*)
>1-8-D-4Y*—5.D. .44
>1-13-D -4

Now we prove the main lemma of this subsection, Lemma, [14] below.
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Lemma 14. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6). Fiz
h € [H], and take a cluster S* € P"~1. Let r = |CHILDREN(S*)|. Then for every D > r and
every set QQ C 'V that is D-hierarchically-close to the cluster S* (Deﬁm’tion@) we have

> ISlusp —T|| <30-D-AM

SECHILDREN(S*) 2

where k = |P"| and II € R*** is the subgraph projection matriz of Q with respect to k and r
(Definition @ Also for any cluster S, ps € R* is the k-dimensional center of S (Definition

Proof. Let A € R*¥IQl be a matrix whose columns are fr for all z € Q. Thus we have
AAT =3 o f2f5T. Note that by Lemma ﬁ we have

> |Slpsub — AAT|| <5.D -4

SECHILDREN(S*) 9

Thus by triangle inequality we have

> ISlusp —T0|| <5-D-AM*4[|AAT —11]); (73)
SECHILDREN(S) 9

Let AAT = YTYT be the eigendecomposition of AA”. Therefore, by Definition we have
= Y[T]Y[f]. Thus we need to upper bound ||AAT — Y[T]Y[Z]Hg. Note that

AAT = YTV = YTy Vi + Vi D Vi

7]
Thus we have

IAAT = Vi Yillle = 1Y T Yoy + Yien Dimn Yo = Yin Yoy ll2
< YT Yy = Yin Y llz + Ve DenYLyll2- By triangle inequality
= Vi (I = Tp) Y lle + Vi Dimn Y12
= (1 — 1, (AA")) + vpgr (AAT)
<13-D-4Y*45.D. /4 By Lemma [17]
<18-D- 71/4

Recall that II = Y7, Y[f] Thus by we have

Z |S|uspl —TI|| <5-D -4+ HAAT—Y[T,]Y[TT]H2 <30-D-yV4

SECHILDREN(S*) 9

4.7 Centers of Subclusters Remain Far in the Projected Subspace

The main result of this subsection is Lemma This lemma uses the properties of (k,~)-
hierarchically clusterable instances developed in Section and Section to understand the
geometric structure of spectral embeddings in such instances better. In particular, the lemma
below shows that for any node S* € P*~1, it holds that the s-dimensional means of its children
are pairwise far from each other.
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Lemma 18. Let G = (V,E) be a (k,~)-hierarchically-clusterable graph (Definition [6]). For
every level h > 1, every cluster S* € P with r = |CHILDREN(S*)|, and every D such
that r < D and D - Y4 is less than a sufficiently small constant, the following holds: For
every set Q* C V that is D-hierarchically-close to the cluster S* (Deﬁnition@) and for every
S1 # S € CHILDREN(S™) we have that

1
Hpy — Hps||2 >
H K1 M2||2 = ’S*‘

where k = |P"|, u1,po € R* is the k-dimensional center of clusters Sy and So respectively
(Definition @), and I1 € R**" is the subgraph projection matriz of Q* with respect to k and r

(Definition[19).

Proof. Note that
1M1 — Tpez |3 = [T |I3 + [ Tps2] 3 — 2 (Tpea, Tz) (74)

In the rest of the proof we will upper bound ||TIu1||3, ||[Tus||3 and lower bound (TTuq, Tus).

Step 1: We first prove the upper bound for ||TIu1||3 and ||TIus||3. Let

= ) |S|uspé (75)

SECHILDREN(S*)

Note that II is a projection matrix, thus we have II”TI = II. Therefore, we have

M1 13 = pof T

=i > |Slpspd + T -1 | By

S ECHILDREN(S*)

=pi | |1Stlpp + > SluspE [ +T-10 | i
SECHILDREN(S™)
S#S1
2 *
> [S1] - flpallz — > ISy ) | = T = T0[|2 13 (76)
S ECHILDREN(S™)
S4S1

Consider the three terms above separately. For the first term, we get

2
1 4. 1/4 ‘
91| - lpally > |51 - (!Sl| - wfyl‘) By Lemma [12] item
0.9 ‘ .
> B As ~ is sufficiently small (77)
1
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Now consider the second term on the rhs of . We have

> S| (s, p11)°

S#S1ECHILDREN(S*)

<y (ALY e
< y Lemma item
S#S51E€CHILDREN(S*) |S| ' |Sl|
64 -/
<
< X T
#51 ECHILDREN(S*)
64-(r—1)-
< (T]S |) vl Since |CHILDREN(S™)| =r
1
64 - 1
< il By Deﬁnition@ r = |CHILDREN(S™)| < —
B-151 B
0.1
< A By Deﬁnition@ \g is sufficiently smalls  (78)
1
Now consider the last term on the rhs of . Note that by Lemma |14] we have
|| — 11|, = > |S|pusps —1I|| <30.-D.-~Y4 (79)

SECHILDREN(S*) 9

Thus by we have

1

IITL — T2 ||| 2 < (30 D 71/4) S (1 4. 71/4) By Lemma [[7] item
1

0

01
|51
Putting together , , and we have

< As D -~4Y* is sufficiently small (80)

. 0.7
T3 > |S1] - [l — > S| (ns, 11)° —IIH—H||2HM1||§Z,T1| (81)

S7#S51E€CHILDREN(S*)

Similarly we have
0.7

Hus|? > —
|| /‘LQHZ— |S2|

(82)

Step 2: It remains to upper bound (I, Hpg). Recall that IT* = 3~ e o pruns+) 1S (1) (us)”.
Thus we have

(Tpy, Mpg) = pu (IT)pre
= i (I 4+ 11 = TT) s
=i | 1S1lpapd + [Salpeps + > S| sl | + (I = 10%) | o
SECHILDREN(S*),5#51,52

< [81] - [lpall3 (. ) + 12l - 2|3, piz)

+ > 1S (pa, ps) - iz, prs) |+ T =TTl (g, o) (83)
SECHILDREN(S*),5#51,52
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We consider the four terms on rhs of . For the first term we have

1 4-4Y4 8. /4
1S1] - pall5{p, p2)<|S] - ( + =7 ) ( 7 By Lemma [12]

|51 |S1] |S1] - 52|
L A1/4
|S1] - [S2|
< C— A > A.
<51 3" s min(|S1], [S2) = B - [S7|
< (\)5(15| As \? is sufficiently small by DeﬁnitionH

(84)

And similarly, we upper bound the second term in by ?3(15‘. For the third term we have

> S| (1, ps) - (2, ps)

SECHILDREN(S*),5#51,52

LA 1/4 L A1/4
< Z |S| (M> . <M> By Lemma [I2] item []]

SECHILDREN(S*),5#51,52 ‘Sl, ’ ‘S‘ ‘52‘ ) ’S’
< 3 64T
SECHILDREN(S*),5#51,52 51| - |S2]
64 -
<(r-2) il Since |CHILDREN(S™)| =r
|S1] - 52l
1 64- 1
<5 |S*\|ﬁ By DeﬁnitionH r < B and min(|S1], |S2]) > 5 - |
< (])5’0*5| As % is sufficiently small by Deﬁnition|§|

(85)

For the last term on the rhs of by and by Lemma [12|item 1| we have

* 8. 1/4
L = T {| (g, pr2) < (30 : D-71/4> . (’7>

|S1] - |52
cAl/4
< m As D -~4Y* is sufficiently small
1 - 152
8.
< (B ﬁé?,) By Definition [6] min(|S[, [S2|) > 8- |S*|
< |OS(15| As il is sufficiently small by DeﬁnitionH

(86)
Thus by , ,, we have
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(g, Tpg) < [S] - lpall3 (i, p2) + [S2] - [l p2ll3(pa, p2)

+ > S| {1, prs) - (p2,s ps) |+ 11— 1T l2 (1, p2)
SECHILDREN(S*),5#51,52

0.05 0.05 0.05  0.05

< + + + 87

5 15 T T IS (87)
0.2

< 88
g =

Putting it together Thus by , , and we have

T — Mpells = [T |[5 + |[Mp2|[3 — 2 (g, Mag)

L0707 02
— S 15y 5%

1
> Tk Since |S1| < |S*| and |Ss| < |S*|

4.8 Bounding the Intersection of Candidate Clusters with True Clusters

The main result of this subsection is Theorem [3] that shows the inductive step for the proof of
Ball-Carving. First we state the definition of the cylinder of clusters:

Definition 20. (Cylinder) Let G = (V, E) be a (k,~y)-hierarchically-clusterable graph (Defini-
tion @ Let h € [H] and Q* C V be a set that is D-hierarchically-close to cluster S* € Ph—1,
For any center o € R* and any radius £ € R we define the cylinder of radius ¢ around the center
a as follows:

eyl(o, 0|Q*) = {y € Q" : || — TIf}||5 < ¢}

where, k = |P"|, » = |CHILDREN(S*)|, and II is the subgraph projection matrix of Q* with
respect to k and r (Definition .

Theorem 3. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6]). Let
h € [H], S* € Ph=1 1 = 10%|S*|’ and D = 54’%&002 where Dy is a sufficiently large constant. For
every set Q* that is D-hierarchically-close to S* (Deﬁm’tion@) the following holds:

1. For every Sy # Sa € CHILDREN(S™), cyl(ps,, £|Q*) () cyl(ps,, £|Q*) = 0
2. For every S € CHILDREN(S*), |SAcyl(ps, £|Q*)| < Dl—'ég ~n—1- 9]
3. For every S € CHILDREN(S™), cyl(us, £|Q*) is D-hierarchically-close to S

Proof. Proof of : Let 7 = |CHILDREN(S*)|, k = |P"| and II € R*** be the subgraph
projection matrix of Q* with respect to x and r (Definition . Suppose that » > 2 and
let S; # Sy € CHILDREN(S™*) be two of the children of S*. For simplicity of notation we let
11 = ps,, 2 = ps,. We now define

1 1
! . K 2 ! . K 2
Sf = {x eV IS — T [} < 103'|S*|},and Sp = {x eV |ITLfE — s} < 103.|5*|}
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We first show that S| NS} = (). By contradiction suppose that S} NS5 # 0. Therefore, there
exists a vertex x € V such that ||[TIf5 — Iu |3 < HJ%IS*I and |[TLf5 — Mus|3 < 10+IS| Thus
we have

[Ty — Mpe|l2 < ||y — ILfE |2 + ||ILfE — ualla By triangle inequality

1 1
< +
=305 30- /57
1

By definition of S} and S

< 89
15 4/]S*] (89)
Note that by Definition [6] for every S € CHILDREN(S*) we have |S| > - |S*|, hence,
1
|CHILDREN(S™)| = r < 3 (90)

Also note that max(ﬂ%, 2

—J5 ) is smaller than a sufficiently small constant by Deﬁnition@ There-
fore, by choice of D = % we have r < D < 71%. Thus by Lemma |18 we have

1
5]

M1 — Mg |3 >

and this contradicts with . Therefore, we have
SinS,=10 (91)
Note that ¢ = 10+\S*\’ hence, cyl(u1,£|Q*) = Q* N S| and cyl(u2, £|Q*) = Q* N S,. Therefore by

(91) we have
eyl(p, £]Q) Neyl(pz, €lQ) = Q"N ST NSy =0

Proof of (2): We now prove !cyl ps, ()Q*)AS| < DB py_1+]S] for every S € CHILDREN(S*).
Let 6 = 1€ We now define

1 . K}
S—{xev I[TLfy — H,ugHg_M},andS”_{xeS:HﬂfI—HMSH%S’S’}

For any S € CHILDREN(S*) we have |S| > (- [S*|, thus for any 2 € §” we get
5 5 3 1

=< = < ,
[S| = B[S 10%-B-|S*| T 10° - |S¥|

Therefore, we have S” C S’, also by definition of S” we have S” C S. Therefore, we have
S” < 8"N S, hence, we get

ITLf5 — Tus][3 <

5" N S| > |9 (92)

By Definition |6, -4 is a sufficiently small constant, hence, § =
Lemma [T3] and we get

where the last inequality holds since rank(Il) = r < 3 by ., and § = %. Putting and
([92)) together for every S € CHILDREN(S*) we get

103 > 4.~Y4 thus we can apply

! 1! O -
s'ns1 215" 2 1] (1- G2 (o4
Note that
leyl(us, Q") AS| = |S\ eyl(ps, £|Q")| + |cyl(us, Q%) \ S| (95)

Therefore, we need to upper bound |5\ cyl(us, £|Q*)| and |cyl(us, £|Q*) \ S|.

45



Step 1: First we upper bound |5\ cyl(us, £|Q*)|.

1S\ cyl(ps, £1Q%)]

=15\ (Q*N S| By definition of cyl(us, £|Q*) and S’
<[S\NQ[+1S\ 5]
* * O(@h,l) *
< IS\ QY|+ S| 2 As S C S* and by (94)
<D-pp_o-|S*+]S]- (Oﬂ(;ph_;)> As S* € P"~Lis D-hierarchically-close to Q*, so |S* \ Q*| < D - pp_s -
tp
5] O(en-1) ‘
SD'%72-F+|S|' B2 As S| > B |57
D- D
< [S]-¢n ( ny + W) As on2 = Pp-1-7 (96)

In the last step, Dy is the constant hidden in O(.) above.

Step 2: Next we upper bound [cyl(us, £|Q*) \ S|.

leyl(s, £/Q*) \ S| = [(Q* N S)\ S By definition of cyl(us, £|Q*) and S’
=((Q"NS)NSH\N S|+ [((Q"\S) N S)\ S|
<IN ST\ G+ 1@\ S5

= Y. IS0S[+lQT\ s (97)
S2 ECHILDREN(S™)
$.t.52#S

Thus we need to upper bound |Q* \ S*| and |S’ N Sy| for Sy # S € CHILDREN(S*). Note that

1SN Ss| = 18" N ((S2nS) U(S2\S9))) |
=19 NS2NSh| + S N (S2\ S5)|

=18 N (S2\ SY) By (91), S'n S, =10
< [S2\ S5

Olpn_
<1si- (52 By

Therefore, we have

S snsls Y s (%>

S2 ECHILDREN(S™*) S2 ECHILDREN(S*)
s.t.52#S S.t.52#S
* O((,Oh_l)
<is- (52
0 YPh— *
<|9]- <M> As[S| > B[S (98)

Next we will bound |@Q* \ S*|. Note that since Q* is D-hierarchically-close to S* by Lemme
we have |Q*\ S*| <2-D -9 -|S*|. Since |S| > - ]5*| and pp_2 = - @pr_1 we get

51

QNS <2-D-ppa-|S*[<2-D-pp1-7- 5

(99)
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By putting , and together we get

leyl(ps, £1Q%) \ S| < > SN S| [ 4@\ 57|
S2 ECHILDREN(S™)

5.t.9248

O(on— 2-D-
<15l (G2 4151 25 ons By @) and @)

D 2-D-
<|S] - on-1 (53 2 5+ 3 7) where Dy is the constant hidden in big-Oh abov
TP

(100)

Putting it together: By , and (100) we have

leyl(ps, £Q7)AS| = |5\ eyl(ps, €1Q7)| + [eyl(us, £]Q7) \ S|

D-’y D1 D2 2D’y
§|5|.@h_1< F TR atE et

3-D-~v Dy + Doy
S'S"@’“( B +53-¢2)
D.
< —— pp1-|S
=0 ©On—1-|5]

The last inequality holds since % < % and on choosing D = %, where Dy = 20(D; + D).

Proof of : So far we proved property of definition D-hierarchically-close. To complete
the proof, we need to show that cyl(ug, £|Q*) is D-hierarchically-close to S by verifying property
of Definition Thus we need to show that for any h' € [h — 1], |cyl(us, £|Q*) N By/(S)| <

|S] - (L’“)) Since S is a child of S* thus for for any h’ < h — 2 we have By (S) = Bp/(S*).

ph—1 —h!
Therefore, we have

leyl(ps, £)Q%) N Br/(S)| < |Q* N By (S™)] Since By/(S) = Bp/(S*), and cyl(ug, £|Q*) C QF

D - pp
< |S%| - <5h—2(p—f;z/> Since Q* is D-hierarchically-close to S* € Ph~1

D - \204 . *
<19 <ﬁh_1_’;) Since |S| > 3 - |5*] (101)

Note that By_1(S) = 5*\ S. Thus we have

leyl(ps, £1Q7) N Bp—1(9)] = leyl(us, £|Q") N (S™\ S)]
< leyl(ps, £1Q%) \ S|

D -
<D-gn i8] As [evl(us, (1) < 2P g1 18]

Therfore, for any 0 < h/ < h — 1 we have

D -
el(us, 010%) N By (S)] < IS]- (w) .
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Lemma 19. Let h* € [H], S € P"" be a cluster at level h* and let Q C V be a set that is
D-hierarchically-close to S*. Then we have

Q\S*| <2-D-ppe_y-|S"|

Proof. Note that since @ is D-hierarchically-close to S* we have

h*—1

[Q\ S| = Z [Bn(57) NS

* D . o).
< Z |S¥| <5(h* ‘fhh)> By item [2] of Definition

' pe1 -y IR h*—1—h
ZD-IS*I'Z< G ) As g = ey VT

h=0
h*—1 ~ h*—1—h
=015 3 (3)
h=0
<2-D-ppe_q- |57 It is a geometric sum where v/ < 1/2

O]

Lemma 20. (Bounded outliers) Let G = (V,E) be a (k,v)- hiemrchically clusterable graph
(Definition @) Let h € [H], |P"| =k, S* € P11 = 10+|S*|’ and D = 4272 where Dy is a
sufficiently large constant. Let Q* be a set that is D-hierarchically-close to S* (Definition @)

Let O = Q" \Usccmmprn(s+) c¥llns, £lQ") where g € R is the k-dimensional center of cluster
S (Definition[10). Then we have

’O|§T'80h—1'|5 |

Proof. By Theorem/[3] for every Sy # S, € CHILDREN(S*) we have cyl(us, , £|Q*)Neyl(us,, £|Q*) =
(. We now define

o=@\ J  oylus, Q) (102)

SECHILDREN(S*)

Therefore, we have

0] =10\ 5"+ |0 NS
=10\ §* + > 1SN O] As §* = U S

SECHILDREN(S*) SECHILDREN(S*)

<|Q*\ S*| + > SN @\ U eyl(ps, €]Q*) || Since O C Q* and by

SECHILDREN(S*) SECHILDREN(S*)

<IQI\S T+ > 15\ eyl(us, 1QY) (103)

S ECHILDREN(S*)
Note that Q* is D-hierarchically-close to S* € P"~1. Thus by Lemma [19| we have

Q°\S*[<2-D-pps-|S7 (104)
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Also by Theorem (3| item ({2|) for every S € CHILDREN(S™) we have
D
ey, 1Q)8S < 22y 18] (105)

10
Putting (103]), (104) and (105]) together we get
Ol <@ \S* |+ D> IS\ eyllus, (Q) By (L03)

SECHILDREN(S*)

. D
<20 o+ Y Zloi s By (03 and (03

S ECHILDREN(S*)

* D *
§\5|<2Dg0h 2+TB Ph— 1> As 57 = Z B
SECHILDREN(S*)
=D- 1"5*"<2 ’Y‘f‘lﬂo) As ph—2 =7 pp-
D -
< — E b 157 As % is sufficiently small ~ (106)

O]

Theorem 4. Let G = (V,E) be a (k, ’y) hierarchically-clusterable graph (Definition [6]). Let
h € [H], |P" =k, S* € P"1 1 = e |S*|’ and D = 45’02 where Dy is a sufficiently large
constant. Let Q* be a set that is D-hierarchically-close to S* (Definition @) Let x € Q* be a
vertex such that |cyl(fr,60|Q*)| > 0.85- 3 -|S*|. Then for every set Q satisfying

eyl (fz,2001Q) € Q C cyl(fy,300]Q),
there exists a unique cluster S € CHILDREN(S™) such that:
1. @Q is D-hierarchically-close to S
2. for every S’ # S € CHILDREN(S™), cyl (us,|Q*)NQ =0
where pg € R* is the k-dimensional center of set S" (Definition @)

Proof. We first prove that there exists a cluster S € CHILDREN(S™) such that cyl (f¥,64|Q*) N
cyl (ps, £)Q*) # 0 and cyl (us, £|Q*) € Q. Then we use these two facts to show items and
(). By Theorem [3] for every S; # S» € CHILDREN(S*) we have

cyl(ps,, £1Q") Neyl(ps,, £|Q") =

We now define

o=@\ |J  ovllps, 1@ (107)

SECHILDREN(S*)

Note that by the assumptions of the lemma we have |cyl (f£,6¢|Q*)| > 0.85- 3 -|S*|. Therefore,
we get

eyl (f,66Q@7)] = 0.85- 3 - |57

B Do . v . L
> .75 S - fh tl 11 by Definit
5 BT 2 v - | ince BT o is sufficiently small by Defini 10n|§|
D D
. 5B'¢h—1'|5*| Since pp—1 < -1 <yand D = 54.(:02
> [0 By Lemma [20]
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Recall that Q* = OU <US€CHILDREN(S*) cyl(ug,ﬁlQ*)> and cyl (fF,60|Q*) C Q*. Since |cyl (f£,6¢|1Q*)| >
|O|, therefore, there exists a cluster S such that
eyl (f7,66Q") Neyl (us, (Q%) # 0 (108)

Since cyl (f5,60|Q*)Neyl (us, £|Q*) # 0, there exists a vertex z € cyl (fF,60|Q*)Neyl (us, £|Q*).
Let r = |CHILDREN(S*)|, k = |P"| and II € R*** be the subgraph projection matrix of Q* with
respect to « and r (Definition [12). Since z € cyl (f#,6¢/Q*), by Definition 20] we have

ITLfy — TLFE][3 < 6¢ (109)

Since z € cyl (us,£|Q*), we have ||[TLff — Hug||3 < £. Also for every y € (us, | Q*), we have
[ILfy — Hus||3 < ¢. Thus by triangle inequality for every y € Q; we get

ITLfE —TLfy |13 < 4 (110)
Putting and together and by triangle inequality for every y € cyl (ug, £|Q*) we have
ITLfy —TLfy |3 < 200 (111)

Therfore, we have
eyl (us, Q%) C eyl (f7,200)Q") € Q (112)

Proof of : We want to show that for every S’ # S € CHILDREN(S*), cyl (ugr, £|Q*)NQ = 0.
Since @ C cyl(fF,30¢|Q*), it suffices to show that cyl (us/, £|Q*) N cyl (f¥,304|Q*) = 0, or
equivalently, for every w € cyl (ug/, £|Q*) we need to show that

[ITLf = TLf512 > 30¢.

Let y € cyl (us, £|Q*). By triangle inequality we have

([TLfy — T foll2 > Tfy — TLfplle — |[TLfy — TLfy |2 (113)
and
|[TLfy — T l]2
2 |[Hps — Mpgr|l2 — [[Mpg — ILfy |2 — Mg — ILfy|[2 - By triangle inequality
> |[Mps — My ||z — 2v/¢ As y € eyl (us,£|Q") and w € cyl (ug, £|Q")
(114)

Note that by Definition[6], for every S € CHILDREN(S*) we have | S| > 3-[S*|, hence, |CHILDREN(S*)| =
r < % Also recall that 5% and ﬁ are sufficiently small. Therefore, by choice of D = ﬁﬁ we

have r < D < —L-. Thus we can apply Lemma (18| and we get

/A
1 —
Putting (114]) and (115)) together we get
ITLfy —TLf |2 > 29 - Ve (116)

Recall that y € cyl(us, £|Q*) and by (112) we have cyl (ug, £|Q*) C cyl (fF,20¢|Q*). Thus,
y € cyl (fF,200|Q*). Therefore, we have

ITLfy — TLfy |5 < 20-¢ (117)
Putting (113), (116)), and (117)) together we get
ILf7 = TLf5N2 = ([T — TLf 2 — |ITLfE — T |l > 20V0 — V20 € > 24 V2

Thus, for every w € cyl (ugr, £|Q*) we have ||[TLf* — TIf%||? > 30 - ¢. Thus, cyl (f%,30£/Q*) N
cyl (psr, €|Q*) = 0. Since Q C cyl (fF,300|Q*), for every S’ # S € CHILDREN(S*) we have

QNeyl (us, Q%) =10 (118)

20



Proof of (I): Let Q be a set such that cyl (f#,20£/Q*) C Q C cyl (f#,30¢|Q*). To show that
@ is D-hierarchically-close to S we need to verify property and property of Definition
So we need to prove that |[S\ Q| < D-yp_1-]S| and for any 0 < h' < h—1, |QNByp/(9)| <

|S] - ( Do ) We first bound |S \ Q|. For property (|1)) we have

Bhflfh’

1S\ Q[ <[5\ eyl(us, £|Q")| By cyl(ps, Q) C eyl (fr,200|Q%) € Q
< DTOB “p_1-|9] By Theorem [3]

<D-pp1-|S]| (119)
Now, we verify property (2)) of Deﬁnitionby proving that for any 0 < A’ < h—1, |QNBy/(S)| <
|S] - (wi?_'ifi'h,)). For b’ = h — 1, since By_1(S) = S*\ S we have
QN Bpa(S) < [QN(S*\ 9 <@\ S

By (118)) for every S’ # S € CHILDREN(S*) we have @ Ncyl (ug/, £|Q*) = 0. By (107)) we have
O = Q" \ Usecnmoren(s) cyl(us, €|Q"). Therefore we have

Hence,
QN By—1(5)| < |Q\ S| < O] + eyl (us, £/Q7) \ S|
By Lemma we have |O| < DT'ﬁ ~p—1 - |5*|, also we know |S| > - |S*|. Therefore, we get

D N D S D
|O’<5ﬂ'90h—1"5‘<5ﬁ'80h—1"5‘<5'80h—1'|5‘ (120)

Moreover, by Theorem item (2)) we have |cyl (ug, £|Q*) AS| < Dl—'oﬁ - @h—1 - |S|. Therefore, we
get

QN Bp_1(9)| < eyl (us, £|Q%) \ S|+ 10|
. D
< 2 7. . _. .
S g Pt |S] + 5 Phol S|
<D-gni-18) (121)

Also note that for any A/ < h — 2 we have

QN By (S)] < Q" N By (57)] Since By(S) = By (S*) and Q C Q*
<|5%|- <ﬁll)l_2g0_;;;) Since Q* is D-hierarchically-close to S* € Ph~1
D - pow :
<|9]- (W) Since |S| > S - |S™| (122)
Putting , and together we get that @) is D-hierarchically-close to S. O

4.9 Dot Product Oracle on the Projected Subspace

The main result of this Section is Theorem [5l
Theorem 5. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6]). Let
§€ (s, 5) D= ﬁfﬁ where Dy is some large constant. Let h € [H], k = |P"|, §* € Ph1

and r = |CHILDREN(S™)|. Let S* C V be a set that is D-hierarchically-close to S* (Definition
@). Let TT € R*** denote the subgraph projection matriz of S* for k and r. Let Ag,c > 1

o1



k,c_nSGOAO-'y/Ap

be large constants and let S* be a set of size § > L sampled independently and uni-
*|,¢3
formly at random from Q. Let s* be an estimation of |S*| such that |s* — |S™|| < ]M‘io%

Then INITIALIZESUBGRAPHPROJMATRIX (G, h, K, T, §*, s, &) (Algom‘thm@ computes a sublin-
ear space data structure D such that with probability at least 1 — n=% the following property is
satisfied:

1. For every pair of vertices x,y € V, PROJECTEDDOTPRODUCT(G, z,y,§,D) (Algorithm
o(1) ~
runs in time nt/2+00/¢). (%) and computes an output value < i Hf;> such

2t -
that with probability at least 1 —n~%,

(i) =)

iy
n

2. For every pair of vertices x,y € V, PROJECTEDDISTANCE(G, z,y,&, D) (Algorithm @

o(1) - ~ 2
runs in time nt/2tO0/¢) . (%) and computes an output value HHf;? —1Lfy
such that with probability at least 1 — n=%,

apx

<
n

2
— |y = ILfyl13| <
apx

sz -fis;

Notice that by Remark [3| we can achieve a tradeoff in the preprocessing/ query runtime.

Remark 3. For any w € [0,1/2], one can obtain the following trade-offs between preprocessing
time and query time: Algorithm PROJECTEDDOTPRODUCT(G, z,y, &, D) requires n®+tO0/¥) .

k-logn
v-&Ph

o(1) _
) per query when the prepressing time of Algorithm INITIALIZESUBGRAPHPROJMATRIX (G, h, k, 1, Q,
)O(l)

is increased to nt—wTO0/¢) . (kloan
v-&ph

We first set up notations and then state the algorithms below.

Let m < n be integers. For any matrix A € R™*™ with singular value decomposition (SVD)
A =YTZ" we assume Y € R™ " and Z € R™*" are orthogonal matrices and I' € R"*" is a
diagonal matrix of singular values. Since Y and Z are orthogonal matrices, their columns form
an orthonormal basis. For any integer ¢ € [m] we denote Y|, € R"*? as the first ¢ columns of

Y and Y_; to denote the matrix of the remaining columns of Y. We also denote Zﬁ;} e Raxn

as the first ¢ rows of ZT and Zf[q] to denote the matrix of the remaining rows of Z. Finally

T
[a]
rows and columns of I'. So for any ¢ € [m] the span of Y_, is the orthogonal complement of

the span of Y,, also the span of Z_; is the orthogonal complement of the span of Z;. Thus
we can write A = Y[ Ty Z[:g] +Y_ gl - Zf[q}.

we denote ', € RY*Y as the first ¢ rows and columns of I' and we use I'_|; as the last n — ¢

Algorithm 6 INITIALIZESUBGRAPHPROJMATRIX(G, h, Kk, 1, Q, s, €)

1: Dy, = INITIALIZEDOTPRODUCTORACLE(G, w, §, h, k) > Remark
2: :i(— ’Q‘ N _

3: T € R¥*% «— gram-matrix of <f517f§2>apz for 21,20 € Q, > Remark
4: Let (% . T) = ZT'ZT be the eigendecomposition of (% : T)

5 0= 22,0 2] .

6: return D = {Dy,, ¥, Q}
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Algorithm 7 PrRoJECTEDDOTPRODUCT(G, 2,9, &, D) > D = {Dy, \T;, @}

1: Let ap € RI9l be a vector such that for any z € Q we have az(2) = ([ f5) ape © Remark

2: Let oy € RI2! be a vector such that for any z € @, we have ay(z) = <f;, f§>m > Remark
~ o~
3: return <f;, Hf;> =al Vo,

apx

Remark 4. Note that as per lineH of Algorithmﬂ we have <fif, ﬁf;> 18 symmetric:

(frmr)  =(0as),

Remark 5. For computing (f~, flf>apa: we use Algom'thm given in Appendix @

px pT

(fa's 15 ope = SPECTRALDOTPRODUCTORACLE(G, a,b,w, §, Dp,)

where Dp, = INITIALIZEDOTPRODUCTORACLE(G, w, &, h, k) (see Algorithm @

Algorithm 8 PROJECTEDDISTANCE(G, x,y,&, D) > D = {Dy, \T;, @}

1: fl = %

2: < g’;,ﬁfg’;> = ProJECTEDDOTPRODUCT(G, 2, 2., £, D) > Algorithm
apx

3: < ;,Hf;>apz = ProJECTEDDOTPRODUCT(G, ¥y, ,&', D) > Algorithm

4: < Q,ﬁf;> = PROJECTEDDOTPRODUCT(G, z,y, &', D) > Algorjthm
apx

~ ~ 2 ~ ~ ~
5 HHf;—Hf; :< ;,Hf;;> +< ;,Hf;> _2.< ;;,Hf;>
apzx apzx apx apzx

2

>

return Hﬁfg’j — ﬁfl’j

apx

4.9.1 Proof of Theorem [6] (Correctness of Algorithm

To prove Theorem [5| we first present a more general result (Theorem @ with the help of Defi-
nition 211

Definition 21. (é-close to r-clusterable) Let G = (V, E) be a (k, v)-hierarchically-clusterable
graph (Definition @ and let @ C V. We say that set @ is d-close to be r-clusterable if there
exists & € [k], 7 € [x] such that v, 1(AAT) < § and v,(AAT) > 1 -, where A € R**I®l is a
matrix whose columns are f7 for all x € Q.

Theorem 6. Let G = (V,E) be a (k,~)-hierarchically-clusterable graph (Definition [6). Let
k€ [k],r € [k], § € [0,705), & € (n—%,ﬁ) and Ag,c > 1 be large enough constants. Let
Q CV be a set that is §-close to r-clusterable (Deﬁm’tion and let TT € R"** be the subgraph
projection matriz of Q for k and r (Definition . Let @ be a set of size s > W
sampled independently and uniformly at random from Q. Let s be an estimation of |Q| such that
ls — Q| < ML@{L% Then INITIALIZESUBGRAPHPROIMATRIX(G, ., k, 7, Q, 5, &) (Algorithm

[61) computes a sublinear space data structure D such that with probability at least 1 —n=% the
following property is satisfied:

For every pair of vertices x,y € V, PROJECTEDDOTPRODUCT(G, z,y,&, D) (Algorithm [7)
computes an output value <f3’f, ﬁf?’j> such that with probability at least 1 — n =%

apx

(rdig) g <€

apx
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m)o(”‘

The running time of INITIALIZESUBGRAPHPROIMATRIX (G, h, &, 7, Q, 5, €) is nt/2TO0/9). <7.wh

o(1)
The running time of PROJECTEDDOTPRODUCT(G, , y, £, D) is n'/2+00/#). (%) .~ More-

o(1)

over, the size of the data structure D is nt/2+00/¢) . (%) .
To prove Theorem [6] we need the following two lemmas whose proofs are deferred to Ap-
pendix [D] Lemma shows that if set S is almost r-clusterable (Definition 21)), then the
projection subgraph matrix II of a subsampled set .S can be used as a proxy to the projection

subgraph matrix II of the set S.

Lemma 21. Let G = (V,E) be a (k,)-hierarchically-clusterable graph (Definition [6]). Let
Q CV be a set that is d-close to r-clusterable (Deﬁnition and let @ be a set of size s that is
sampled independently and uniformly at random from Q. Let 11, I1 € R*%% denote the subgraph
projection matriz of Q) and C~2 for k and r respectively (Definition . Then with probabaility
at least 1 — =100 for every x,y € V we have

‘<$ﬁﬁ>—<£ﬂﬁ>§

where, k € [k],r € [k], § € [0, € o,— sEWandAg,c>larelarge
1000 n5° 1000 I3

enough constants.

§

n

Next, Lemmaasserts that the approximate inner products between f7, ;" in the projected

space obtained in Line of PROJECTEDDOTPRODUCT using II are very close to the actual inner
products computed using II when we know f7, f/'.

Lemma 22. Let G = (V, E) be a (k,)-hierarchically-clusterable graph (Definition|[d]). Let Q C
V' be a set that is d-close to r-clusterable Deﬁmtzonl) and let IT € R*** be the subgraph projec-
tion matriz of Q for k andr (Deﬁmtwn. Then INITIALIZESUBGRAPHPROIJMATRIX(G, ., Kk, T, Q, s$,€)
(Algorithm@ computes a data structure D such that with probability at least 1 — n="7 the fol-
lowing property is satisfied: With probability at least 1—n=7, for every pair of vertices x,y € V,

PROJECTEDDOTPRODUCT(G, x, ¥, &, D) (Algom'thmﬂ) computes an output value < :’j,ﬁf;

such that
(rdig) = (i) < £,

where, k € [k],r € [k], § € (0 ,10100) e (n5, 1000) and Ag,c > 1 are large enough constants.

Also, @ is a set of size s > w sampled independently and uniformly at random from

3
Q, and s is an estimation of |Q| such that |s — Q|| < kcﬂ'ﬁ%ﬁ.

apx

Now we are ready to prove Theorem [6]

Proof. (Of Theorem @ Correctness: Let & = g Note that by choice of s for large enough

¢ ¢ 160Ag-L
constant ¢ we have 3 > &= 5650: 07/e 5 km % % Wwhere ¢ is the constant from Lemma
Therefore, by Lemma, 21| with probabaility at least 1 — n =19 for any z,y € V we have
= §
Kﬁﬂﬁ><hﬂ@> =
Also note that by choice of s,s for large enough constant ¢ we have s > w >
o 560Ag- L 3 &3 .
k'"s# and |s — Q|| < kcﬂ'%ﬁmw < kc,,.lggoio_ww where ¢ is the constant from Lemma
Therefore, by Lemma [22] with probabaility at least 1 — n™97 for any z,y € V we have
K ﬁf}i an 5
x? v apx 2
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Therefore, by triangle inequality with probabaility at least 1 — n=6 for any =,y € V we have
we have

(rdigg) - () <

| (i) = ()

<|(sir),,, - (e Esy)

Runtime: We first bound the running time of INITIALIZESUBGRAPHPROJMATRIX (Al-

gorithm @ We consider individual steps of this procedure and consider the running time
o(1)

for each of these. By Theorem line takes time nl/2T00/¢) . (%) . Line [3| com-

putes 52 dot products. For z;,zs € , by Theorem |8 computing <

K K

o z2>am takes time

o(1)
tr,ze < nl/2+0(v/¢) . <%> . Thus, overall time taken by Line |3|is

2c nllQOAo-'y/go

k
Z barzr S £12

21,22€Q

k-logn o
Cmax_ts, ., < nl/200/0). ()
21,2€Q 7€ pn

The time taken by lines[d]and [5|both is 3. Thus, the overall time taken by INITIALIZESUBGRAPHPROJMATRIX

o(1)
. . 1/24+0(v/p) . ( klogn
(Algorithm [6)) is at most n e (77-5-%) .

Now we bound the running time of PROJECTEDDOTPRODUCT (Algorithm . Lines |1f and
find vectors o, oy, € R® one coordinate at a time. By Theorem |8, finding a single coordinate

: 1/24+0 k-logn o :
az(2), ay(2) takes time t, < n!/2TO0/9) . (ﬁ) . So, the overall time taken to construct

Oo(1)
. ~ c., 5604 ,
these vectors is at most 5 - ¢, < kem0407 /¢ t, < nl/2H00/e) . (M) )

€8 Y€
Line |3| computes the approximate inner product between every pair of vectors in ). Accord-
o)
ing to Theorem [8] each of these 52 computations takes time nl/2+0(v/¢) . (’f/?%) . Thus,
o(1)
asymptotically the overall time is n'/2T00/¢) . %) .

Space Used: Finally, we bound the size of the data structure D computed by the procedure
INITIALIZESUBGRAPHPROJMATRIX. Recall D = {Dy, ¥, Q}. Here, the data structure Dy, is ob-
tained by calling INITIALIZEDOTPRODUCTORACLE in Line[I]of INITIALIZESUBGRAPHPROJMATRIX.

o(1) ~ I
By Theorem the size of Dy, is nt/2+o(7/¢). (%) . Further, v is just a s-by-s matrix and

the set  contains s vertices. In all, the overall size is dominated by the size of D; which can

o)
be upperbounded as nl/2+00/#) . ( %)
O

4.9.2 Proof of Theorem [5| (Correctness of Algorithm

Theorem 5. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6]). Let
€€ (n—ls,ﬁ), D = ﬂfﬁ where Dy is some large constant. Let h € [H|, k = |P"|, S* € P!
and r = |CHILDREN(S™)|. Let S* C V be a set that is D-hierarchically-close to S* (Definition

@). Let T1 € R*** denote the subgraph projection matriz of S* for k and r. Let Ag,c > 1

be large constants and let S* be a set of size s > W sampled independently and uni-
*|,¢3
formly at random from Q. Let s* be an estimation of |S*| such that |s* —|S*|| < IM‘QSSO%

Then INITIALIZESUBGRAPHPROJMATRIX(G, h, K, T, S*. s*, €) (Algorithm@ computes a sublin-
ear space data structure D such that with probability at least 1 — n=% the following property is
satisfied:
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1. For every pair of vertices x,y € V, PROJECTEDDOTPRODUCT(G, z,y,§,D) (Algorithm

‘ o(1) _
runs in time nt/2+00/¢). (%) and computes an output value < i Hf;> such
apx

that with probability at least 1 — n~%,

<&
n

apx

(redigg), )

2. For every pair of vertices x,y € V, PROJECTEDDISTANCE(G, z,y,&, D) (Algorithm [§)
~ ~ 2
iy —Tigg]|

o)
runs in time nt/2t00/¢) . (5160%) and computes an output value
6

such that with probability at least 1 — n=%,

px

o i o &
s =figg || - - mogg < &

Proof. Let A € R**IS"l be matrix whose columns are fE for all x € S*. Note that r =
CHILDREN(S*) < % since for every S € CHILDREN(S™) we have |S| > (- |S*| by Definition @
Therefore, we have

<1 Do

r< -

T BT pe?
Let 6 = 13- D - /4. Note that by Deﬁnition@ min </37W’ ﬁ) is a sufficiently small constant.
Therefore, by choice of D = ﬁfﬁ we have § < 0.01, we can apply Lemma [17| and we get

=D

V1 (AAT) <5.D -4V <6

and
v (AAT) >1-13- D4t =1-34

Therefore, set @ is d-close to be r-clusterable (Definition . Let & = % and ¢ be the
constant from Theorem [} Note that by choice of s, for large enough constant ¢ we have

>
~ kC.n560A0 /@ ke 2604075 " |5*|-£3 |S* .73
s > - > 75 and |s — S| < e ARAGTE S T LmAg T Therefore by

Theorem [6| with probabaility at least 1 — n~96 for any =,y € V we have
. !
(i) - (mg| <<
apx

<=<-=
n - n
Also as per line of Algorithm [§| we define
2

s =T | = (g, + (), = 2 ()

apx apx

pT
Note that B

ILf = DA 115 = (T + (fy Ty ) — 2 (F2 T y)
Therefore, by triangle inequality and by item with probabaility at least 1 — n~%6 we have

~ 2 ~
s =g | e~z
< (UL, — TR+ | ), = (F T+ 2 [Ty = ()
8L €, ¢
n n n
_ ¢
N n

o6



The last equality holds by choice of £ = g.
Finally, we bound the running time of PROJECTEDDISTANCE. Note that the running
time is dominated by PROJECTEDDOTPRODUCT (Algorithm |7)) that is at most nl/2+00/¢) .

()™

O]

4.10 Correctness of hierarchical-clustering oracle
4.10.1 Quality of approximated cylinders

The main result of this Section is Lemma that shows if a cylinder around vertex x has large
enough size then it overlaps with a unique cluster S, hence, a bigger cylinder around x can be
used to recover (a good approximation to) S.

Definition 22. (Approximate cylinder) Let G = (V, E) be a (k,~)-hierarchically-clusterable
graph (Definition @) Let h € [H], S* € P" 1, k = |P"|, r = |cCHILDREN(S*)| and Ag,c > 1 be
large constants. For vertex x € Q* we define
2
<t}
apx

= PROJECTEDDISTANCE(G, z,y, &, D) (Algorithm . Note that D

Y (5,£1Q7) = {y € Qi ||y Ty

- ~ 2
where, Hﬂff —1ILfy

apx

is the data structure computed by INITIALIZESUBGRAPHPROJMATRIX(G, h, Kk, T, @,s,g) (Al-

gorithm @), where & = 1073, @ is a set of size 5 > kc'"%g? 0/ sampled independently and

uniformly at ranodm from Q*, and s is an estimation of |Q*| such that |s — |Q*|| < %.
Lemma 23. Let G = (V,E) be a (k,~)-hierarchically-clusterable graph (Definition |6}). Let
h € [H], and Q* be a set that is D-hierarchically-close to S* € P"~1 (Definition Let
x € QF be a vertex such that |cylapm( 5 5lapz| Q)| = 0.85 - B+ |S*|. Then with probability at
least 1 — n=% there exists a unique cluster S € CHILDREN(S*) such that:

1. cylypy (fr,250apa| Q") is D-hierarchically-close to S,

2. for every S" # S € CHILDREN(S™), cyl(us, £|Q*) N cylyyy (f, 250aps| Q) =0,

h| — — _Do - 1
where: ‘P ‘ =K, D = ,34'902’ é - 103~|S*|’

such that |s — |Q*|| < k‘cgi and Ao, Do, c > 1 are large constants. Also, ps € R” is the

c.; 280407 /0

k-dimensional center of set S' (Definition @)

and £ gpy = ﬁ, where, s is an estimation of |Q*|

To prove Lemma 23] we need Claim [I] that we defer its proof to Appendix [G]

Claim 1. Let G = (V, E) be a (k,v)-hierarchically-clusterable graph (Definition[6]). For some

large constant Dy and let D = 6%272’ £<1073, h e [H], S* € P"1, and Q* be a set that is D-

hierarchically-close to S* (Definition[19). Let s be an estimation of |Q*| such that |s — |Q*|| <
|Q*|-€* 5%

TesiAs s Where Ao, ¢ > 1 are large enough constants. Then we have |s — [S*|| < 55 -

Now we are ready to prove Lemma

Proof. Let r = |CHILDREN(S*)|, k = |P"| and IT € R*** be the subgraph projection matrix of
Q* with respect to k and r (Definition . Let ¢ = —. By Definition We have @ is a set

W.
of size 5 > W sampled independently and uniformly at random from Q*, and s is an
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estimation of |Q*| such that |s — [Q*|| < et e Therfore, by Theorem with probability

kc,n280A0~7/<p .
at least 1 — n=% for every y € V we have

g =518 - g < s~ T < imgs-ngg e
Let ¢ = 10+|S*\‘ Therefore, for every y € cyl,,y (fr'; 5lapx|Q@") we have
g —ngglf < g -figg|] 4 By Theorem
<5 lapx + 103% As y € cyluy (7 Blapx|@7)
- 1031-s+1031-n As Eap":ﬁ
< 1036|S*| By Claim se (1+£1073)|5%
1

=6/ As l = 09157

Hence, for every y € cyl,py (fr, 5lapx| @), we have y € cyl (fy, 6¢]Q). Thus eyl (fr, 5lapx| Q%) €
(f¥,60|Q*). Therefore, by the assumption of the lemma we have
eyl (7, 641Q7) | = [eylapy (f7 5lapx|Q7) | > 0.85 - 3 - [S7]

Therefore, by Theorem W] for every set @ satisfying cyl (f¥,20¢|Q*) C @ C cyl(fF,30¢/Q%),
there exists a unique cluster S € CHILDREN(S*) such that ) is D-hierarchically-close to S, and
for every S' # S € CHILDREN(S™), cyl,px (s, £|Q*) N Q = 0. Therefore, to complete the proof
it suffices to show that

eyl (f2,200]Q) C cylypy (f2, 250apx| Q") C eyl (fy, 301Q")
Note that for every y € cyl, . (fr, 250apx|Q*) We have

[|I1f —Hf;H% < Hﬁf;i — ﬁf; jpz + 1031'71 By Theorem [f
<5 bopt 17— AS Y € e¥lp (15,250l Q")
- 10235- s 1031- n A lape = ﬁ
< 10330|5| By Claim [1] s € (1+107%)[5*]
1
=30-¢ As (= W

Hence, for every y € cyl,p (fir', 250apx|Q*), we have y € cyl (fy, 30€[Q*). Thus cyl,,, (fr,25lapx|Q™) C
(7, 30€)Q").

Also note that for every y € cyl (fF,20¢|Q*) we have
1

[ —figg ] <imgz—nggB+ By Theorem
§20.€+ﬁ As y € eyl (f7,20£]Q")
- 1032-OS*| + 1031- n As = 103-1|S*|
< % By Claim [1] s € (1 +107%)[S*|
=25 - Lapx As lopx = ﬁ
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Therefore, with probability at least 1 —n =% we have cyl (f5,20£|Q*) C cyl, . (f5, 250upx|Q*) C
cyl (fy,30£]Q*). Thus, by Theorem [} cyl,,. (fr,250apx|Q*) satisfies the required guarantees.
]

Lemma 24. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6). Let
h € [H], and Q* be a set that is D-hierarchically-close to S* € P"~1 (Definition @ Then for
every S € CHILDREN(S*) and = € cyl(us, £|Q*) with probability at least 1 —n~=%, we have

Cyl (,U/SH £|Q*) - Cylapx (f;’ 5£ap1:‘Q*) ’

where, |P"| =k, D = ,8£<(,)02’ (= 103.1|5*| and £ gpy = ﬁ, where s is an estimation of |Q*| such
*|,¢3 .
that |s — |Q*|] < IML%O% and Ag, Dg,c > 1 are large enough constants. Also, us € R” is

the k-dimensional center of S (Definition @)

Proof. Let r = |CHILDREN(S*)|, k = |P"| and II € R*** be the subgraph projection matrix of
Q* with respect to x and r (Definition [12). Note that € cyl (us, £|Q*). Thus by Definition
we have |[Ilpg — ILf£[|3 < €. Also for every y € cyl (us, £|Q*) we have ||ug — ILff|[3 < L.
Therefore, by triangle inequality for every y € cyl (ug, £|Q*) we have

ITLf — TLf|[3 < 4 (123)

Let & = #. By Definition we have @ is a set of size s > W sampled in-

dependently and uniformly at random from Q*, and s is an estimation of |Q*| such that
*|,¢3 . a1

ls — Q|| < ]M‘?SO%. Therfore, by Theorem with probability at least 1 — n=0 for every

y € V we have

- ~ 2 1
2
Iy —mpg i < i - ngg |+ e
Thus, for every y € cyl (ug, £|Q*) we have
T £K T £ 2 K K12 1
HHfz —10fy . < |[Ofy = f) |5+ 1% By Theorem [f
1
< 44 By (123
- + 103 - n y
4 1 1
= Asl= ————
10° 15" T 108 "t T 108 |57
5 . -3 *
Sm By Claim [1] s € (1+107%)[S*]
1
= 5 . gapx AS Eapx = m

Hence, for every y € cyl (us, £|Q*), we have y € cyl,, (fr; 5lapx|Q*). Thus, with probability
at least 1 — n~% we have

Cyl (MS’ Z‘Q*) g Cylapx (f;» 5‘€apx‘Q*)

4.10.2 Quality of subsampled cylinders

Lemma 25. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6]). Let
h € [H], and Q* be a set that is D-hierarchically-close to S* € P"~1 (Definition @) Let Q be
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a set of size @] > 107'% sampled independently and uniformly at random from Q*. Then for

every S € CHILDREN(S*), with probability at least 1 —n~1% we have

where, |P"| = x, S* € P~ D = 54’%&, = {5 |S*|, Dy > 1 is a large enough constant and
us € R* is the k-dimensional center of S (Definition @)

Proof. By Theorem [3| for every S € CHILDREN(S*) we have cyl (ug, £|Q*) is D-hierarchically-
close to sets S. Therefore, by Definition [19 and by Lemma [19] we have

[leyl (us, €1Q7) | = [SI| <3+ D - pn1 - |S]
D D
<3 <ﬁ40¢2) e IS] As D= g and iy S o1 =79 S

81

< are sufficiently small
100

(124)

By DeﬁmtlonH —— and 70
©

Let X; be a a random variable which is 1 if the i-th sampled vertex is in cyl (ug, £|Q*), and
0 otherwise. Thus E[X;] = w Observe that |Q Ncyl (ug, £|Q*)| is a random variable

defined as Z'fj'l X, where its expectation is given by

1Q N eyl (us, £Q%) | = Q| - oyl (s, €1Q7)

Q|
~ 0.99-|S
> 101 By
>0.99 - Q| - /Blei | By Definition [6] S| > 3 - |S*|
>099-5-10) ST By chim g 157 2 099 107
>0.98-5- Q)| (125)

Therefore, by Chernoff bound,

Pr [1Q Nyl (s, £1Q") | < 0.95- 8- 1QI| < exp ( W) < 100,

> 107 logn

where the last inequality holds since \Q| Thus, for every S € S* with probability at

least 1 —n 1% we have B N

We defer the proof of the Lemma [26] and Lemma [27] to Appendix [G]

Lemma 26. Let G = (V,E) be a (k,~)-hierarchically- clustemble graph (Definition [6). Let
h € [H], and suppose (P)'2) is a D-approzimation of (P")I'=) (Definition Let V be a

set sampled independently and uniformly at ranodm from V. Then for every S* € P! with
probability at least 1 — n~19 we have

-~ c.,560A(- 7.
1. |[V.N S*| > max (k = ssmﬂp» 10 éogn)
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x| _ n[VNns| |S*|-¢3
|S ‘_ “7| S kc.n280Ag-y /¢ 7

where, Ag,c > 1 are constants, & = 1073, D = ,8%3;2’ Dy, c > 1 are large constants, and

/
n560A0<’y/cp,logn
5 .

V] >k

Lemma 27. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6). Let
D = ﬂfﬁ’ where Dg is a large constant. Let h € [H], S* € P! and S* be a set that is
D-hierarchically-close to S* € P"~1 (Definition . Let S* be a set of size |S*| > 107 g’g”
sampled independently and uniformly at ranodm from S*. Let B C S* and B = S* N B. If
IB| > 0.9-3-|5*|, then with probability at least 1 — n~'% we have

Bl = 0.85- 8- [S7]

4.10.3 Correctness of Algorithm [3] and [5]

In this section, we prove the correctness of the REFINEPARTITION (Lemma and ORACLE
(Lemma. Intuitively, a good representative for a cluster .S is a vertex such that the cylender
around the vertex is D-hierarchically-close to the cluster S. The formal definition follows:

Definition 23 (Good Representative). Let G = (V, E) be a (k,~)-hierarchically-clusterable
graph (Definition @) Let h € [H], |P" = k, and S* € P""1. Let Q* be a set that is D-
hierarchically-close to S* (Definition . Let lypx = Wlo.sv where, s is an estimation of |Q*|

such that s — |Q*|| < ,&'5980%, and Ap, ¢ > 1 are large constants. We say that vertex z € Q*
is a good representative for cluster S if cyl 7 250apx|Q*) (Definition is D-hierarchically-
close to S.

apx(

To prove Lemma we need Lemma [28] to count the number of clusters at every level. We
defer the proof of Lemma 28 to Appendix [F}

Lemma 28. Let k € N and let v > 0 be a sufficiently small constant. There exists an algorithm
which on input a (k,~)-hierarchically clusterable graph G (Definition @ and a parameter h <
H (where the associated hierarchical clustering is denoted P = (PY,...,P")) runs in time

o(1)
(dn)'/2+0s.(7). (’“k’%) and computes a number k where k = |P"| holds with probability at

least 1 — n—100,

To prove Lemma we also need Lemma to count the number of children of every
cluster. We defer the proof of Lemma 29 to Appendix [E]

Lemma 29. Let G = (V,E) be a (k,v)- hzemrchzcally clusterable graph (Definition @ For
some large enough constant Dy > 1, let D = /34 o, h € [H], kK = [P, S* € PI=1, r =

|CHILDREN(S*)| and ¢ > 1 be a large enough constant. Let §* C V be a set that is D—
hierarchically-close to S* (Definition . Let S* be a set of size 5 > k¢-n30407/¢ sampled inde-
pendently and uniformly at random from S*. Let s be an estimation of |S*| such that |s — |S*|| <

. - . o(1)
kc.nifﬁ. Then COUNTCHILDREN(G, k, S*, 5) runs in time n'/2+00/¢). (%) and with

probability at least 1 — n="7 returns r.

Now we are ready to prove Lemma
Lemma 30. Let G = (V E) be a (k,v)-hierarchically-clusterable graph (Definition @) Let
he[H], k=|P", D= ﬂ4 02 where Dy > 1 is some large constant. Suppose that (P')!} is a

3D-approximation of ('P’) (Deﬁmtzon@ such that for every S € P, o(S) is D- hzemrchzcally

close to S (Deﬁmtzon@ Let P be the subsampled clustering ofPh ! (Deﬁmtzon Then
with probability at least 1 — k- n~%°, REFINEPARTITION(G, h, s, P*~1, V£, T, D) (Algomthml)
finds a good representative for every S € P".
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Proof. By Lemma [28] and as per line |4 of the CONSTRUCTTREE (Algorithm |3), we find k =
|P"| correctly with probability at least 1 — n~'%. Then as per line |§| of Algorithm |3, let

~ -~ CI A N
V be a set of size |[V| > % n? g;m'log " sampled independently and uniformly at random

from V where ¢ is the constant from Lemma and ¢ = 1072 as per line Let Ph—1 =
V N P! denote the clustering subsampled from P! (Definition . Then in Line [8| we call
REFINEPARTITION (Algorithm ) on the subsampled clustering ph=1 Now, to argue correctness
of the CONSTRUCTTREE, it suffices to show that REFINEPARTITION (Algorithm finds a good
representative for every S € PP,

Let $* € P"~1 and let 8* = ¢(S*) be the corresponding set in P~ (Deﬁnition. Let S* =

~ Q% ~ ~ c,. Ag- .
S*NV,and s = "l“% | be an estimation of |S*|. Note that by choice of |V| > & n?% EOGWD logn

and by Lemma [26] we have

~ kS . n56040v/¢ 107 .1
|5*| > max ( n 56, Bog" (126)
and 5. &8
157] = s < k¢ - 28040~/ (127)

ken10407/%
|CHILDREN(S*)| correctly with probability at least 1 — n~97. Next we will show that for every
S € CHILDREN(S*) we will find a good representative. As per line 3| of Algorithm (4] let
lapx = ﬁ. For every x € S* we define

Let r = |cHILDREN(S*)|. By (126), we have |S*| > k¢ . n80407/¢ and by (127) we have
ls = 1S™[| < + |5 Therefore, by Lemma as per line 4| of Algorithm {4, we find r =

~ ~ 2
B = cylapy (f7, 5apx|S™) = {y €5 Hﬂff —ILfy

S ) 'Eapx}

pT
and )
S = Yl (15, 250aps| S7) = {y €5 ||Tigr - Ty

Note that as per line [7] of Algorithm [4] we have

<25 o}

pT

. ~ =~ ~ 2 -
B, = {ye §* || s - Ty s5-eapx} =B,NS"
apx
In line |§| of Algorithm W} we iterate over every vertex x € S*. If for some vertex x € S*, the
condition in line [8 passes (i.e., |Bz[ > 0.9 - 3 - [S*[), then, in line [L0] we set vertex x as the

representative of .S, where as per line 9, S is defined as follows:

~ ~ ~ 2
S:{yes*:an;—nf; a

< 25.£apx} =8,NS*
pT
We will show that for every cluster S € CHILDREN(S™), there exists a good representative x
in S* that passes the test (i.e., |Bz| > 0.9- 3 -]S*|), and this vertex does not get removed while
ball-carving other children S’ € CHILDREN(S*). B
For every S € children(S*) there exists a good representative in S* that passes the

test : Note that S* is uniformly distributed within §* and |S*| > 107'%, thus by Lemma

—100 e have

with probability at least 1 —n
1S Nyl (us, €1S*) | > 0.95- 8157

By a union bound over children of S*, with probability at least 1 —r - n~100 for all S €

CHILDREN(S™) we have |S* Ncyl (us, £]S*)| > 0.95- 5 - |S*|.
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We will show that for each S € CHILDREN(S™), there exists x € S* for which |B,| > 0.9-8-5%|
holds. Pick x € S* Ncyl (us,£|S*). By Lemma [24] with probability at least 1 — n~% we have
cyl (ps, £|S*) C By. Therefore, we get

S* N eyl (us, £)S*) € S* N By = B,

Thus, we have |B,| > |S* N eyl (us, £|S*)| > 0.95 - 8- |S*|. Therefore, the test in line [§ will be
passed for every z € S* N cyl (s, 2|S™).

If vertex = passes the size test (i.e., |B,| > 0.9-3-|5*|), then z is a good representative
for a unique cluster S € children(S*): Note that vertices in S* are uniformly distributed
in S*. Therefore, by Lemma [27|if |By| > 0.9 - 3 - |S*|, then with probability at least 1 — n 00
we have

1By| > 0.85- - [57| (128)

Therefore, by Lemma with probability at least 1 — n~?% there exists a unique cluster S €
CHILDREN(S™) such that S, = cyl,, (fr, 250apx|S™) is D-hierarchically-close to S, and for every
S’ # S € CHILDREN(S*),

eyl (157, £1S") 1 S, = eyl (e, £1S7) N eyl (£5, 2500 S™) = 0 (129)

For each S € children@ *), a good representative survives: Finally, note that in line
we remove vertices from S*. We show that despite these removals, for every S € CHILDREN(S™),
there still exists some x for which |B;| > 0.95]5*| holds. By Lemma for any = such that
|Bz| > 0.95]S*|, and for every S’ # S € CHILDREN(S*) we have cyl(ug,¢|S*) NS, = 0.
Therefore, a good representative for S survives with probability 1 — n=%.

Overall, by a union bound, for a fixed S* € P"~! we pick good representatives for all
S € CHILDREN(S*) with probability at least 1 —r-n"% —n=%9. Thus, by a union bound over all
S* € P"~1 we pick a correct representatives for all S € P" with probability at least 1 —r-n =9,
Finally, in line of REFINEPARTITION (Algorithm {4)) stores the representative of clusters in
data structure D. O

Now we prove the correctness of ORACLE (Algorithm [5) in Lemma

Lemma 31. Let G = (V, E) be a (k,7)-hierarchically-clusterable graph (Definition @) Let
h € [H], k =|P", and D = 64 =22 where Dy > 1 is a large constant. Suppose that (P);—) is a

3D-approzimation of (731) (Deﬁmtzon@ such that for every S € P, o(S) is D-hierarchically
close to S (Deﬁmtzon@) For every i € [k] and z € V, let

S; = {z eV: ORACLE(G,Z,T, D) = z} ,

where D and T are constructed by CONSTRUCTTREE(G) (Algorithm @ until iteration h — 1.
Let (P)" = {S;}%_,. Then with probability at least 1 — k - n=% we have (P!, is a 3D-
approzimation of (PY)h_.

Proof. Note that by Lemma REFINEPARTITION(G, h, k, PP1, V¢, T, D) (Algorithm finds
a good representative for every S € P" with probability at least 1 — k- n ™. Let x1,..., 2,
denote a set of representatives found by Algorithm [4] We then define

~ ~ 2
Szi = Cylapx (f;i725€apx|s*) = {y € S* : H]:[fgz B Hf?’j

apx

< 25-£apx}.

Since z; is a good representative for cluster S,,, then by Definition S, is D-hierarchically-
close to a unique cluster S € P". Since S, is D-hierarchically-close to S, by Definition [19| and
Lemmawe have |S;,AS| < 3-D-py_1-|S|. Therefore, with probability at least 1 — - n =%
we have (P%)I_, is a 3D-approximation of (P¥)%_. O
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4.10.4 Proof of Theorem [2
Now, we prove the main theorem.

Theorem 1. [Informal version of Theorem@/ For sufficiently small constant ~y € (0,1) there ex-

ists a hierarchical clustering oracle with ~ kM n1/2+00) preprocessing time and ~ k©Mnl/2+0()
query time that achieves a constant factor approzimation to Dasgupta cost on (k,~y)-hierarchically
clusterable graphs.

Proof. Correctness: By Lemma and by union bound over all h € [H], with probability at
least 1 — Zthl kp-n~ P >1—k?n"% >1-n", we have that (Ph) _, is a 3D-approximation
of (PMIL .

Running time in the Preprocessing phase: Line |3| of CONSTRUCTTREE (Algorithm
makes H iterations in all. Line [d] of CONSTRUCTTREE finds the number of clusters at level h
in P" (where h < H). By Lemma each of these calls takes time at most ¢, < n'/2+0s.+().

o)
(@) . Now we consider the calls to REFINEPARTITION (Algorithm ) and the contribu-

tion to running time from these calls. By Lemma [29|line [4] of the REFINEPARTITION procedure

oQ)
(Algorithm takes time at most n!'/2+00/¢). ("ﬁylf’%) . Line [5| in REFINEPARTITION calls
INITIALIZESUBGRAPHPROIJMATRIX with £ = 0.001. By Theorem thm:cluster-pi-apx, the call to

. . 1/240 k-logn o)

INITIALIZESUBGRAPHPROJMATRIX (Algorithm 6) takes time at most n'/2T00/¥). ﬁ) :

The last major step in Algorithm [l line[7]finds the cylinder B, which by Remark [2] which com-
~ ~ 2

putes Hl'lff = 1fy

apx

at most s2 times for each pair of vertices x,y € S and thus takes total

o)
time at most s2 - nl/2+00/¢) . (%) which is asymptotically dominated by n!/2+0(/¢) .

o(1)
<%> . In all, therefore the total time taken by a single iteration of CONSTRUCTTREE
o(1)
V' Ph ) ’
For any h > 1, recall ¢, > 1 > 1/4" and since H = O(logk), we get, é < KM So, the

k-d-logn o)
— .

procedure (Algorithm is dominated by line [4| which is at most n!/2t9s.() . (M

overall running time over all the H calls is asymptotically at most nl/2t0s.¢(7) . (

Running time in the Query phase: Now we bound the running time of the ORACLE(G, 2z T, D)
procedure (Algorithm [5) ' Note that this procedure takes the data structure D as an argument
which stores all the representatives associated with each node in T. Also, note that D also con-
tains the subgraph projection matrices for each node in T. Thus, in each iteration of the loop in
line 2] comes from line [f] By Remark [2] since £ = 0.001, each computation in line [6] takes time

O(1
the = nl/2+0s,0(7) . (’“ﬁ%) . In total, line |6|is executed at most H times per vertex. And

thus the total time taken by ORACLE(G, z, T, D) procedure (Algorithm is at most H -ty,. which

0o(1)
k~d-logn) .

asymptotically, as seen with the preprocessing phase, is at most nl/2+0s.0() . ( o

Number of Random bits: Finally, we bound the number of random bits used in the pre-
processing phase (CONSTRUCTTREE, Algorithm [3) and the query phase (ORACLE, Algorithm

k-nY/?.logn o)
3
vertices. The number of random bits used by this step is at most sy - logn. Line [§] calls

REFINEPARTITION(G, h, s, P"~1 V& T, D) (Algorithm [4). We now bound the number of bits
used by this procedure. Line {4 Calls the COUNTCHILDREN(G, h, i, 7, §*, s*) procedure (Algo-
rithm D For z,y € S* COUNTCHILDREN computes < e, f”> e’ . We compute this inner prod-
uct by estimating COlllSlOIl probabilities between walks from x and y. Using 4-wise independent

5). First, consider the preprocessing phase. Fix h € [H]. Line [6[samples sg = (
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hash functions, the random walks from z can be implemented with logd - é - O(logn) random
bits. In total, this step takes B < |5*|2-log d- é-O(log n) bits. Line f REFINEPARTITION calls
6)

INITIALIZESUBGRAPHPROIMATRIX(G, h, K, T, §*,s*,§) (Algorithm [6]). It can be implemented
using the same number of random bits as the previous step. In line [7, number of random bits
used to find B, for each € S* is at most logd - é -O(logn). So in total line (8] takes at most

B bits. So the total number of bits used across the H = height(T) levels in the preprocessing

. . . . O0(1).p,0(v/¥). o) .
phase is at most O(HB - sglogn) bits which is at most hm zoin(logn) . Recalling that

Line [2| of CONSTRUCTTREE sets & = 0.001, this is at most 9] (ko(l) . nOW(V)).

Now we consider the ORACLE(G, z, T, D). For any vertex x € V, line |2 makes H iterations.
Number of random bits used in line IEI is at most H -logd - é -logn < O (ko(l) . noﬁvv’(”).

O

4.11 Bounding Dasgupta cost (Proof of Lemma (1) and Lemma

In this section we first show that in a (k,~y)-hierarchically clusterable graph, any hierarchical
clustering P which is a D-approximation of the ground truth hierarchical clustering P provides

an O <%) approximation to Dasgupta’s cost of the hierarchical clustering P. Next, in Lemma

we show that in a (k, v)-hierarchically clusterable graph, the cost of the ground truth hierarchical
clustering P is an Og(1) approximation of the optimum Dasgupta’s cost. Finally, we put these
results together in Corollary to construct a hierarchical clustering with Og (1) approximation
to the optimum Dasgupta cost of G.

Lemma 1. Let G = (V, E) be a (k,~y)-hierarchical clusterable graph and let P be the hierarchical-
clustering. If P is a D-approzimation of P, then COST(P) < O (%) COST(P).

Proof. Let T and T be the tree representation of a hierarchical clustering P and P respectively
(Definition [3). We can write COST(P) and COST(P) as

H
COST(P) = Y [LBAVES(T[LCA(z,p)])[ =Y > 5] (130)
(zy)EE h=0S*cPh (z,y)€E s.t.
T[LCA(z,y)]=5*

and

H

COST(P)= > [LEAVES(T[LCA(z,y))| =) > > 157, (131)
(z,y)EE h=0 §xcph (z,y)€E s.t.
T[LCA(z,y)]|=S*

Recall that every cluster S € P, the corresponding approximation cluster in P is denoted by
S = o(S). For any S* = 0(S*) we want to estimate the number of edges with T[LCA(z,y)] =
S* by the number of edges with T[LCA(xz,y)] = S*. Note that S* is an approximation of S*,
hence, during refinement of S* to its children some outliers migh have been generated. Let

O(S*) = 8"\ U S

S ECHILDRENT (S™)

denote the set of outliers generated during refinement of S* in T. We have

> |S™| = |S™] - [E(O(S7), 8")| + [S7] - > |E(S,8")] (132)
(z,y)EE s.t. S#S’ ECHILDRENT (S*)
T[LCA(z,y)]=S*
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Next, we will bound |E(O(S™), 8%)|, and > g scommpreny(s+) 1E(S, S’)|. Note that we have

[0(57)]

= |57 - > S|

S ECHILDRENT (S™)

<IS*-(14+D-pp_1) — Z (1—=D-pp)|S| As S* (resp. S) is D-hierarchically-close to S* (resp.
SECHILDREN(S*)
< D[S (on-1+ ¢n) As|S* = Y IS
SECHILDREN(S™*)
<2.D g |5 (133)
Since S* is D-hierarchically-close to S* we have |S*| < 2-|S*|. Thus, by (133]) we have
57|+ |E(O(S%), 8%)| < [S8*|-d-[O(S*)| <4-d-D- gy |S* (134)
Next, we bound Y5 g ccmmpring(s%) (S, S')| recalling that § = o(S).
> |E(S, S|
S+#S’ €CHILDRENT (S*)
< Y EE®NsS)nS)+ Y Be(S)\ S8
S#S’'€CHILDREN(S*) SECHILDREN(S*)
< > |E(S,8")| + > d-[SAa(9)
S#S'€CHILDREN(S*) SECHILDREN(S*)
< Y. BES+ >, d DS
S#S’ ECHILDREN(S*) SECHILDREN(S*)
= > |E(S,S)|+d-D-gp-|S] As|s*l= ) |8
S#S’ECHILDREN(S*) SECHILDREN(S*)
Since S* is D-approximation of S* we have |S*| < 2-[S*|. Therefore,
157 - > |E(S,8")| <287 > |E(S, 8" +d-D-¢p- |5
S+#S’ECHILDRENT (S*) S#S’€CHILDREN(S*)
<2 > 1S*|4+2-d-D -, - |S*? (135)
(z,y)€E s.t.

T[LCA(z,y)]=5*

66



Thus, by (130), (T31), (132), (T34) and (I35) we have

COST(P Z > > |5*| By (131

h=0 g*cph (z,y)EFE s.t.
T[LCA(z,y)|=8*

H
<> > |4d-D-gp-|SP+2-d-Dgp - [STP+2- > 1S*I| By ([132), (134), (
h=0 §*cPh (z,y)EE s.t.
T[LCA(z,y)]=S

H
=2-COST(P)+6-Y_ > d-D-g-[S* By (130)

h=0 §*cph
(136)
Note that we have
H
cosT(P) =Y %" > s
h=0 §*cPh (z,y)€FE s.t.
TILCA (z,y)]=5*
1 X *
- S Y S EES )
h=0 S*eP" SECHILDREN(S*)
1 * * ips *
> 52 Z |S*-1S*|-d-pp-B By Definition [] and as [S| > 8- |5
h=0 S*ePph
(137)
Therefore, by (136)) and ((137) we have
COST(P) < <2+ 12;)) . COST(P) < 1 ﬁ'D COST(P)
O

The second main result of this section is Lemma [2| whose proof is a modification of Theorem
2.3 of |[CC17]. This lemma essentially asserts that in a (k,y)-hierarchically clusterable graph,
the cost of the ground truth hierarchical clustering P is an Og(l) approximation of the optimum
Dasgupta’s cost. To prove Lemma [2| we first need the following definition from [CC17].

Definition 24 (Maximal clusters induced by a tree). Let G = (V, E) be a graph. Let T be a
tree with n leaves on vertices of G. Let T'(s) denote the clusters of size at most s induced by T
We refer to these clusters as maximal clusters of size at most s. We denote by Ep(s) the edges
that are cut in T'(s), i.e. edges with end points in different clusters in T'(s). For convenience,
we also define E7(0) = E. We remark that T'(s) is a partition of V.

Lemma 2. Let G = (V, E) be a (k,~y)-hierarchical clusterable graph and let P be the hierarchical-
clustering. Suppose that ¢in(G) > @o. Let P* be a hierarchical clustering of the graph G that

minimizes Dasgupta cost, then COST(P) < O (é) - COST(P*).

Proof. Let T and T™ be the tree representation of a hierarchical clustering P and P* respectively.
Let T™ be the optimal solution for Dasgupta’s cost. Let T%(¢) be the maximal clusters in 7™ of
size at most ¢ (Definition [24)). Recall that T*(¢) is a partition of V. We denote E*(t) the edges
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that are cut in 7%(t), i.e. edges with end points in different clusters in 7%*(¢). For convenience,
we also define £*(0) = E. By Claim 2.1 of [CC17] we have

n—1
COST(T*) = |E*(t)] (138)
t=0

It will be convenient to use the following bound that is directly implied by the above claim.

2. COST(T") = 2- 3 B(5)] 2 D12 (11/2) (139)
t=0 t=0

For convenience, we define o1 = 1. Let 0 < h < H, and let’s look at a cluster S* € Pph
with size |S*| = s in the solution produced by T'. Suppose that S* has r children Si,...,S,.
Note that by Definition [6| we have 8- |S*| < [S;| < (1 — ) - [S*|. For every S; # S; €
CHILDREN(S*), the contribution of the edges E(S;,Sj) to the hierarchical clustering objective
function is s- |E(S;, Sj)|. We want to charge this cost to 7%(|s/2]) and for that we first observe
that the edges cut in T%(|s/2])satisfy the following:

s

-(5-8~\E*(L8/2J)\)S;- > B2 (140)

t=(1-B)-s+1

s [E*([s/2))] =

™| =

This follows easily from the fact that |E*(t) N .S*| < |E*(¢t — 1) N S*|. For any partition of S*
into disjoint sets @1, ..., Q¢ we define the value of the partition as follows:

S |B(Qi $™\ Qi)
‘

Doz |Qil - [5%\ Qi

Now in order to explain our charging scheme, let’s look at the partition Oy, ..., O,, induced

inside the cluster S* by T*(|s/2]), where by design the size of each |O;] = ; - [S*[, v; < 3. We
have:

VAL(Oy, ..., 0n) = Zzi_ﬁﬁ(gh—s;)\.osg” <2. |Ei£‘;/2 2DI_y. ’E*(E‘Z/ 2D )

The first inequality holds because Y v,y = 1 and > v 72 < 1/2, and the factor of 2 is
introduced since we double counted every edge. Let D1, ..., Dy be a partition of S* into at least
two parts that minimizes VAL(D;, ..., Dy). Therfore, by the definition of minimum we have

VAL(Q1,...,Qr) =

(141)

VAL(Dy,...,Dy) < VAL(Oy,...,0,) < 4- M;/QJ)‘ (143)

Note that since S* € P we have ¢ (S*) > . Therefore, we have

Yovy |E(Di, 5%\ D)l
iy |Dil - S\ Dyl
. |E(D;, S\ Dy)|
min
el |Dg| - |S*\ Dy
@p - d-min(| Dy, |S*\ Djl)
E |Di| - 15*\ D

VAL(Dy,..., D) =

As ¢S (S*) > on

(144)
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Also, note that for every S; € CHILDREN(S*) we have S; € P"*1 therefore, we have

Y oiet [E(Si, S*\ Sy)|
VAL(SY,...,S,) = 2=
(St 50) = S ST 5\ 5
|E(S;, S\ Si)|
< max ————~—~1
ielr] |Si| - |9*\ Si

en - d-15i|
< max Ph 415 As 69,(5) < O
iclr] |S‘ |S \S| t( ) ((ph)
SO(E.h,S‘f) ASIST\ S > 8018 (145)

Putting (143), (144)), and (145)) together we get

1 1Y 1B (s/2))l
ﬂ) - VAL(D:,...,Dp) <O<B> 2 (146)

The contribution of this step to the hierarchical clustering objective function is:

VAL(Sl,...,Sr)<O(

S

L ¥ ' y '
s-i-Z\E(S,-,S VSl = 5 - VAL(S1, o, 8) - 3 1Sl 157\ Sil

< ; . VAL(Sl, ey ST) : 82 . Z/Zl(l - Zi) As Z; = ||§1’|
=1
$ 1\ [E([s/2)] - :
< Z. i I S ™ R (1 — <
<3 0 <ﬁ> 2 s By ([146]), and ;zz(l zi) <
S *
<0(3) 15" (Lsr2) (147)
Therefore, the total cost of T is
COST(T) = ) _ |5*]- > |E(S, 5%\ 9)|
S*eT SECHILDREN(S*)
S*| i}
ZO(‘ )-IE(LS/%)I By (I79)
S*eT
EN
—o(3) ¥ 5 ) By (T20)
S*eT " t=(1-B)-|5*|+1
<O <B2> - Z \E*([t/2])] explained below
t=1
1 *
<0 <ﬁ2> 2. COST(T™) By (139) (148)

The fourth inequality holds because

15|

Y. > B 2hns <) IEN(1/2)),

S*€T t=(1-p)|S*|+1 t=1

as for a fixed value of ¢ and S*, the LHS is: |E*(|t/2]) N S*|. Consider which clusters S*
contribute such a term to the LHS. From the fact that (1 — 8)[S*| +1 < t < |S*| we need
to have that |S*| > ¢ and maxgeoumpren(s+) |S] < (1 — B) - [S*| < t. We deduce that S* is a
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minimal cluster of size |S*| >t > maxgecoumpren(s+) |S|- Thus, if all of the children of S* are
of size less than t, then this cluster S* contributes such a term. The set of all such S* form
a disjoint partition of V' because of the definition for minimality (in order for them to overlap
in the hierarchical clustering, one of them needs to be ancestor of the other and this cannot
happen because of minimality). Since |E*(|t/2]) N S*| for all such S* forms a disjoint partition
of E*(|t/2]), the claim follows by summing up over all t. Thus we have

COST(T) < O <512> . COST(T™).

O

Finally, we state the following corollary of Theorem [2] that bounds the Dasgupta’s cost of
the approximate hierarchical clustering.

Corollary 1. For every integer k > 2, every H € O(logk), every B,¢ € (0,1), every v <
O(min(p?°, 83%)) and every graph G = (V, E) that ¢i(G) > @o and admits a (k,~y)-hierarchical
clustering P, there exists a D-approximate hierarchical clustering P (Definition @) with D =

(@) (ﬂ%wg) such that

COST(P) < O < ) . COST(P*),

67 . 802
where, P* is the hierachical clustering with optimum Dasgupta cost.

Proof. Let P be the approximate hierarchical clustering that is obtained by Theorem [2} With
high probability, P is a D-approximation of P. Thus, by Lemma [l| we have

COST(P) < O (g) . COST(P). (149)

Let P* denote a hierarchical clustering of G with the optimum Dasgupta cost. Thus, by
Lemma [2] we have

COST(P) < O (;) . COST(P"). (150)

Thus, by (149)), (150) and as D = ﬂfgg we get

D 1

COST(P) < O (63> . COST(P*) < O (W) . COST(P*).
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A Graphs in Hierarchical Stochastic Block Models are (k,~)-
clusterable

In this section we present a natural family of graphs that is (k,~)-hierarchically-clusterable
showing that our definition is at the same time natural and well-founded. In particular, the
main result of this section is Theorem [7] We briefly sketch the proof of Theorem [} Fix
H e N, ¢ € (0,1) (which is some large constant bounded away from zero) and some sufficiently
small 7. We use a standard random graph model to sample 27 expanders, Cy, Oy, ..., Cyn,
each containing ¢ = n/2% vertices and each with inner conductance at least ¢ > Q(1). The
parameters of our model are chosen so that it is possible to (recursively) merge these expanders,
two at a time which produces a collection of 27! sets each containing 2t vertices such that each
set has inner conductance ¢ - . We recursively merge these clusters to obtain a collection P”
of sets for all 0 < h < H. Finally, we prove that at any level h, the collection P" at that level
satisfies the properties needed in Definition [6} The following lemma is a useful primitive which
we use to show that a cluster obtained after merging two clusters (according to our random
model) has nice expansion properties.

Lemma 32. Let ¢ > 0 be a constant bounded away from 0 and let d € N. Let € € (1/d, p/16).
For sufficiently large n, let G = (V, E) be a d + ed-regular graph with two clusters C1 and Cy
where

o |Ci] = [Ca| =n/2

e G[C1],G[Cy] are d-regular.

o min(¢,(C1), ¥5(C2)) > .

e For each u € Cy, v € Cy, we have |E(u,Cs)| = ed = |E(v,C1)| > 1.
Then ¢(G) > €/16.
Proof. Let S C C7 UCy be such that |S| < n/2. We will show that

e-d|S|
16

Let S; =SNC1, Ty =C1\S1 and Sy = SN Cy, Ty = Co \ Sy. Consider the following cases

[E(S, VA S)| =

e |S1| < |T1] and |Sa| < |T3]. In this case, note that

|E(S,V\S)| > |E(S1,T1)| + |E(S2,T2)| > ¢d|S1| + ¢d|S2| > ¢d|S|.

e |Si| > |T1],|S2| < |T2|. We now split into two more cases as below.
1. |Si| —|S2| > n/8. In this case, note

ed-n
16 -

[E(S, VA S)| = [E(S1, Ta)| > ed - (|S1] — |S2]) > ed - /8 >

2. |S1|—|S2] < n/8. In this case, note that |S1]|, |T1], |S2|, |T2| all have comparable sizes.
In particular, |S1| € [n/4,n/4 + n/8] and |Ss2| € [n/4 — n/8,n/4]. Thus, both |T}]
and |S2| contain at least n/8 vertices. Therefore,

dn d|S
|E(S,V\ S)| = |E(S1, Th)| + |E(S2, T2)| = @d|T1| + ¢d| S| > ¢+ — > - 1’2’

o | S| > |T5],|S1| < |T1]. Identical to the case above.
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The key to our argument lies in the precise description of the random model our graphs
come from. We first setup the stage to describe our random model.

Fact 1. Let n be a sufficiently large positive integer. For p > 10logn/n, sample a graph
G ~ G(n,p). Then with probability at least 1 —1/n?, G has expansion at least Q(1).

Claim 2. Let n be a sufficiently large positive integer. For ¢ > 30 and p = clogn/n, sample a
graph G ~ G(n,p). Then with probability at least 1 —1/n?, all vertices in G have degree between
2/3-np and 4/3 - np is at least 1 — 1/n?.

Proof. The proof is a direct application of Chernoff Bounds. The average degree is np = clogn.
By a Chernoff bound, the probability that for a fixed vertex the degree is between 2/3np and
4/3np is at most exp(—1/9 - 30logn) < 1/n3. By a union bound over all the vertices, the
probability that some vertex has degree outside this interval is at most 1/n?. O

We are now ready to describe our base cluster.

Construction of Erdos Renyi Clusters: Fix H € N and let ¢ € (0,1) denote a constant
so that for large enough integer n, it holds that G ~ G(n/2H, 3481 1135 inner conductance

n/2H
¢ > Q(1) (by Fact[L). Now, let

1
> —.
Yo = 20(H)

Set k = 2 and for some large enough n, sample graphs

n 30logn
k' njk ) '

By Claim [2] w.h.p. all vertices in each C; have degree between 20k - logn and 40k - logn. Add
enough self loops at each vertex to obtain a d’' regular graph where d’ = 40k - logn. Call the
resulting clusters C1, Ca, . ..C). We refer to these k = 2 clusters as Erdos-Renyi collection of
clusters with parameter H.

Claim 3. Fiz H € N, let k = 2/ and let C1,Co,...C}, denote the Erdos Renyi Clusters with
paramter H as defined above. Then each of these clusters has conductance at least Q(1) with
probability at least 1 — 2/n.

C{,cg,...c,g~g<

Proof. Follows from Fact [I] and Claim [2 on taking the union bound. O

Hierarchy of (H,pg,7)-clusters: Fix H € N, ¢g > 20%. Let k = 2 and for sufficiently
large n, let C1, Cs,...C} denote the Erdos Renyi collection of clusters with paramter H where
each cluster has inner conductance at least 2 - ¢ > Q(1).

Recall each cluster is d’-regular with d’ = 40klogn. Let v < 2" and set ¢j, = po/7". Add
ed' half-edges at each vertex where e = 16(po+@1+...+¢r—1). Write d = d'+ed’ and note that
the resulting graph is a collection of k disjoint components each of which is d-regular. We say
that these half-edges come in H different colors and for h € [H], we have 16pp_1d" half-edges
colored h at each vertex. We now describe a tree with base clusters C1,Cs, ...} at level H.
The definition of our tree is recursive. Suppose we already have a collection of sets (all of which
are actually parition V') Py, Pg_1,- - Pp where 0 < h < H. We now define the partition Pp,_.
This is done in the following steps. Denote the clusters at level h as A1, Ag, ... Agn.

e For an odd i < 2", take the clusters A;, A; 1. Take all the half-edges colored h between A;
and A;11. Add a perfect matching between the all the half-edges. If the matching pairs
up a half-edge colored h on u with a half-edge colored h on v, we add in the edge (u,v).
Note that this results in a graph which has parallel edges.
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e Drop all the half-edges colored h from A; and A;41.

This gives level h — 1. Note that this procedure preserves d-regularity while going from level
h to level h — 1. Repeat this process till it terminates at level 0 and return the final graph
obtained. We denote this model as G(n, H, ¢o,7).

Theorem 7. Fir H € N, ¢y > 207%,{) and ¢ € (0,1). Let v < ©? and for h € [H] set
on = wo/Y" and let k = 2" For sufficiently large n, let G ~ G(n, H,¢q,v). Then, with high
probability G is (k,~)-hierarchically clusterable (Definition [6).

Proof. We need to verify that with high probability, a graph G sampled from G(n, H, g, ")
satisfies the conditions in Definition @ As noted in Claim [3| with probability at least 1 — 2/n,
all the clusters C1,Cs,...Cy are d'-regular for d’ = 40k - logn and have inner conductance at
least 2. As per the definition of the hierarchy of (H, g, ~)-clusters, we add ed’ half-edges at
each vertex where e = 16(¢p + @1 + ...+ ¢m—1) (and thus each C; still has inner conductance
at least o > Q(1)). Write d = d' + ed’ and note that each vertex has degree d. We recall
the half-edges come in H different colors and we have 16¢;,_1d" half-edges colored h. Now, we
proceed to verify the conditions of Definition [6]

To do this, take any h € [H] and note that for each S* € P*~! and any S € CHILDREN(S*)
we have |S| = |S*|/2 and thus the size condition in Definition [6]is met. For the first condition,
we will show the following. Take any pair of sibling clusters at level h. For convenience denote
them as A; and As. Suppose for some 0 < § < a < 1, both A; and A3 have inner conductance
« and the sparsity of the cut between A; and A, is d.

By Lemma the inner conductance of A = A; U Ay is at least §/16. Now, we apply the
above to the bottom level collection P¥ of G by setting 6 = 16¢y_1. This means the inner
conductance of any cluster at level H — 1 is at least ¢y _1. Inductively, this means all clusters
at level h > 1 have inner conductance at least ¢, and outer conductance at most 16pp—1. O

B Properties of Hierarchically Clusterable Graphs

Lemma 5. (Variance bounds) Let k € [n] and m > 2 be integers. Let G = (V, E) be a d-regular
graph. Suppose that V is partitioned into m disjoint subsets V.= S1U...USy,. Then for any
a € R* with ||a|| = 1 we have

SN ) €

i1 zes, min;em XZ(SZ)
where pu; € R™ is the k-dimensional center of set S; (Deﬁmtwn@) X2(S;) is the second smallest
eigenvalue of Lg, (Definition , and A, denote the k-th smallest eigenvalue of Lg.

Proof. Let z = Ul Note that
(z,Lgz) < A\ (151)

Fix some i € [k], let 2’ € R™ be a vector such that 2/(z) := z(x) — (u;, ). For any S CV, we
define z4 € R™ to be a vector such that for all z € V z4(z) = 2/(z) if z € S and z4(z) = 0
otherwise. Note that z(z) = (f¥, ), thus we have

Yo =) @)=Y @) = (m,a) =Y (fF—uf,a)=0
zeV T€S; z€E€S; T€S;
Thus we have z|g, L 1, so by properties of Rayleigh quotient we get

<Zgi7 Lz%’g) o 1 Zx,yESi,(x,y)eE(Z/('x) - zl(y))Q i 1 Ex,yGSi,(x,y)EE(z(x) - Z(y))2

(2:7%5)  d Yoes,(#(@)? T Y s (o) — (i a))?
(152)

x2(G[Si]) <
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Thus we have

Ao 2 (2, Laz) By (T51)

m

> minxa(GISi]) - ) D (2() = (i )? By (152)

=1 $€S¢

Recall that for all x € V, z(x) = (f¥, ). Therefore we have

ZZ<;—M@@>2§ o

min;e,, X2(G[Si])

O]

Lemma 6. Let k € [n] and m > 2 be integers. Let G = (V, E) be a d-regular graph. Suppose
that V' is partitioned into m disjoint subsets V.= S1U...US,. Let Q@ C V. Then for any
a € R with ||a|| = 1 we have

m
A
T T kT K
S 1QN Silual =3 S Ty B
@ — Q01 Silpinei = folz = minge,m, x2(5;)

where p; € R* is the k-dimensional center of set S; (Definition @), X2(S;) is the second smallest
eigenvalue of Lg, (Definition , and A, denote the k-th smallest eigenvalue of L.

Proof. Let T € R*¥IQl denote a matrix whose z-th column is w; if © € S;. Note that

m

YYT = "1Q N Sl (1) ()"

i=1

We define z,Z € RI9 as follows: 2 := YTa, and for any z € Q, z(x) := (f¥,a). Therefore we
have

ol [ rr? — Z(f;)(f;)T al = Z Z(x)? — 2(x)? From definition of z(x) and z(z)
T€Q z€Q
<Y 1(z(2) = Z(2)) (2(2) + Z(@)))|
T€Q
< Z(z(m) —Z(x))? Z(Z(z) + 2(z))? By Cauchy-Schwarz inequality
TEQ T€Q
(153)

Note that for any € Q, we have z(z) = (f,a) and Z(z) = (ig, @). Therefore by Lemma [5| we
have

D (a(z) —FH@)2 < D (fr - a) < \/ A (154)

= = min;em x2(G[Si])
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To complete the proof it suffices to show that 3, o (2(z) + z(r))? < 2. Note that

S <Y (o ps)?

zeQ zeV
_Z’S‘< a:iqs’f >

m
< Z (o, f1)? By Jensen’s inequality

Thus we have

S @) +2@)’ < 3 (2 2@+ 2 2@ <2423 (e fR)P <4 (155)

T€EQ Tz€Q z€Q

In the first inequality we used the fact that ((z) — z(z))? > 0 and for the second inequality we

used the fact that > o (a, 5?2 < Y orev (a, [V = |Uall3 = 1. Putting (153)), (154), and
- together we get

o [ D1QNSi (1) ()" = (AU | a §2-\/ —

— = minjem X2(G[S:])

O]

C Dot Product Oracle of k-dimensional Spectral Embeddings

The main result of this section is Theorem |8 This is a variant of Theorem 2 in [GKL™21] and
asserts the following: In a (k,~y)-hierarchically-clusterable graph, for every level h, and every
pair of vertices x,y € V, one can estimate <fg’j, f{f> in time ~ n!/2t00/¢) where k = |P"|. Note
that whereas the result in [GKLT21|] requires the clusters to have sizes within constant factor
of each other, here the clusters in level h can have sizes which are within a O(ﬂih) ~ kOW) factor

of each other. However, the result continues to hold at the expense of extra k(1) factors in the
running time.

Moreover, the proof of Theorem 2 in |[GKL™21] assumes that the input instance admits a
k-clustering where each cluster has outer conductance at most € and relies on the fact that
IIfF12 < w. In a (k,~y)-hierarchically-clusterable graph, for every level h we have
I1£5113 < ||f*113, where k = |[P"|, and k = |PH|. Moreover as shown in Lemma we have

753 < w, hence, the proof of Theorem 2 in [GKL™21] can be used for our setting

as well (and we do not require to assume pp_1/ 90% < 1).

Theorem 8. [Spectral Dot Product Omclq GKL"21]] Let G = (V, E) be a (k,~)-hierarchically-
clusterable graph (Deﬁmtwn@ Let € € ( =, 1) and let k = |P"| denote the number of clusters at

level h. Then INITIALIZEDOTPRODUCTORACLE(G 1/2,&, h, k) (Algorithm[9) computes in time
o(1)

o) (
nl/2+00v/¢) . (%) a sublinear space data structure Dy, of size n'/2TO0/¥) . (ﬂ?%)

such that with probability at least 1 — n~190 the following property is satisfied:
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For every pair of vertices x,y € V, SPECTRALDOTPRODUCT (G, z,y,1/2,&,D},) (Algorithm
@) computes an output value <fg’§, f;>apz such that with probability at least 1 — n =190
<
-

), — )

<

apx

ing ti o 1/240 klogn ) O
The running time of SPECTRALDOTPRODUCT(G, z,y,1/2,£,Dy) is nt/2+00/%) . (ﬁ)

Even
Furthermore, for any 0 < w < 1/2, one can obtain the following trade-offs between pre-

processing time and query time: Algorithm SPECTRALDOTPRODUCT(G, x,y,w,, D) requires

o)
and the space used by this procedure is (M> -n00/e),

o(1)
nwtO(r/e). (%) per query when the preprocessing time of Algorithm INITIALIZEDOTPRODUCTORACLE((

is increased to nl—wtO0/¥). (%)O(l).

We first set up notations and then state the algorithms below.

Let m < n be integers. For any matrix A € R™*™ with singular value decomposition (SVD)
A =YTZ" we assume Y € R™ " and Z € R™ " are orthogonal matrices and I' € R"*" is a
diagonal matrix of singular values. Since Y and Z are orthogonal matrices, their columns form
an orthonormal basis. For any integer ¢ € [m] we denote Y|, € R"*? as the first ¢ columns of

Y and Y_; to denote the matrix of the remaining columns of Y. We also denote Z[i] € RIx®

as the first ¢ rows of ZT and Zf[q] to denote the matrix of the remaining rows of Z. Finally

T
[q]
rows and columns of I'. So for any ¢ € [m] the span of Y_|q is the orthogonal complement of

the span of Y},, also the span of Z_, is the orthogonal complement of the span of Z;. Thus
we can write A = Yjy T Zi) + Y_(gT 1927 .

we denote I'? ; € R?*7 as the first ¢ rows and columns of I" and we use I'_[g as the last n — ¢

Algorithm 9 INITIALIZEDOTPRODUCTORACLE(G, w, &, h, k)
= 6000-log n

1

onB3-p? o)
9: Ripge 1= nl=wt00/9) . (g)
o(1)

3: S = nO(’Y/(p) . klo%

e

Let Is be the multiset of s indices chosen independently and uniformly at random from

{1,...,n}

5: for i =1 to O(logn) do R

6: Q; = ESTIMATETRANSITIONMATRIX(G, Ig, Rinit, t) > @; has at most Rjyj; - s non-zeros
7. G :=ESTIMATECOLLISIONPROBABILITIES(G, Is, Rinit, t)

8: Let % -G = WSWT be the eigendecomposition of % -G > G e RS*s
9 U= % : /W[H]iisz > W e RS

[x]

1w "V [

10: return Dy, := {¥,Qq,.. -,QO(bgn)}
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Algorithm 10 SPECTRALDOTPRODUCTORACLE(G, z,y,w, £, Dp)
o(1)

Ryuery : — pwtO(y/e) . ]E

for i =1 to O(logn) do
m? := RUNRANDOMWALKS(G, Rquery: t, )

X
ﬁz; = RUNRANDOMWALKS(G, Rquery, t, )

Let a, be a vector obtained by taking the entrywise median of (Ql)T(fﬁ
Let a be a vector obtained by taking the entrywise median of (Q;)T (7

return <ff, f?’j>

) over all runs

(2
T
y) over all runs

T
= a, Vay

apx

D Projection On Subgraph Projection Matrix

D.1 Stability Bounds under Sampling of Vertices

The main result of this subsection is Lemma 211

Lemma 21. Let G = (V,E) be a (k,~)-hierarchically-clusterable graph (Definition [¢]). Let
Q CV be a set that is d-close to r-clusterable (Deﬁmtion and let @ be a set of size s that is
sampled independently and uniformly at random from Q. Let 11, Il € RF*% denote the subgraph
projection matrix of () and Q for K and r respectively (Definition Then with probabaility
at least 1 — n~1% for every x,y € V we have

(o Tigy ) = (romigy)] <

where, k € [k],r € [k], § € [O,ﬁ), S (n%,ﬁ), s> W and Ag,c > 1 are large

enough constants.

§

n

To prove Lemma [21| we require the matrix concentration bound, which is a generalization of
Bernstein’s inequality bound to matrices. Equipped with the Matrix Bernstein bound, we can
show that under certain spectral conditions we can approximate a matrix AAT by (AS)(AS)T,
i.e. by sampling columns of A. The idea is to write AAT = Y"1  (A1;)(AL;)T as a sum over
the outer products of its columns and make the sample size depend on the spectral norm of
the summands (Lemma . To prove Lemma [34] we require the following matrix concentration
bound, which is a generalization of Bernstein’s inequality bound to matrices.

Lemma 33 (Matrix Bernstein [Trol2]). Consider a finite sequence X; of independent, random
matrices with dimensions dy X da. Assume that each random matriz satisfies E[X;] = 0 and
| Xill2 < b almost surely. Define o® = max{|| >, E[X; X1 ]|l2, | >, E[XT X;]|l2}. Then for all

t>0,
P Xl >t < (di+da)-e /2
i = ~ - exX — = .
L LT a2) P G2 /3

Lemma 34. Let p,q < n and A € RP*? be a matriz. Let B = maxpe(1,.. g (A1) (ATR)T 5.
Let ¢ € (0,1) and s > %. Let Is = {i1,...,is} be a multiset of s indices chosen
independently and uniformly at random from {1,...,q}. Let S be the q X s matrixz whose j-th
column equals 1;;. Then we have

P ([ A47 - 2(A8)(A8) |2 = ¢] < n 7.
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Proof. Observe that

AN = Y (Aly)(ALy)” (156)
Le{1,....q}
and
%(AS)(AS) a Y (AL (AL)T (157)
i;€l5

Let X; € RP*? be a random variable defined with value X; = - (A1;,)(AL;,)". Thus we have

ELx;) = £ Ef(An,)(41,)7) =

» [

S (L) = AT (5)
e{1,...,n}

By equality (157) we have 4(AS)(AS 7' = Z;:1 X;. Thus by equality (158) we get

Q| =

14(45)(48)" - 4 |2—||ZX — ELX))l. (159)

Let Zj = Xj - E[X]] We then have HZ]HQ = HXJ - E[XJ]HQ S HXJHQ + H]E[X]]HQ Now let
B =maxeqr,. g [[(ALg)(ALy)T|3. Furthermore, by our assumption we have

q q
102 = |- (any) (a7 < 2B (160)
By subadditivity of the spectral norm and (158) we get
q
B[]l < - B (161)

Putting (160) and (161)) together we get
1Zjll2 = 1X; — E[Xj]ll2 < 1Xjll2 + [E[X;]]l2 < 2-

CDMQ

.B (162)

Now we would like to get a bound for the variance. Since Z; is symmetric, we have Z]-TZ]' =
Z;Z] =73

IIZE[Z?]II2 < s [ElZll2 = s - |EIX]] - ELXG12 2 < s - [EXF]l2 + 5 - [ELX;0%]l2

By submultiplicativity of the spectral norm we get

1 q2 2
IE[X]]|l2 = e Z (A1) (A1) T)?|| < ;Q B? (163)
tef{l,....q} 2
Moreover by submultiplicativity of spectral norm we have ||[E[X;]? |2 < ||E] ]]||§ < g—z - B2,

Putting things together we obtain

S
2. ¢*B?
> BlZ)| <=
X S
2

Now we can apply Lemma [33/and we get with b =2- 4B and 0* < 2'q2B2 using s > %

: &
1> Zjl2> €| < (p+a)-exp (02 i bg) <n1% (164)
Jj=1 3

d
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The following lemma proves a 2-norm bound on the x-dimensional vectors fF. In turn, its
proof requires the following lemma which was proved in [GKLT™21].

Lemma 35. [[GKL"21]] Let ¢ € (0,1) and € < {&5, and let G = (V, E) be a d-regular graph
that admits (k, @, €)-clustering C1, ..., Cy. Let u be a normalized eigenvector of L with ||ulla = 1
and with eigenvalue at most 2e. Then we have

160

lJul]oo < 020/ |
mingex |Cil

Lemma 36. Let G = (V,E) be a (k,~)-hierarchically-clusterable graph (Definition [6). Then
there exists a constant Ay such that for every k € [k] and every x € V' we have

Agy

ko(l) . n(7>
T

Proof. Let C1,...,C, € PH denote the clusters at level H. Note that for any cluster C at
level H we have ¢i,(C) > g = ¢ and ¢out(C) < O(pp—1) = Ao - ¢ - 7y for some constant
Ag. Therefore, G is (k,p, Agp - 7)-clusterable. Also note that Aoye — A0Y j5 gmaller than a

©* ©
sufficiently small constant. Thus by Lemma [35] for any x < k we have

1Fz1l2 <

20402 160

filloo <m0 _
1721l min;e g |Gl

Also note that by Propositionwe have min;e ) |C;] > n-BH. By Deﬁnition@ H = O(logk),
thus we get

20A0-y

p2040:3 o) n(T)

Vi S e

1\ (H/2)
11£5]ls < V160 - VE - (5) .
]

Lemma 37. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6]). Let
¢ € ( =,1) and ¢ > 1, Ay > 1 be sufficiently large constants. Let Q@ C V and Q be a set of

c A x
size § > kg# that is sampled independently and uniformly at random from Q. Let s be an

estimation of |Q| such that |s — |Q|| < _9IE 7ot A e RPXIQI gnd A € R¥¥IQ! be matrices

ke.nd04g-y/¢

whose columns are fF forx € Q and x € @ respectively. Then with probabaility at least 1 —n 100
we have:

|aa” - 2. D@7 <¢
Proof. Note that |Q| = 5. Recall that A € R*¥IQ and A € R"** are matrices whose columns
are fy forz € Q and x € Q respectively. Let S € RIQIX5 he a matrix whose z-th column equals
1, for any # € Q. Note that A = AS. Let B = max;cq || f£]/3. Note that by Lemma
have B < W holds for some large constant Ag. Also, recall that |Q| < n. Therefore,

by choice of s for large enough ¢ we have

we

k¢ . n80Ao/¢ - 40 - ’Q‘Q . B2

¢ - £)?
(a)
Thus by Lemma [34 with probabaility at least 1 — n =% we have
¢
-2

5>

HAAT 1@l (AT

(165)
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Also note that

2 e -2 @ (166)
2
Ql=s| 71
= =2 @,
<|Ql=s) A Si < a ||(A) (DT = 14112
< |2 A ince .|l < [[./l2 and [|(A)(A)"]]> = [|A]3
Q| —s
= B Y [PAT:
xE@
_ ~ O(1) . p40Ao /¢ O(1) . p40Ao-y/¢
<[l g By Lemma e 17,3 < £ "
Q|- ¢ LOQ) | 40407/ ] = Q| - €
S <kc n40.7/<p . " SIHCQ S = ’Q| and ||Q‘ — S| S W
Sg Since |Q| < n

Note that the last inequality holds since constant c is large enough to cancel the hidden
KOO n0207/¢ - Pherefore by (165) and (166]) with probabaility at least 1 — n =1

n

constants in

we have

Jaar - 2], < aar -4 | + |2 @ar -2 @ar|
BN
<

O]

To prove Lemma |39| we need Lemma@ in which we will use the following result from [HJ90]
(Theorem 1.3.20 on page 53).

Lemma 38 ([HJ90]). Let j,m,n be integers such that 1 < j < m < n. For any matriz
A € R™™ and any matriz B € R™™  the multisets of nonzero eigenvalues of AB and BA are
equal. In particular, if one of AB and BA is positive semidefinite, then v;(AB) = vj(BA).

Lemma 39. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6). Let
k € [k],r € [K], d € (0, %), e (n—15, 1) and ¢ > 1, Ay > 1 be large enough constants. Let Q C'V

~ ¢ 80A s
be a set that is §-close to r-clusterable (Definition and let QQ be a set of size s > k'"g#

that is sampled independently and uniformly at random from Q. Let s be an estimation of |Q)
such th(llf |s —~|Q~|| < kc,n'ﬁ%. Let A € R**% be a matriz whose columns are f5 for x € Q
and let Y = AT A. Then with probabaility at least 1 — n~'% we have:

Lo (57) = (5 AAT) 21— (6+¢)
2 vri1 (87) = v (3 AAT) < (5+9)

Proof. Let A € R%¥IQl be a matrix whose columns are 5 for x € Q. Note that () is d-close to
r-clusterable. Therefore, by Definition 21| we have

v (AATY > 1 -6 (167)

80

By triangle inequality

By (163 and



and
v (AAT) < 6 (168)

. 80Aqg-L )
Also note that since 5 > "% and ls — Q]| < kaﬁ%’ by Lemma |37 with probabaility

52
at least 1 — n~190 we have s s
o - (2)-277], < 10

Therefore, by Weyls inequality (Lemma , 167)) and (169) we have

ve (£ AAT) 2 v, (4AT) - || 44T — (

S

i) -ZETHQ >1-(5+¢€)

S

Also, by Weyls inequality (Lemma [16)),(168) and (169) we have

et (50 AAT) < vy (AAT) + (44T) +||AAT - (£) 33T < (+g)

Recall that T € R¥*3 is a matrix such that for any 21,22 € Q we have T(zl, ZQ) < kofE > and

,E} Y
A € R is a matrix whose columns are frforx e Q. Therefore, we have T = AT A. Thus by

Lemma [38 we have s s
v (2:7) =0 (3 AAT) 21— (6+9)
and

Vr+1 (% : T) = Ury1 (% : le/TT) <(6+¢)

Our main technical tool is the Davis-Kahan sin(#) Theorem [DKT70].

Theorem 9 (Davis-Kahan sin(#)-Theorem [DKT70]). Let A = YoT'oYyl + Vi1 Yl and A+ E =
%foffoT + ﬁfl?lT be symmetric real-valued matrices with Yy, Y1 and }70,}71 orthogonal. If the
eigenvalues of Iy are contained in an interval (a,b), and the eigenvalues of Ty are excluded from
the interval (a — D, b+ D)for some D > 0, then for any unitarily invariant norm ||.||.

Y EYol

Y1y, <
H 1 0” — D

Lemma 40 L[GKL+21]). For every symmetric matriz E and every pair of orthogonal projection
matrices P, P one has

|P-E-P—P-E-Plly <2|Elz-(|P- (I =P)ll2+[P-(I—P)la)

Lemma 41. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6). Let

k€ [kl,r € [K], 6 € (0,7055): & € (5. 1005) and Ag > 1,¢ > 1 be large enough constants.

Let Q CV be a set that is 0-close to r-clusterable (Definition and let @ be a set of size
5> ’“CT that is sampled independently and uniformly at ranodm from Q. Let I, Il € RFX*

denote the subgraph projection matriz of QQ and @ for k and r respectively (Definition . Then
with probabaility at least 1 — n~1% we have

o], <«
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Proof. Let s = |Q| and let A € R"** and A e RFF be matrlces whose columns are f2 for
2z € Q and z € Q respectively. Let B = (A)(A)T and B = £ - (A)(A)T. Let B = YTY” and

B=YTY7" denote the elgendecomposition of B and B respectlvely. Therefore by Definition
we have I = Y],,Y, 7] T and II = YinY, " } We define

o=, = e = Fat

P

We define P = Y[T] 7]’ P = YMYM and E = I;«,. Note that since P and P are projection
matrices we have PP = P and PP = P. Therefore, we have

P-E-P-P-E-P=P—P =YY Y,¥}] (170)
Therefore, (170) and by Lemma 40| we have

1|4

=] = [|yie v = ViV,

<2|Illa- (|1P- (I = P)|2+[|P- (I - P)|]2) By Lemma [40]
2 VY T ¥l + 2 (g V) (Vi YT )
<2 |[Yyll2 - ||}/[ZiY[,T]||2 : HY[_T]HZ +2- HYMHQ . ||Y[Z]Y,ﬂ\|2||Y£T}H2 By submultiplicativity of nor

=2 (1YY llo + VY ) (171)

where the last inequality holds since ||Y[,, 2 = [[Y—nll2 = ||1~/[,,]||2 = H}N/[_T]Hg = 1. Therefore,

we need to upper bound [|Y] Y[ rll2 and [[Y Y[ o ll2-

Let £ = g . Note that by ch01ce of s for large enough ¢ we have § > ¥ 8220 s > k° Z(,)QAO'WP
where ¢’ is the constant from Lemma Thus by Lemma (37 m 7| with probability 1 — n=1% we
have N 5 o

1B~ Bll2 = HAAT -(2)- @@ <¢ (172)

Bounding ||Y[;F]l7[_r]||2: Note that since @ is d-close to r-clusterable we have v,(B) > 1 — ¢.

Moreover, by Lemmawith probability 1—n"1% we have v, 1(B) < (§+¢'). Since 6,¢ < o5
thus we have N
vr(B) > 1/2 + vp41(B) (173)

Thus by Davis-Kahan (Theorem [J) and (173) we have

. -~
HY[”}(B_B>Y[_T] 2
1/2
<2- ||Y[ |2 - HB BH ||Y 1/l By submultiplicativity of norm

<2.¢ By (72), and since [[Y5l2 = [V /|2 = 1
(174)

1YYl <

Bounding |D~/[7T]Y[_T]H2: Note that since @ is d-close to r-clusterable we have v,1(B) < 4.

Moreover by Lemma [39| with probability 1 — n™1% we have v,(B) > 1 — (6 + &). Since
5,8 < 100, thus we have
vr(B) > v.(B) +1/2 (175)
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Thus, by Davis-Kahan (Theorem [9)), (172)) and (175 we have
< -
HY (B — B)Yn 2

<2- HY[ |2 - HB BH “||Y{—yll2 By submultiplicativity of norm
<2.¢ By (T72), and since [[75]|> = [[Vi_y /| = 1
(176)
Put together: By (171 - and . with probability 1 — 0 we have
- HH2 <2 YVl +2- VTVl <8-€ <¢ (177)
0

Now we are ready to prove Lemma

Lemma 21. Let G = (V,E) be a (k,)-hierarchically-clusterable graph (Definition 6]). Let
Q CV be a set that is d-close to r-clusterable (Deﬁm’tz’on and let Q) be a set of size s that is
sampled independently and uniformly at random from Q. Let 11,11 € R**" denote the subgraph
projection matriz of Q and Q for k and r respectively (Definition . Then with probabaility
at least 1 — =100 for every x,y € V we have

(o Ty = (regy)

S > kC.nl60Ag-v/e

<
n

<

where, k € [k],r € [k], 6 € [0, 1055): € € (55, 1000) and Ag,c > 1 are large

§2
enough constants.
Proof. Note by submultiplicativity of norm we have
(e Ty ) = ()| = [T @ =) < U 1T =1l 150l (78)

Note that by Lemma [36] for any x € V' we have

LO) . 20407/

Rl < 179
Il < 0 (179
Let & = m where we set ¢ later. By choice of 5 and for large enough constant c
¢ 160A i " 80A e
we have § > k- e 0w > k° 5,2 "% where ¢ is the constant from Lemma Therefore, by

Lemma 41| with probability 1 — n 1% we have

[T 112 < ¢ (180)
Therefore, with probability 1 — n 1% for every z,y € V we have

(e Ty ) = ()| <

Sl - [T — 0|2 - |1 £5]]2 By (178)
£O) . 20A07/5 \
<¢ 7 By (T79) and (T80)

B ¢ EO) . p40A0y/¢ ' ;L £
= T AT p By choice of ¢ = %0 A0Aon g
<&
n
The last inequality holds by choice of ¢’ as the constant hidden in O notation. O
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D.2 Stability Bounds under Approximations by Dot Product Oracle
The main result of this subsection is Lemma 22

Lemma 22. Let G = (V, E) be a (k,~)-hierarchically-clusterable graph (Definition @ Let Q C
V' be a set that is §-close to r-clusterable Deﬁmtz’on and let IT € R®*% pe the subgraph projec-
tion matriz of Q for k andr (Deﬁmtion. Then INITIALIZESUBGRAPHPROIJMATRIX(G, ., K, T, @, s5,€)
(Algorithm@ computes a data structure D such that with probability at least 1 — n=97 the fol-
lowing property is satisfied: With probability at least 1 —n=%7, for every pair of vertices x,y € V,

ProJEcTEDDOTPRODUCT(G, 2,9, &, D) (Algom'thmﬂ) computes an output value <fg’f,ﬁf;>

such that
]< SAf) (AT

where, k € [k],r € [k], § € (0 ,1000) e (n5, 1000) and Ag,c > 1 are large enough constants.

Also, @ is a set of size s > w sampled independently and uniformly at random from

apx

<

<
n’

3
Q, and s is an estimation of |Q| such that |s — Q|| < ,M'fg(')%.
To prove Lemma [22| we first need to prove Lemma 42| and Lemma

Lemma 42. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6]). Let
k € [k],r € [s], and s > 1. Let Q C V be a set of size § and let 11 € R™" be the subgraph
projection matrix of Q with respect to k and r (Definition . Let T € RS be a matriz
such that for any z1,z9 € é we have T(zl,zg) = < o fQ> Let (§T> = ZTZ7 be the

eigendecomposition of <% . T) Let ¥ = %EMF[—]IE[T}. Let z,y € V and a,,a, € R® be vectors
such that for any z € Q we have a,(z) = (fF, fF) and ay(z) = <f3’j, f5). Then we have

< ;,ﬁf;> = aglllay

Proof. Let A € R be a matrix whose columns are fz for all z € é Note that T € R¥F is a
matrix such that for any z1, 29 € Q we have T (21, 22) < R > Therefore, we have

)|
=
Il
N
)|
)
N~
S
I/~
)l ®
b}
N~

Therefore, Tisa gram matrix, hence F 0. Therefore, we denote the singular value decompo-
sition of \f A by Vi A= Y(I‘l/z)ZT Observe that ¥ € R**s T' € RS% Z € R¥*F and we

have < ;g>T< ng> _ (?(f1/2)2T>T (?(fl/Q)ZT) =177 = (%T>

Note that a,,a, € R® are vectors such that for any z € Q we have a;(z) = (f¥, fF) and
a,(z) = <  f “> Therefore, we have a, = AT fz and a, = AT fy- Thus we can write

aglllay
T (S 1
K S A K A
= (YT ( 7T Zm) (AT (1) Asa, = ATf, and a, = ATf,

T(\[ > 2Ty} VQ(@-P)@;)

T (Y (T1/2) ZT) (zmr[ 1zt ]) (E(fl/ﬂ)f/T) () Asy/2 - A=VTV%)ZT (181)

P
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We define the padded identity matrix I,xp € Ro*b a5 a matrix such that for all i < min(a,b),
I,(i,7) = 1 and the rest is zero. Note that Z7 € R¥*® and Z},) € R®*". Also note that since Z

is the right singular vector of ZL hence, we have 727 =1 sxs- Lherefore, we have ZTZ[T] = Izy,
and 2[7; ]Z = I, «5. Therefore, we get
af\llay
= ()" (YA ZT) (2T 28) (07T (f5) By (@31)
= (170 (V) ) O L) TV2)) (PN AS Z7 2y = Ty and Z7 = Lycs
(f )T ( sxr)( rxs)YT(fglj) As (fl/z)(IEXT)(f[;]l)(Irxg)(fl/z) = (I's“xr)(frx's”)
= (" (Vi) () As ¥ (T5x,) = Vi (182)

Recall that A € RF*3 is a matrix whose columns are f7 for all 2z € @ and the singular value
decomposition of \/g <Ais \/g A=Y (T'Y?)Z". Therefore, the eigendecomposition of AAT is

MTZ?(ST)?T
S

Note that by Definition [I2] we have o
fi— 7,7 18

Therefore, by and we have
alwa, = (£)7 (Vi) (£) = (£, 1085

To prove Lemma [22| we also need to use the following lemma from |[GKL™21].

Lemma 43. Let A, A€ RY™ pe symmetric matrices with eigendecompositions A = ZAFZT and
A= ZTZT. Let the eigenvalues of A be 1 >~ > --- > v, > 0. Suppose that |A — Al|s < 170’"0
and vr+1 < /4. Then we have

2 (- Ap) "

V2

5 T[-15T
12T Zy = 2T ) 2o 2 <

Now we are ready to prove Lemma

Proof. Proof of Lemma .. Let T € R¥F be a matrix such that for any 21,2, € Q we have
T(zl,ZQ) <le, fz2>apz Let ( ’Y) ZTZ7 be the eigendecomposition of ( T) Then as
per line of Algorithm |§| we have

~ S

U= 20,

S

s (184)

Let oy, a, € R® be vectors such that for any z € Q we have az(z) = (f7, f5) ape and ay(2) =
< e ff>apz. Then as per line 3| of Algorithm |7| we have

(fraify) = alta, (185)
apx

Let A € R* be a matrix whose columns are J7 for all z € Q Let T = ATA. Note
that T € R is a matrix such that for any 21,22 € Q we have Y(z1,29) = <f21,f22> Let

(% : T) = ZT'Z7 be the eigendecomposition of (§ . 'Y‘) and we define
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S
V==2.7 17T 1
3 o ("] Zir] (186)

Let a,,a, € R® be vectors such that for any z € Q we have a,(z) = (f, f¥) and a,(z) =
< Iy ff> Therefore, by Lemma 42| we have

(fr.01f5) = alva, (187)
Therefore, by (185)) and (187 we have
‘<ﬁiﬂ§> — (fr.01f)| = |l Wa, — al va, (188)

aZ\Ilozy — a{@ay‘. Let E =V -V, e, = a, —a, and
e, = a, — a,. Thus we have

‘<5ﬁﬁkm—<5ﬁﬁ>

_ . T T
o, Yoy, —a; \Ifay‘

= ’(ax + ex)T(‘I’ + E)(ay +ey) — af‘l’ay!
< [laz|l2||Ell2l|ay|l2 + |lez|l2[|Ell2llayl2 + [|az||2|[Ell2]|ey]l2 + [|ex||2][Ell2]|ey]]2
+ llezl2l[¥l2l[ayll2 + [|az||2|[¥]]2]ley|[2 + [lex||2][¥]]2]|ey]|2 (189)

Thus to complete the proof we need to bound ||az||2, [|ay||2; ||€z]|2, |ley]]2, |[¥]]2 and || E]|2.

Bounding [|a,||> and ||ay||2: Note that for any z € Q we have a,(z) = (f7, f5). Thus we
have

laglla = > (fe, f5)°

ZGQ
Q- | £5]12]1£5] |2 By Cauchy Schwarz
— kO . p4040v/e

<V5- & By Lemma

n

Thus we have

n

az]l2 < V3

(190)

and
ko(l) . n40A0"Y/90

layll2 < V5 (191)

n

Bounding ||e;||> and ||e,||2: Note that e, = o, — a,. Recall that for any z € Q we have
3

az(2) = (5 [, and az(2) = (fr, fF). Let & = Mw where we set ¢ later. By

Theorem [§ with probabaility at least 1 — n? - n 1% we have

mm-¢2% > Wttty < [T (8) <28 )

« n
2€Q 2€Q 2€Q
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Similarly we have

=

¢

n

lleyll2 < (193)

Bounding |[¥[[2: Note that ¥ = (% ' Z[ﬂfﬁéﬁ). Since Z[T] is orthonormal we have HZ[T]HQ =

1. Therefore, we get
5T S 1
1P|]2 < ||Z[r |2 - HF[T] |2 - HZ[T]||2 < 5 ﬁ (194)
Then, we need to bound l/r( ). Recall that T = AAT and the eigendecomposition of ( . 'Y‘)
is ZT ZT. Therefore, we have v,(T) = v, <§ . T). Recall that &' = kc,ﬂj% and let ¢’ be the

£3
constant from Lemma hence, for large enough constant ¢ we have |s — |Q]| < Q1€

‘ — kc,n280A0~'y/<p —

kc”ﬁ()% Also by choice of s we have s > ken®00 > kcn'";,ZAO% . Therefore, by Lemma
item ( . ) with probabaility at least 1 —n 1% we have
(D) = 1, (%T) >1-5-¢ (195)
Therefore, by (194), and since 0 < 6,¢& < ﬁ we have
H\I'Hﬁéyif) 5’;1_;_352'2’ (196)

Bounding ||E||2: Note that

-3 _ 7 p-15T ~17
B=¥ -V =20 2 - Zi Ty 2

To bound [|E||2 we will use Lemmal[d3] Hence, we first verify that prerequisites of this lemma
are satisfied. Recall that T € RS® and T € R are matrices such that for any 21,22 € Q
we have Y(z1,2) = <fz17fz2>apz and Y (z1,2) = = (f£,f%). Therefore, by Theorem |8 with

probabaility at least 1 — n? - n 1% we have
~ ~ ~ ~ 5/
T -Fll < T -Tlle= | 3 (550, — (a.55)) <55
21,22€Q
Thus since s <2+ |Q| < 2-n we have
H(i?)—(i‘f)“ <2 ~§’<2 ¢ (197)
S S 27 S

3

Recall that the eigendecomposition of (% : Y) is ZTZT Also recall that ¢ = T AGATE
and ¢’ is the constant from Lemma Thus, for large enough constant ¢ we have |s — |Q|| <
Q|3 QL€ : ~ B i N T
0T S R i0Ag T and by choice of s we have s > £ > & . Therefore,

by Lemma item [2| we have

ver1(T) = v <§ T) <5+¢

Also by (195) we have 1/7,( )>1-—6—¢. Since §,& < 1000, hence, we have
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= v (I')

e (F) < 2L (198)
Also by ((195)), (197) and since §,&" < Tloo we have
5 & S 1—6—¢ (D)
—-T) - ;-TH<2-’< < 1
H(s ) (s ) 27 &= 100 — 100 (199)

Putting ((198) and (199) together we can apply Lemma [43| to matrices (% . ?) and < . T)
Thus we get

»lw

7 15T ~ 17 —1-T
WEll2 = 12Ty 2y = 2Ty 22

_ . 1/3
s2-(|[(-7) = (2.7
S (‘ (S ) ~<s )HQ) By Lemma@
v (T)?
(2. en/3
FEL o 3
< 100-¢"/3 Since 8, ¢ < Wloo (200)

Put together: Putting upper bounds of [|a.|[2, [|ay|[2, |lex|l2, [ley[2, |[¥[|2 and [|E]| together
by (190), (191), (192)), (193)), (196)), (200) with probabaility at least 1 — n~=% — n =190 we get

apx
< llaz|l2l[Ell2llay[l2 + [lea|l2[|Ell2llayll2 + [[az|[2] |El|2lley|l2 + llez|l2][Ell2]ley]]2

+ lezll2l [P ll2]lay||2 + a2 [¥2]ley||2 + [lex|[2][¥]|2|ley]]2 By (189)
KOO . y8040v/¢
< (S' 2 - (100- %)
n

1. Ao/ <. ¢ = el
+2.<\/§.k01 7:0 W).<100.§’1/3).(‘/gng)Jr(loo.f’”?’).(Sngz)

G0 () < () 6

(5'1/3 100 . n80A0~7/<P>

n

W)l »

IN

S
=,

The last inequaliy holds by choice of £ = for large enough constant ¢/. There-

g
kc/ 4n240A0-'y/4p
fore, with probabaility at least 1 —n~97 for any x,y € V we have

]<£ﬁﬁkm—<$ﬁﬁ> :

<>,
n
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E Counting the Number of Children

In this section we prove the correctness of Algorithm (11| that counts the number of children of
a cluster. The main result of this section is Lemma 29l

Algorithm 11 COUNTCHILDREN(G, K, S*, s)

1: §= ‘g*‘
2. T € R°*% «— Gram-matrix of <f;”, f;>apz for x,y € §* > Remark@
3: r < the largest number such that v, <% . '/I\“> > 0.9, and v, <% . ?) <0.1

4: return r

Remark 6. T (z,9) <fx , fy> . and for computing <fg’§, f;>apz we use Algorithm m given in
Appendiz [C.

(fx, f;)apz = SPECTRALDOTPRODUCTORACLE(G, x, 3, w, 0.01, Dy,)

Lemma 29. Let G = (V,E) be a (k,y)—hiemrchically clusterable graph (Definition [6]). For
some large enough constant Do > 1, let D = 54 o, h € [H], k = [P, S* € P, r =
|CHILDREN(S™)| and ¢ > 1 be a large enough constant. Let S* C V be a set that is D-
hierarchically-close to S* (Definition|19). Let S* be a set of size 3§ > k¢-n39407/¢ sampled inde-
pendently and uniformly at random from S*. Let s be an estimation of |S*| such that |s — | S*|| <

* ~ O(1
‘Siﬁ. Then COUNTCHILDREN(G, K, S*. 8) runs in time nl/2+00/@) . ( klogn and with
k‘c~n40AO ¥/ ) TV ) Y ©n

probability at least 1 —n™"7 returns r.

Proof. Let A € R"¥I5" be a matrix whose columns are f¥ for all x € S*. Note that r =
CHILDREN(S*) < % since for every S € CHILDREN(S™), |S| > (- |S*|. Recall that D = Az

Thus we have r < D. Let § = 13- D - /4. By Definition @ ﬁ and ﬁ are sufficiently small.
Thus we have § < 0.01, hence, by Lemma [17] we have

vep1 (AAT) <5.D 44 <5
and
VT(AAT)21—13-D-71/4:1—6

Therefore, by Definition [21|, we have set S* is d-close to r-clusterable. Let & = ﬁ and

¢ be the constant from Lemma Let A € R be a matrix whose columns are fr for
z €S andlet T = ATA. Therefore, by choice of s*,s for large enough constant ¢ we have

o/ 80A
§> ke S04 > ]“570"’ and |s — 5% < n“iA‘O 7 S |‘ZOIL§W¢ Therefore, by Lemma
9| with probabaility at least 1 — n~1% we have:
" <S§T) >1-(5+¢) (201)
and
s* =
Vi <,§ : T> <(5+¢) (202)

Note that T = AT A where A € R**¥ is a matrix whose columns are e for 2 € §*. Therefore,
for any 21, 29 € S* we have T(zl, 29) = < ko fR > Also note that as per line of Algorlthm'

z1)
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T € R¥% is a matrix such that for any zi, 29 € S* we have T(zl, z9) = <f§1, f52>apz' Therefore,
by Therorem (8 with probabaility at least 1 — n? - n~1% we have

~ ~ ~ ~ 2
T =Tl < T -Tlle= | 3 (05785, (5.m) <52

21,22€5*

Thus since s < 2-[S*| < 2-n we have

IG-7)-G-7)
S S

Therefore, by Weyl’s inequality (Lemma and choice of H = £ - T and P = (% . Y’) —
- T) we have

o (57) 2 (5 )—H( 1) -G,

<2-¢ (203)

/N
A»

>1-(+8)—(2-9) By (201), (203)
1
> 0. —
>0.9 As & = 100 and&_loo

Also by Weyls inequality (Lemma we have

e (7)o (2 0) (1) (3T

>(0+8+(2-¢ By (202), (203)

1 1
<0.1 As & =
=0 TR T

Therefore, with probabaility at least 1 — n? - n =100 — =100 we have v, (% . Y‘) > 0.9 and

Vrtl (% . T) < 0.1. Thus as per line of Algorithm with probabaility at least 1 —n="7
it returns 7.
Now, we bound the running time of COUNTCHILDREN (Algorithm . Line [2 I computes
52 dot products. As per Remark @ this is done by calling SPECTRALDOTPRODUCTORACLE
Wlth & = 0.01. With this choice of &, for z,y € S* by Theorem |8 the time taken to compute

o(1)

k-1

(215, s at most ., < n1/200/9) . (jonn )
So, the total time taken by line [2]is at most

32 max tg, < k2c. n160A0’Y/§0 - max tg, < n1/2+O('y/<p) . (

k - log n) o
T,yeS* T,yeS* '

Y Ph

Line |3| computes the eigenvalues of T which takes time at most 33. So, the overall running
time is dominated by linei

2| which is at most nl/2+00/#) . (%)O(l)

O]

F Counting the Number of Clusters

Let G = (V, E) be a d-regular graph. The main result of this section is Lemma 28| that shows
we can count the number of clusters at every level with high probability.
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Lemma 28. Let k € N and let v > 0 be a sufficiently small constant. There exists an algorithm
which on input a (k,~)-hierarchically clusterable graph G (Definition @ and a parameter h <
H (where the associated hierarchical clustering is denoted P = (PY,...,P")) runs in time

o(1)
(dn)'/2+0s.(7). (’“(’#) and computes a number k where k = |P"| holds with probability at

least 1 — n—100,

To prove lemma we first show Theorem This is a modification of Theorem 1 of
[CKK™18], and the goal of this section is to prove guarantees of Theorem [10| as stated below.

Definition 25 (Graph clusterability). Let G = (V, E) be a d-regular graph. We say that G is
(k, xin)-clusterable if V' can be partitioned into Si, ..., Sy for some ¢ < k such that for all i € [¢],
x2(S;) > Xin (Definition . Graph G is defined to be (k, @out, 7)-unclusterable if V' contains
k + 1 pairwise disjoint subsets S, ..., Sgi1 such that for all i € [k + 1], vol(S;) > 7- volV)

T and
QSglt(Si) < Pout-

Theorem 10. Suppose % < 1073. For every graph G, integer k > 1, and 7 € (0, 1),

1. If G is (k, xin)-clusterable (YES case), then PARTITIONTEST (G, k, Xin, Pout, T) accepts
with probability at least 1 — n~=100,

2. If G is (k, pout, T)-unclusterable (NO case), then PARTITIONTEST (G, k, Xin, out, T) T€jeCts
with probability at least 1 —n =190,

; _— 1/240 ) (klogn\OW
The algorithm PARTITIONTEST (G, k, Xin, Cout, T) Tuns in time (dn)'/2TOpout/Xin) . (ﬁ) .

Algorithm PARTITIONTEST calls the procedure ESTIMATE given by Algorithm [12], compares
the value returned with a threshold, and then decides whether to accept or reject.

Algorithm 12 ESTIMATE(G, k, s,t,0, R)
1: Sample s vertices from V independently and uniformly at random and let S be the multiset
of sampled vertices.
r=192-s-vVd-n.
for each sample a € S do
if /2-norm tester(G,a,o,r) rejects then return occ. > High collision probability

for Each sample a € S do
Run 2R random walks of length ¢ starting from a. Let q, and ¢/, be the empirical
distribution of running R random walks started at a.

7: Let Q and Q' be matrices whose columns are {% a €S } and { G .qecS } respectively.

L
8: Let G:=3-(QTQ'+Q'TQ)
9: Return vg41 (G).
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Algorithm 13 PARTITIONTEST(G, k, Xin, Pout, T) > Need: % <1073

_ 1600-(k+1)%-log(12(k+1))-log(dn)

1: s := 0 p= .
2: ¢c:= —

Xin
3: t:=c-log(n-d)
g o = 1925k

8(k+1) log(12(k+1 1-120¢
5 Athres = % 8(k+1) ogT( (k+1)) (n-d) 1-120-c-@ou
8(k+1) log(12(k+1 1-120¢
6: Aoy = % . 8(k+1) 08;( (k+1)) (n-d) 1—120-c-@out
4

7: R := max (1005’:1/27 200§203/2>.
8: if ESTIMATE(G, k, s,t,0, R) < Athres then
9: Accept G.
10: else
11: Reject G.

Recall that with the graph G we associated a random walk, and let M be the transition
matrix of that random walk. For a vertex a of G, denote by p! = M'l, the probability
distribution of of a t step random walk starting from a. For any vertex b, the fraction of the
random walks ending in b is taken as an estimate of p’ (b) = ]leM 1,, the probability that the

t-step random walk started from a ends in b. However, for this estimate to have sufficiently
t |2
small variance, the quantity % needs to be small enough. To check this, ESTIMATE uses the

procedure £3-norm tester, whose guarantees are formally specified in the following lemma.

Lemma 44 ([CKKT18]). Let G = (V,E). Leta €V, o > 0,0 <6 <1, and R > 10¥&n [
t > 1, and p!, be the probability distribution of the endpoints of a t-step random walk starting
from a. There exists an algorithm, denoted by K%-norm tester(G,a,o, R), that outputs accept

t12 t12
if % < 7, and outputs reject if % > o, with probability at least 1 — §. The running time
of the tester is O(R - t).

Definition 26. We say that a vertex a € V, is (o, t)-good if deH <o.

NG
(ST¥)

We first claim that for all multisets S containing only (o,t)-good vertices, with a good
probability over the R random walks, the quantity G that Algorithm returns is a good
approximation to 5 - (M*S) T (M!S) in Frobenius norm.

Lemma 45 (|[CKK™18|). Let G = (V,E) be a graph. Let 0 < o < 1, t > 0, per > 0,
k be an integer, and let S be a multiset of s vertices, all whose elements are (o,t)-good. Let

R = max (10052‘:1/2, 200'5;'”3/2). For eacha € S and each b € Vi, let qq(b) and q,(b) be random

variables which denote the fraction out of the R quom walks starting from a, which end in
b. Let Q and Q' be matrices whose columns are (D™2qq)qes and (D™2d),)qcs respectively. Let
G = % (QTQ’ + Q’TQ). Then with probability at least 49/50,

@) v (3 (Mts>T(MtS>)' < frer

We now prove that Algorithm [13] indeed outputs a YES with good probability on a YES
instance. For this, we need the following lemma.

Lemma 46. For all a € (0,1), and all G = (V, E) which is (k, xin)-clusterable (Definition
, there exists V! C V with |V'| > (1 — a)n such that for any t > %, every x € V' is
( 2k t) -good.

a-dn’
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b DO

”p;H < 0. We have p, = M'1,
Recall that 1 — )‘2—1 > .- >1— 22, are eigenvalues of M, and Uy, ..., Uy, are the corresponding
orthonormal eigenvectors We erte 1, in the eigenbasis of M as 1, = >, Bi(x) - u; where
Bi(x) = 1Tu; = u;(z). Therefore we get,

Proof. Recall that we say that vertex x is (o,t)-good if

P23 = HMt]l I3

_Zﬂl 2(1 ;)R
(15

i=1

The last inequality follows by an application of Cheeger’s inequality, and the fact that " , 41 Bi(x)?
||ui]]3 < 1. We now bound h(z) := Zle Bi(x)%. Observe that

k k
Sohte) =3 Y wile? =Y il = -
=1

eV i=1 zeV

Thus by Markov’s inequality there exists a set V' C V with |V’| > (1 — «)|V/| such that for
any z € V', h(z) < 1. % Thusift > 10)%% for any x € V' we have

= )
a-n

k X 2k
oLl < 4 (1 XY <

therefore every z € V' is ( 2k t)-good. O

a-d-n?

Lemma 47 (|CKK™18]). Let @i, > 0, integer k > 1, and G = (Vg, Eg) be a (k, pin)-clusterable
graph (Definition . Let L be its normalized Laplacian matriz, and M be the transition matrix
of the associated random walk. Let S be a multiset of s vertices of G. Then

1 e )
Vk+1 <d : (MtS)T(MtS)> <s- <1 - k;l) :

where A4 1s the (k + 1)-st smallest eigenvalue of L.

Theorem 11. Let x;, > 0, and integer k > 1. Then for every (k,xin)-clusterable graph
G = (V, E) (Definition , Algom'thm accepts G with probability at least %.

Proof. 1f Algorithm [L3] outputs a NO one of the following events must happen.
e Ei: Some vertex in S is not (,t)-good.
e Fy: All vertices in S are (Z,t)-good, but /3-norm tester fails on some vertex.

1
o FEj3: All vertices in S are (% t)-good, and f3-norm tester succeeds on all vertices, but
Vk11(9) — Vi1 ( (M) (Mts)) | > Aerr
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If none of the above happen then Algorithm |12| returns vg11(G) < V41 (
Agr. Note that

Vk+1(g)
< Vg <clz : (MtS)T(MtS)> + Acrr

C(MS)T(M'S)) +

Ul

2t
<s- (1 — AI;“) + Aerr By Lemma [47]
Xin 2t
<s- (1 -5 ) + Aoy By Cheeger bound, A\gy1 > rrgn x2(S:) > xi
< s-exp (_t : Xin) + Aerr
=s-exp(—c-log(n-d) - Xin) + Aerr By choice of t = ¢-log(n - d)
1600 - (k + 1)% - log (12(k + 1)) - 1 -d
_ 1600 (k+1)7-log (12(k + 1)) - log(n - d) | (n-d)”“Xn 4+ Ay By choice of s
T
1 8(k+1)log(12(k+1
EE' (k+ 1) log(12(k + ))-(n-d)Q_C'Xi“—{—Aerr Ask+1<n-d, and 2-10%log(n-d) <n-
-
1 8(k+1)log(12(k + 1)) e Pout 1
< . -(n-d CPout L Agpr A —
=10 T (n-d) *  m 1000
< Athres By choice of Athres and Aepr

Therefore, if none of the events above happen, Algorithm [13| accepts G.

Now we bound the probability of the events. Apply Lemma [46| with oo = ﬁ.s. Then by the
union bound, with probability at least 1 —a =1 — ﬁ all the vertices in S are (4%'2 k,t)—good,
that is, (§,t)-good, where o = 19;’;?’“, as chosen in Algorithm Thus, Pr[E] < i. Given
that E7 doesn’t happen, by Lemma on any sample, /3-norm tester fails with probability
at most @ < %23 for r =192 - s-+/d - n, as chosen in Algorithm Thus, with probability
at least 1 — %, /2-norm tester succeeds on all the sampled vertices, which implies Pr[Es] <
%. Given that both F; and Fs don’t happen, by Lemma with probability at least %,
Algorithmreturns a value that is at most Ay away from vy,11(G) < vy (5 - (M'S)T(MES)).
Thus, Pr[E;] < %. By the union bound, the probability that Algorithm 13| rejects is at most

1 1 1 1
21 T 12t <%

Theorem 12 (|[CKK™18|). Let @oue > 0, 7 € (0,1), and integer k > 1. Then for every
(k, ©out, T)-unclusterable graph G = (V, E) (Deﬁm’tion Algom'thm rejects G with proba-
bility at least %.

Now we are set to prove Theorem
Theorem 10. Suppose % < 1073. For every graph G, integer k > 1, and 7 € (0, 1),

1. If G is (k, xin)-clusterable (YES case), then PARTITIONTEST (G, k, Xin, Pout, T) accepts
with probability at least 1 —n =190,

2. If G is (k, pout, T)-unclusterable (NO case), then PARTITIONTEST (G, k, Xin, Pout, T ) rejects
with probability at least 1 — n =190,

M)O(l).

Xin'T

The algorithm PARTITIONTEST (G, k, Xin, Pout, T) TUNS in time (dn)1/2+0(%“t/xm) . (

Proof. The correctness of the algorithm is guaranteed by Theorem [11] and Theorem Since
these theorems give correctness probability that is a constant larger than 1/2, it can be boosted
up to 2/3 using standard techniques (majority of the answers of O(logn) independent runs). It
remains to analyze the query complexity. For each of the s sampled vertices, we run f3-norm
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tester once, followed by R random walks of ¢ steps each. Each call to the f3-norm tester
takes O(rt) = O(stvn-d) queries, as guaranteed by Lemma The random walks from
each vertex take O(Rt) time. Thus, the overall query complexity is O(srt + sRt + svn - d).
Substituting the values of s, r, R, and ¢ as defined in Algorithm we get that its runtime is

(dn)1/2+0(@out /xin) . (m)O(l)‘ :

Xin'T
Now we are ready to prove Lemma [2§

Lemma 28. Let k € N and let v > 0 be a sufficiently small constant. There exists an algorithm
which on input a (k,~)-hierarchically clusterable graph G (Definition @) and a parameter h <

H (where the associated hierarchical clustering is denoted P = (PY,...,P")) runs in time
o(1)

(dn)'/2+0s.0(7) . (’“0#) and computes a number k where k = |P"| holds with probability at

least 1 — n=100,

Proof. Let P" denote the clustering at level h in the tree representation of (P" Jo<h<m- There-
fore, by Definition |§| for any cluster S € P" we have ¢%(S) > ;. Note that by Lemma (3 I 3| for

any cluster S € P" we have x2(S) > ”8300 ~¢9(8) > 530‘5 - pp. We define xin = ”8;:00 Q.
Note that by Definition [25( we have G is (k, xin)-clusterable.

Also note that by Definition |§| for any cluster S € P" we have ¢G,(S) < O(pn_1). Note
that by Prop051t10nwe have mingcpn [S| > n- B thus for any S # S’ € PH we have ”5,' < pgh.
We define D = 8" and @ou = Do - @n_1 where Dy is a large enough constant. Therefore, by
Definition 25| G is (k — 1, @out, T)-unclusterable. Note that

Pout Dopn—1

300 " ¥Ph

By Lemma [3] and Definition [f]

= W By Deﬁnition @ Oh—1 =7 " Phn

is sufficiently small

By Deﬁn1t10n|§|7 —= and 70
@

<

— 1000

Therefore, we have G is (k, xin)-clusterable and (x — 1, pout, 7)-unclusterable. Thus by
Theorem with probability at least 1 — n 1% algorithm PARTITIONTEST(G, k, Xin, Pout, T)
accepts G for all k£ > « and rejects G for all £ < x — 1. Thus to count the number of clusters it
suffices to find the smallest k such that PARTITIONTEST(G, k, Xin, @out, T) accepts G. Note that

o(1)
by Theorem |10|algorithm PARTITIONTEST runs in time (dn)/2+0(@out/xin) . (M) where

Xin'T
= 8" xin = Sty and % < [2,922 < Og(7). Therefore, the runtime of our algorithm is
300 300
o(1
(dn)1/2+05.() . (kl%) @ .

G Quality of Subsampled and Approximated Cylinders

Claim 4. Let G = (V, E) be a (k,~)-hierarchically-clusterable graph (Definition|[6). For a large
constant Dy > 1, let D = Bfﬁ’ and let £ <1073, h € [H], S* € P"~!, and Q* be a set that is

D-hierarchically-close to S* (Definition . Then we have ||Q*| — ||| < 2|5103

Proof. Note that Q* is D-hierarchically-close to S*. Therefore, by Definition we have
|S*\ Q*| < D-pp=_1-|S*| and by Lemma[19 we have |Q* \ S*| < 2- D - ¢p«_1 -|S*|. Therefore,

we have
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1Q* = 1871 < 3-D-ns - 15"
D ) D
s3'<54.(;2>'”"5' ASD:WZQ”“%*S“’H”:””SV

|57

<
—2-108

is sufficiently small
(204)
O

By Definition ﬁ and 2

0

Claim 1. Let G = (V,E) be a (k v)-hierarchically-clusterable graph (Definition[6]). For some
large constant Do and let D = ﬁ“ 0, € <1073, he[H|, 8* € P, and Q* be a set that is D-

hierarchically-close to S* (Deﬁmtzon@) Let s be an estimation of |Q*| such that |s — |Q*|| <
Q" |-¢3

kc.n280Ag-y/ ¢

Proof. Note that |s — |Q*|| < M‘Qi Therefore, we have

n280Ag-v/e

where Ag,c > 1 are large enough constants. Then we have |s — |S*|| < |1SO3|‘

ls — S| < |s — Q|| + |QF| — |S7|| By triangle inequality
*| . ¢3 S*
@ 18]

— k¢ . n280A0y/e 2.103

By Claim [4]

21576 157] . . '
= e 28040~/ 2. 103 By Claim [4] |Q*| < 2-|S*|
5] 1
As &<
- 103 8§ < 103

O]

Lemma 26. Let G = (V. E) be a (k,v)-hierarchically- clustemble graph (Definition [6). Let
h € [H], and suppose (PY)'_} is a D-approzimation of (P*)"=} (Definition Let V be a
set sampled independently and uniformly at ranodm from V. Then for every 8* € P"1 with
probability at least 1 — n~19 we have
nd % ., 56040/ 7.
1. |VﬂS ‘ > max (k n 5607 %07 10 éogn)

|S*|-¢3
= e 28040770

S* n-|VNS*|
e

where, Ag,c > 1 are constants, & = 1073, D = 5%;2, Dy, c > 1 are large constants, and

~ C/

560A0<’y/<p.logn
€8 ’

Proof. Let $* € P"1 and §* = ¢(5*) be the corresponding set in PP~1. For 1 < i < |V,
let X; be a random variable which is 1 if the i-th sampled vertex is in S*, and 0 otherwise.
Thus E[X;] = @ Observe that [V N §*| is a random variable defined as ZLZ'I X, where its
expectation is given by

vos =2
> V|- 099n|5*| By Claim [4]
> |17| . ()ggﬁnh—ln By Deﬁnition@ and as §* € Ph~1
> max (103 k2. n5ZZA0'V/90 . logn’ 108 -ﬂlog n) ’
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. . . ~ ¢ 560407/ ¢. 3.1.2¢.,,560A0-v/ . 8.
the last inequality holds by choice of |V| > ¥~ 5067 Zlogn > max (10 k TgGﬂhE: logn 10 ;ﬁgn> ;

where, ¢ is a large enough constant such that k¢ > 10;}520 > 10;’520. Therefore, by Chernoff
bound,

Pr ‘W/ms*|

< ma ke - nP00407/¢ 107 . logn <e 108 - logn < 100
X Xp | —————
€6 T3 =P\ 7508158/ = ’

Thus, with probability at least 1 — n~1% we have

VN S| > ma (kc‘"560A0'7/‘P 107'10gn>
> X

¢o ©B

Also, by Chernoff bound,
53

5]
Pr [ L - 28040/ V- n
1 53 2 103 - k2¢ . 560407/ logn
<ew (-3 ( )

VNS —|V|

|s7]
n

ke . nZSOAO-'y/go 56
< p—100
Thus, with probability at least 1 — n 719 we have
o "7’ = ke . n280A40-y/¢

O
Lemma 27. Let G = (V,E) be a (k,v)-hierarchically-clusterable graph (Definition [6]). Let
D = ﬁfﬁ, where Dy is a large constant. Let h € [H], S* € P"' and S* be a set that is
D-hierarchically-close to S* € P"=1 (Definition . Let S* be a set of size \g*\ > 107'#
sampled independently and uniformly at ranodm from S*. Let B C S§* and B = S*NAB. If
|B| > 0.9 8-|S*|, then with probability at least 1 — n=1% we have
1B >0.85- 3 - [S”|

Proof. Suppose |B| = 6|S™| and for convenience write « = 0.95. We will show that with
probability at least 1 — n 1% § > 0.99a. We do this in two steps. First, we show that
with high probability § = 0.99« cannot hold. Thereafter, we show that with high probability
§ < 0.99a cannot hold either. Consider case 1 above where § = 0.99a. Let X = |B| = |S* N B|.
Note that E[X] = 0.99a|S*|. By a Chernoff Bound,

Pr(X > alS*|) = Pr(X—0.990|5*| > 0.01a|S*|) = Pr(X—E[X] > 0.01a|S*]) < exp(—0.012:0.99¢|5*|) <n~"

Next, we rule out case 2 where § < 0.99a. We do this via a coupling argument. Details

follow. We define random variables X1, Xa,..., Xs where each X; ~ Ber(d) is an indicator
which takes on the value 1 if the i-th vertex belongs to B. We also define another (coupled)
sequence of Bernoulli random variables Y7, Ys, ..., Y, where

e IfX;=1,Y; = 1.

o If X; =0, then Y; = 1 with probability %0‘5_5.
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Note that each Y; ~ Ber(0.99«) and that all the Y;’s are independent. Let X = )" X, and
Y = > Y,. Further, by definition of X and Y, for each ¢t € N, it holds that Pr(X > t) <
Pr(Y >t). And this holds in particular for t = «|S*|. This means Pr(X > a|5*|) < n=1% as
desired. Putting case 1 and case 2 together, this means that with probability at least 1 —n =109,
it holds that
IB| > 0.99a|S*| > 0.99 - 0.95 - |S*|.

By Claim [4] this gives |B| > 0.85- 3 - [S*| as S* is D-close to S*.
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