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Abstract

The bipartite matching problem in the online and streaming settings has received a lot of attention
recently. The classical vertex arrival setting, for which the celebrated Karp, Vazirani and Vazirani (KVV)
algorithm achieves a 1—1/e approximation, is rather well understood: the 1—1/e approximation is optimal
in both the online and semi-streaming setting, where the algorithm is constrained to use n - logO(1 n space.
The more challenging the edge arrival model has seen significant progress recently in the online algorithms
literature. For the strictly online model (no preemption) approximations better than trivial factor 1/2 have
been ruled out [Gamlath et al’FOCS’19]. For the less restrictive online preemptive model a better than
T}HQ-approximation [Epstein et al’STACS’12] and even a better than (2 — v/2)-approximation[Huang et
al’SODA’19] have been ruled out.

The recent hardness results for online preemptive matching in the edge arrival model are based on
the idea of stringing together multiple copies of a KVV hard instance using edge arrivals. In this pa-
per, we show how to implement such constructions using ideas developed in the literature on Ruzsa-
Szemerédi graphs. As a result, we show that any single pass streaming algorithm that approximates the
maximum matching in a bipartite graph with n vertices to a factor better than T}HQ ~ (.59 requires
pl+(1/loglogn) 5, nlogo(l) n space. This gives the first separation between the classical one sided
vertex arrival setting and the edge arrival setting in the semi-streaming model.
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1 Introduction

Large datasets are common in modern data analysis, and processing them requires algorithms with space
complexity sublinear in the size of the input. The streaming model of computation, originally introduced in
the seminar work of [AMSO96], captures this setting, has received a lot of attention in the literature recently. In
this paper we study the space complexity of the bipartite matching problem in the streaming model: the edges
of a bipartite graph G = (P, Q, E) are presented in an adversarial order as a stream, and the algorithm must
output a matching M7 C F at the end of the stream such that |[Marc| > v|Mopr| with high constant
probability, for some approximation ratio v € (0, 1]. The algorithm is constrained to use n 10g0(1) n space,
where n is the number of vertices in the input graph. This is a common assumption, and the streaming model
with this space restriction is often referred to as the semi-streaming model of computation [FKM™05]]. In
this model the simple greedy algorithm, which maintains a maximal matching in the graph received so far,
achieves a v = % approximation by storing O(n) edges (and therefore using only O(nlogn) bits of space).
Despite a considerable amount of research over the past decade, it is still not known whether it is possible to
achieve a better than % approximation in this model using a single pass over the stream. The best hardness
result so far is due to [Kap13]], ruling out a (1 — 1/e + n)-approximation for any constant > 0 in less than
plt(1/loglogn) gpace and thereby showing that no semi-streaming algorithm can do significantly better than
1 — 1/e. The lower bound of [Kap13]] applies (and is tight for) a more restricted model, where vertices on
one side of the input graph G = (P, @, E) arrive in the stream in an arbitrary order and reveal their edges
upon arrival. This model is inspired by the classical online matching problem studied in the seminal work
of Karp, Vazirani and Vazirani [KVV90], where vertices on one side of a bipartite graph G = (P, Q, E)
arrive online, and the algorithm must match an arriving vertex irrevocably to one of its neighbors upon arrival
or discard it. The competitive ratio of 1 — 1/e is achievable and tight for the online model with one sided
vertex arrivals as well. The online version of the matching problem in the edge arrival setting has recently
been resolved, the work of [GKM™19] showing that no strictly online (i.e., without preemption) algorithm
can do better than greedy in the edge arrival model. The same question remains open for the online model
with preemption, which is close to the semi-streaming model that we are interested in. Several new hardness
results for this model have been shown recently [ELSW13,WW135, HPT™19], ruling out the possibility of a
1 — 1/e approximation in the online model with preemption. In this work we extend one of these results, due
to Epstein et al [ELSW13]], to the streaming setting. Specifically, our main result is

Theorem 1 Any single-pass streaming algorithm that finds a (ﬁ + n)-approximate matching in an n-

vertex bipartite graph for a constant n > 0 with probability at least 1/2 must use pl+$2(1/loglogn) s,
n logo(l) n bits of space.

This gives the first separation between the classical one sided vertex arrival setting and the edge arrival setting
in the semi-streaming model. We note that the best hardness result for online preemptive matching at the
moment is a 2 — v/2-hardness, due to [HPTT19]. Our techniques in this paper can probably be extended to
their instance, but we prefer to use the earlier instance of [ELSW13|] to simplify exposition.

1.1 Related Work

Over the past decade, matchings have been extensively studied in the context of streaming and related set-
tings. The prior work closest to ours is the aforementioned 1 —1/e lower bound of [Kap13] (see also [GKK12]
and [FLN™02]). Strong lower bounds for approximating matchings in the sketching model have been pro-
posed in [AKLY 16, /AK17]. Multipass lower bounds for exact matching computation are given in [GO16].
Good approximations using a small number of passes have been presented in [KT17], and algorithmic
results on the weighted version of the problem are given in [[CS14, [PS17]]. Besides the most stringent adver-
sarial edge arrival model, the relaxed random order streaming model has seen a lot of attention, where small



space approximations to matching size have been given [KKS14,|CIMM17, IMMPS17, [ KMNT20]. The prob-
lem of approximating the size of the maximum matching in adversarially ordered streams has also received
significant attention in the literature:[EHL ™15, BS15,[AKL17, MV18, BGM ™19, MV16l,/ICCE™ 16, EHM16].

2 Technical overview
We start by defining ﬁ-hard instance from [ELSW13]]. We first define an a-KVV gadget G = (S, T, E).

Definition 2 («-KVV gadget) We define a a-KVV gadget as a bipartite graph G = (S, T, E) with |T| = N
vertices on the T side of the bipartition and |S| = « - N vertices on the S side of the biparitition as follows.
We think of vertices in T as being numbered with integers in [N] = {0,1,...,N — 1} and vertices in S
as being numbered with integers in [« - N| = {0,1,...,a- N — 1}. The graph G is parameterized by a
permutation 7 : [N] — [N] of vertices in T': every vertex j € S is connected to all vertices i € T such that
(i) > j.

Note that the original (1 — 1/e)-hard instance of Karp, Vazirani and Vazirani [KVV90] is a 1-KVV
instance as above with the permutation 7 chosen uniformly at random. A version of this construction was
implemented using techniques from the literature on Ruzsa-Szemerédi graphs in [Kap13|], showing that any
algorithm that finds a better than (1 — 1/e)-approximation using a single pass over the input stream with
high constant probability must use n!*+(1/1081087) pits of space. In this work we show how to combine such
implementations of a KV V-gadget to achieve the stronger hardness result of Hﬁ for single pass streaming
algorithms in the more general edge arrival model. To achieve our result, we implement the construction
of [ELSW 13|, which we now describe.

Combining 1/2-KVV gadgets: the hard instance of [ELSW13] . The hard instance of [ELSW13] uses
a combination of L independent copies of the 1/2-KVV gadget for a large constant L as follows. For ¢ €
[L] ={0,1,...,L — 11et G* = (S8, T*, EY) be an independent 1/2-KVV gadget. Let 7’ denote the /-th
permutation, selected independently and uniformly at random. For every ¢ € [L] define the terminal subset
of T* as the set of vertices that are assigned the largest values by 7‘. Namely, let

T! = {i e T": n(i) > N/2}.

Note that |TY| = N/2 for every ¢ (we assume that N is even). The actual input graph G = (P,Q, E) of
[ELSW13]] is defined as follows. First, one lets

P:UTK

even £€[L]

and
Q=s"v |J 71"
odd ¢€[L)
For every ¢ € [L], £ > 1 one lets
rt. 80 - 1!

denote an arbitrary bijective mapping between the S side of the biparition of G and the terminal subset 7'/ ~!
of G~ — we refer to such maps as glueing maps. See Fig. 1| for an illustration. Let 70 denote the identity

'We use the notation [a] = {0,1,...,a — 1} throughout the paper.



map for convenience. The mapping 7¢, £ € [L], ¢ > 0, is naturally extended to edges e = (u,v) € E*, where
u € S* and v € T' by letting

7'(e) = (r°(u), v).
In other words, one simply applies the map 7¢ to the S¢ endpoint of e. The edge set E of G is now defined
as follows: for every £ € [L] one adds, for every edge e € EY, the edge 7(¢) to E. In other words, for every
¢ € [L],£ > 0, one simply grows the 1/2-KVV instance G with the S’ side of the bipartition identified with
the terminal subset 7 of the previous instance G*~! — see Fig. for an illustration. In [ELSW13]] the authors
show that no online preemptive algorithm can find a better than (Hﬁ + o(1))-competitive matching on this
instance in expectation (and with nontrivial probability).
Tt-1 Tf‘l Tt Tt T+ Tf“

*
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Figure 1: Illustration of the basic gadgets G = (S, T*, E*) and the glueing maps 7¢ : S¢ — T*~1. The
terminal sets in each gadget are shaded.
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Figure 2: Illustration of the final graph G = (P, Q,E) obtained by gluing together basic gadgets G* =
(8¢, T, EY) from Fig. using maps 7.

Our construction: a geometric implementation of the instance of [ELSW13]. We present our lower
bound construction in two steps. First, two illustrate our construction, we consider a simpler model than
streaming, namely the generalized online model that we define below. The intuition behind the model is
simple. In this model the edges of the graph are presented to the algorithm as a stream, and the algorithm



must output a large matching at the end of the stream. Upon receiving an edge in the stream the algorithm can
arbitrarily choose to either remember the edge or discard it (in this case the algorithm may not use the edge as
part of the final output matching), and is constrained to remember at most s edges overall, i.e. the algorithm
can only use edges that it remember when they arrived. The algorithm is not allowed to forget edges, i.e. the
budget of s bounds the total number of edges remembered upon their arrival. The formal definition of the
model is given in

Definition 3 (Generalized online algorithms) In the generalized online setting the algorithm is presented
with edges of a graph G = (P, Q, F) as a stream of edges, and at every point must either commit to remem-
bering the edge that has been presented to it, or discard the edge irrevocably. The total number of edges that
the algorithm can remember is bounded by a parameter s. At the end of the stream the algorithm must output
a matching M a1, in the subset of edges that it remembered upon their arrival.

This setting is easier than streaming, where the algorithm may maintain any small state. On the other hand,
this setting is quite a bit more general than the online model, as the the algorithm may maintain significantly
more edges than are needed to find a matching. It is not hard to see that this power renders standard hard
instances for online algorithms very easy. In particular,

Lemma 4 For every constant ¢ € (0,1) there exists a generalized online algorithm that remembers s =
O(n/€?) edges and achieves a (1 — €)-approximation on the instance above.

The algorithm is simple — one simply maintains a random sample of O(n/€?) edges of the input graph and
outputs a maximum matching in the sample at the end. We include the proof of Lemma [ in Appendix [A]
for completeness. A similar claim is true for the 1-KVV instance — simply maintaining a uniform sample of
O(n/€?) edges of the input graph will result in a (1 — ¢)-approximation.

To illustrate the techniques that lead to a proof of our main result (Theorem [I)) in an easier setting, in
Section [3]we prove the following:

Theorem 5 There exists a distribution D on input graphs G = (V, E) with n vertices such that any general-
ized algorithm that finds a (T}HQ + n)-approximation to the maximum matching in a graph G sampled from
D with probability at least 0.9 must remember Q)(nlogn) edges.

Note that even though the lower bound of ©2(n log n) edges is not very strong from the standpoint of streaming
algorithms, the result is interesting in light of Lemmafd] A major advantage of this setting is that it (a) allows
for a rather clean construction and (b) illustrates all the central ideas of our main construction that leads to a
proof of Theorem|I]

In what follows we give an outline of the proof of Theorem [5] The construction consists of two pieces.
First, we define a construction of a basic gadget G* = (S¢, T*, EY), which is a geometric version of the a-
KVV gadgets defined above. Second, we define maps 7¢ that glue together these gadgets to obtain the final
input instance. Finally, we prove the ﬁ-hardness result in the generalized online model we defined above.
The main ideas behind the first step are implicit in [Kap13|], but we are able to present the construction in
a different and arguably cleaner way (in particular, all bounds on the sizes of various sets are exact in our
construction, which significantly simplifies presentation). The main contribution of the present paper lies in
the second and third steps.

A geometric version of the a-KVV gadget G = (S, T, E). Let K,m > 1 be large constant integers. Let

T = [m]"



i.e. vertices in 7" are vectors of dimension n, with each co-ordinate taking values in [m| = {0,1,2,...,m—1}.
This way we have N := |T'| = m", so n = Q(log N) for every constant m. The vertices on the S side of
the bipartition will also be associated with points on the hypercube [m]™, as we define below. We often treat
vertices in 7" or S and points in [m]™ interchangeably where this does not create confusion. The set S will
consist of «K disjoint sets (we will use @« = 1/2 for our main result here, since we are implementing an
instance that uses 1/2-KVV gadgets). We will have

S=5uUS1W... WS Kk_1.

Remark 6 (Use of & instead of U) Note that we use the & as opposed to U above. The reason for this is as
follows. It is convenient to view vertices in G as points in the hypercube [m|"™. Formally, this means that
our vertices are labeled by points in the hypercube. For example, the set T contains all of the hypercube
[m]™, and there is no confusion in using points in [m]™ and vertices in T interchangeably. Vertices in S are
also labeled by points in the hypercube, as we define below, but the labels are not distinct — there can be two
vertices, say one in S; and one in S; for i # j, whose labels are the same (but labels are distinct within one
set Si,1 € [+ K]). Thus, we use the d sign to stress the fact that the union above is disjoint, even if different
sets S; may contain vertices with the same labels, to avoid confusion. Also, for two vertices x,y € SUT we
write x < y to denote the relation ‘the label of x equals the label of y’ — see definition of S, in ({@).

Before we define S, however, recall that an «-KVV gadget is parameterized by a permutation 7 : [N]| —
[N], and then every vertex j € S = {0,1,..., N — 1} has an edge to vertices ¢ € T" such that 7(i) > j. In
our basic gadget the role of this permutation 7 is played by a nested sequence of subsets of T that we denote
by

T=TyD>T\D...0Tyg =T,

where the outermost set in the nested sequence is the entire 71" side of the bipartition, and the innermost
set is the terminal subset T),, which we refer to as the terminal subcube for reasons that will become clear
shortly. These K + 1 nested sets will correspond to oo /X phases over which the gadget will be revealed to
the algorithm (nothing is revealed in the last phase for certain technical reasons). In every phase k € [a K]
the algorithm will receive a carefully crafted subset of edges in Sy x Tk, i.e. a subgraph induced by the k-th
set Sy and the k-th set T}, in the nested sequence above. Once oK rounds are done, the next gadget will be
presented, with vertices in the terminal subcube T, = T,k serving as the S side of the new gadget, as in
the [ELSW 13| construction outlined above.

We now define the nested sequence Ty D 11 D ... D Tox = Ti. Choose a subset B C [n] of coordinates
to be used by our basic «-KVV gadget G = (S, T, E) (we need to reserve other coordinate blocks for the
other . — 1 gadgets — see below). Partition B into K + 1 disjoint roughly equal size subsets as

B=ByU...UB.x,
B

where |By| = @R+ The nested sequence in 7" is parameterized by a vector

JeBgx...xByk.

In other words, for every k € [aK + 1] we have J; € Bg. We use the notation Jj := (Jo, ..., Jy_1) and
Jok = (Jk, .-, Ji/2)- Let Ty = T, and for every k € [ K] let

1
Tk+1_{y€Tkika/m€[Ovl_K_k)}a (D



so that

1
Tj = {ye [m]™ :yy,/m € [O,l—K_S> forallsE{O,l,...,k:—l}}. 2)

One can show that |Tj| = (1 — £ |Ty| for every k € [aK + 1], i.e. the sizes of T}, decrease linearly in &k —
see Lemma The set S of vertices is naturally partitioned into disjoint subsets

S=SWS1W...WSk_1 3)

as follows. For every k € [ K] we let
1

In the definition above W is an integer parameter that we choose so that W' divides m and wt(z) = _;cp,) ;-
Recall that for a pair of vertices z,y € P U @) we write x < y if their labels (vertices of the hypercube [m|"
assigned to them) are the same. The notation in () above stands for Sy being a copy of the set of vertices on
the rhs. Intuitively, the set Sy is a subsample of the set T}, that contains a ﬁ fraction of points in Tj. A
similar effect was achieved in [Kap13]] by sampling vertices in 7T} independently, but we find this deterministic
construction cleaner to present. The key reason why we include vertices in .S depending on the residue class
of their weight modulo W is that we need this ‘sampling mechanism’ to ‘accept’ exactly a ﬁ fraction of
vertices along every coordinate aligned line as defined in (6)) below; this property is crucial for establishing
the existence of a large matching in our gadget — see Lemma Using the weight of a point ensures that
this property is satisfied. Another important observation is that |S,| = + - [Tp| for every k € [aK] (see
Lemma in Section . Intuitively, this means that in every round k € [aK] the number of vertices arriving
on the S side of the bipartition and revealing their edges to vertices in T}, is the same. We also define, for
every k € [K/2] and j € By,

; 1
Tg:{yGTk:yj/mE [O’lK—k>}

; 1

Note that T,;] * = T} as per (I). The intuition behind these sets is that during phase k, i.e. when the edge set
induced by Si and T}, is revealed to the algorithm, the algorithm is presented with several possible options for
the next set T} in the nested sequence defined above. In other words, given the edge set presented in round

)

k and before (we define the edge set below), any of the sets T,z for all 7 € By, (rather, any j in a subset ]OBj
of B; of comparale size) look like perfectly valid continuations for the nested sequence. The algorithm does
not know which of them is important and hence most likely misses important edges in phase k — see below
for more details.

Edges of G. Fix k € [aK]. For each coordinate j € By, for each = € [m]™ we denote the line in direction j
going through x by

lingj(z) = {a’ € [m]" : 2" ; =z}, (6)
where we write z_; to denote the restriction of = on coordinates [r2] \ {j}. Note that for every y, v and every
J one has either line;(y) = line;(y’) or line;(y) N line;(y’) = 0, i.e. lines in direction j partition 7}, and
consequently also partition S. We now define the edges of G incident on Sy, for every k € [aK]. For that
we first need

“We note that lemma proved in Sectionare presented for the setting of & = 1/2. However, all of these bounds extend to other
settings of « that are bounded away from 1.



Definition 7 (Line cover in direction j) For every j € By a collection Cli C T}, of representative points
is called a line cover of T}, in direction j if Tj; = U, line;(y) and line;j(y) N linej(y') = 0 for every
k

v,y €ClLy#y.

Note that a line cover of T}, in direction j can be constructed by picking points y € T}, greedily until the union
of lines in direction j through these points covers T}.

The edge set induced by Sy U T}, is defined as follows. First, we leave out a few coordinates from the
current coordinate block By, letting

]O3k C Byg.

The reason for this will be clear once we define the glueing maps ¢ below. For now it is only important that
|Bi| ~ |By/|, i.e. we did not lose too many coordinates by passing to By,. Now for every j € By, fix a line
cover C,]C of T}, in direction 5 (as per Definition .

For every y € C’i we include a complete bipartite graph between line;(y) N S,i and
line; (4) 1 (Tic\ 7).

In other words, let

Ey= | B (7
jEI%k
where
By = | (linej(y) N S) x (linej(y) N (Ti \ TY)). (8)

yeCi
One can show that the edge sets E}, ; are disjoint (see Lemma . Note that E}, is fully determined by the
first k — 1 values of J, namely by the prefix J.;. At this point we note that for our hard input distribution we

choose . .
J~UNIF(Bg %X ... x Buyg).

Crucially, conditioned on all edges received up to phase k, i.e. on Ui:o Eg, onehas J, ~UNIF (103 k). This
property is important for a key structural lemma, Lemma [I0] below.
For every choice of J € Bg X ... X B,k the edge set of G that we defined satisfies

Lemma 8 (Matching of S to 7"\ T,; see Lemma [37]in Section3) There exists a matching ofa (1-O(1/K))
fraction of S to T \ Ty in E.

This is a very natural property since the instance that we are defining is a version of the a-KVV gadget
defined at the beginning of this section: those gadgets admitted a perfect matching of S to 7"\ T (the optimal
matching in that instance).

We now define the key property that underlies our lower bound (and, similarly, that of [Kap13]]). For that
we need the definition of a downset of a subset U of T":

Definition 9 (Down-set of a set in T') For every U C T, k € [aK], we define the downset of U in Sy by
DOWNSET,(U) ={z €S, :Jye U :y <z}

and define
DOWNSET(U) = | J DOWNSET,(U).
kelaK]

7



Note that a given point in U has anywhere between 0 and oK images under the DOWNSET map: indeed, the
downset of a point € U is simply the set of points in the vertex sets Sy, S1, . . . , Saix—1 Whose labels match
the label of =. There can be up to aK such points, since labels are distinct within every single S;, 7 € [aK].
It is also good to note that S, = DOWNSET(T}) for every k € [aK]. Finally, it is important to note that for
appropriately ‘nice’ subsets U C 7' (see Lemma[39)in Section [3)) one has

1

D =
IDOWNSET(U)| %

U1,
which is consistent with the idea that our weight condition in the definition of Sy, (see (4)) essentially ‘samples’
points at rate ﬁ The more important property of the DOWNSET map and the terminal subcube T is

Lemma 10 (Key structural property) For G = (S, T, E) defined as above, for every E' C E one has

E' N (DowNSET(T}) x (T \ T.)) C U E'NEy,,.
kelaK]

Note that intuitively the lemma above shows that only very special edges in F/, namely the ones in E}, j, , cross
from DOWNSET(T%) to the complement of 7% in T'. This is intuitively useful since, as we verify below, for
the right setting of parameters the cardinality of DOWNSET(T}) is quite a bit higher than that of 7, meaning
that if E' N Ej,_j, is small, one gets a Hall’s theorem witness set certifying that E’ does not contain a large
matching (as without these special edges all neighbors of DOWNSET(7}.) are in 7%, a set of size significantly
smaller than DOWNSET(TY)).

Proof of Lemma [10; Consider an edge (a,b) € E' N Ej, with a € DOWNSET,(T%) for some k € [aK] and
b € T\ T.. Recalling that T, = T,k +1 and using (2), we get

1
T, = {ye [m]™ :yy./m € [0,1—K> forallsE{O,l,...,aK}}.
—s

Further, since by Definition E] the set DOWNSET(T) is the set of vertices in S, whose label matches the
label of some vertex in T, the assumption that a € DOWNSET (7 ) implies

1
aj,/m € {0,1—}{) forall s € {0,1,...,aK}.

On the other hand, since b € T\ T} by assumption, there exists an index r € [aK + 1] such that

1

Thus, a and b differ on coordinate J,.. At the same time, we have (a,b) € Ej by assumption, which means
by (7) that there exists a point y € Cj (aline cover of T}, in direction j) such that a € line;(y) and b € line;(y),
which by definition of a line in direction j (see (6)) implies that a_; = y_; = b_;. Since a and b differ on
coordinate .J,, we now get that 7 = J,. It remains to note that edges in E}, are all generated by lines in
directions 5 € By. Since the blocks B; are disjoint for different ¢ by construction, we get that J. € By. Thus,
r = kand (a,b) € E}_j,, as required. [ |

We now explain the significance of the key structural property above. Suppose that E’ is the set of edges
maintained by a generalized online algorithm that remembers at most s = o(/N log N') edges. Taking the



expectation of the rhs in Lemma[10jabove with respect to J; and conditioning J_, we get

B onirdy WE N Bral] = Z |E" N Eyj| - PrlJi = j]

JEBg
1
= — Z |E' N Ey )
Bel 5
JEB
s
S ] )
|Bk|

where we used the fact that ) B |E" N Ey ;| < |E'| < s for an algorithm that remembers at most s
J€BK
edges (since L ; are disjoint), as well as the fact that Jj is independent of J.j. At the same time we

have |]§k| > n/2K or so, since we have n coordinates altogether, and o' < K phases to present the
gadget to the algorithm over. If the parameter m is a constant (which it is by our parameter setting), we get
IBi| > n/2K = Qk(log N). Substituting into (9), we thus get

K uNIF@y) [|E" N Ep,s,]] = Ok (s/log N).

Summing over all a K’ < K phases, we get that any generalized algorithm that remembers at most s edges
can remember at most
O (s/log N) = o(N)

edges from £’ N (DOWNSET(T}) x (T'\ T%)) (the lhs in Lemma([10) since s = o(N log N) by assumption.
Now we can upper bound the size of the matching that the set E’ contains by exhibiting a vertex cover as
follows:

Lemma 11 (Small vertex cover) The size of the maximum matching in E' C E is upper bounded by
|E' N (DOWNSET(T,) x (T'\ T%))| + |5\ DOWNSET(T%)| + |T%|.

Proof: We construct a vertex cover by first adding one endpoint of every edge e € (DOWNSET(T}) x (T\T%)).

Then add 7 and S \ DOWNSET(7}). This is indeed a vertex cover: every edge (u,v) € E’ either belongs to

the first edge set, or has one endpoint in at least one of the other two. The lemma now follows. [ |
Since, as we established above,

E;[|E' N (DOWNSET(T,) x (T'\ T.))|] = o(N), (10)

it suffices to upper bound |S \ DOWNSET(T)| and |T|. Since T, = T, x, and we have |T}| = (1 — %)|T0|
(see Lemma[32]in Section 3), we get that |T%,| = (1 — «)|Tp|. We also have

|S'\ DOWNSET(T%)| = | S| — |DOWNSET(7%)|
= D IS/ — > [DowNSET4(T})]

k€laK] ke[aK]
1 1
ke[aK]

%

<a—/0a1ixdx-(1—a)> T



We used the fact that |Sy| = %|Tp| (see Lemma and [DOWNSET,(Ty)| = 714 |T%| (see Lemma .

Letting o = 1 — e~ ! and using the fact that [’ t1-dz =In 1= = 1, we get

1—x

|S\ DOWNSET(T})| =~ 2a — 1,
and our upper bound on the size of the matching constructed by the algorithm becomes

|E" N (DOWNSET(T) x (T'\ T%))| + [S \ DOWNSET(T%)| + |Ti| = ((2cc — 1) + (1 — «)) |Tp|
= a|Tp|
=(1- e_l)\To\.

Thus, by Markov’s inequality applied to |E’ N (DOWNSET(T}) x (T \ T%))| no generalized online online
algorithm that remembers s = o( N log N) edges can construct a matching of size larger than (1 — e™1)|Tp|
with any nontrivial probability. At the same time, if the terminal set 7% is perfectly matched to a separate set
of vertices by an extra matching that arrives last in the stream, the size of the maximum matching in the graph
is ~ |Tp|. This is exactly what happens in the 1 — e~! hardness result of [Kap13], and brings us to our main
challenge: how does one ensure that the terminal subset 7 is not merely matched to an unstructured set of
vertices by a perfect matching, like in [Kap13]], but rather that we are able to attach another a-KV'V instance
(in this case, for & = 1/2) and continue?

Our contribution: glueing maps 7¢ and vertex cover construction in the T%w-hard instance. First,
it is useful to observe that the construction of gluing maps 7¢ that associate different instances is nontrivial.
For example, simply choosing 7¢ to be a random bijection from S¢ to T will not work, as it will certainly
destroy the delicate coordinate structure of the good vertex cover that we defined above. From now on we let
a = 1/2, as this discussion directly corresponds to our construction in Section

We use L basic gadgets G* = (S¢, T, EY), ¢ € [L], and assume that L is even throughout the paper.
We now define maps 7¢ identifying vertices in S* in G* = (S¢, T, EY) with vertices in the terminal subcube
T of G = (81,71, B, For simplicity of notation we let G/ = (S, 7', E') denote G* =
(S, T E), let G = (S, T, E) denote G*~! = (S*=1, 71, E*~1), and adopt similar notation for all other
relevant quantities. Specifically, let the disjoint coordinate blocks dedicated to these two gadgets be denoted
by B’ := B, B := B!, and let the coordinate vectors be denoted by J € By x By x ... x B2, and
J =By x B} x...x By /o respectively. Thus, we define a bijection 7 from S’ to Ty:

7.8 =T,

We start by defining 7 on the sets S}, for k € [K/2] (recall that S" = Sy ... W S}</2—1 as per (3)). The

restriction of 7 to S}, is denoted by 7
Tk - S]; — T.

The images of 73, that we define will be disjoint for different k& € [K/2], i.e. these maps extend naturally to
an injective map from the union of S}, over all k£ € [K/2] to T}. At this point our task is to map subsampled
cubes S}, (as per @) to a non-sampled terminal subcube T (as per (I)). Our first step is to design an
intermediate mapping p that maps S}, to a non-sampled subcube. We ensure that such a map uses only one
special coordinate direction — for every k € [K /2] we denote this coordinate by ¢ € By and refer to it as
the compression index. We refer to the corresponding map as the densifying map p, defined below. Note that
in order to ‘densify’ .S, we need to set the densification parameter to A = K — k (i.e., the inverse of the
subsampling rate).

10



Definition 12 ((\, r)-densifying map) For r € [n] and integer X > 0 the (A, r)-densifying map p : [m]"™ —
[m]™ is defined as follows. We let x € [m]", and write x = (', 2"),z' € [m]lP\"} 2" € [m]. Write
2’ = aW +bW/A+c¢,wherea € {0,1,...,m/W—1},b€ {0,1,...,A—=1}andc € {0,1,... , W/A—1}
We define p(x) by letting, for j € [n]:

aW/X+c ifj=r

Zj o.W.

(o) = {

The following lemma formalizes the densification property:

Lemma 13 (Densification of a subsampled set; see Lemma [39in Section[3) For every integer A > 2, ev-
ery r € [nl], every U C [m]" that does not depend on coordinate r the (X, r)-densifying map p (see Defini-
tion[I2)) maps

{r €U :wi(z) €[0,1/\)- W (mod W)}

bijectively to {x € U : x,/m € [0,1/\) }.

Letting p, be a (K — k, g;)-densifying map, we get by Lemma 13| that

1
pk(S;{)—{xETé:qu/me [O’K—k)}' 11

This is progress, since now we need to design a map that maps the subcube pj,(.S;.) above to T, which is also
a subcube. We would like to design a mapping from S, to T that (a) ‘uses’ as few coordinates as possible and
(b) maps entire subcubes of pj(S}.) to subcubes of 7. This second property (b) ensures that the structure of
the good vertex cover we defined in Lemma [I9]above can be translated from one instance of a basic gadget to
another. A basic issue that we are facing now is that py(S},) and T are subcubes, but have a different number
of ‘active dimensions’: the former constrains variables in J’< . and g, while the latter constrains variables
in J. To equalize this number let Ext;, C B is a subset of size K/2 + 1 — k referred to as the extension
indices in phase k — we will artificially add them to the index set J ;. and g;, to equalize the number of ‘active’
coordinates. g;, € B} \ Exty, referred to as the compression index for the k-th phase of round £. Now we can

define the set By, that we already used formally: ]O?»;C = B\ (Exty U {qx}). We also need an index r € B/,
that we refer to as the compression index for the terminal subcube 7. Define index sets

I=Ju{r} cin (12)
and
I'={Jgs - Jp1} UExt; U {q}. (13)
Note that [I| = |I’| - this is exactly why we defined the relevant compression and extension indices. This
allows us to write
T, =< A x [m]"N, (14)

where )
A= {ZL‘ em):xy/me [O, K—z) forall s € [K/2}}

Similarly, we write
pi(Sk) = Dy, x [m]"\, (15)

where as per (L))

, 1 !
Dk:{xe m)! - i, /m € [O’l_K—s> forall s € [k] and 4, /m € [O’K—k‘>}'

11



We choose a bijection
M: | Dp—A4 (16)
ke[K/2]

which exists since the cardinalities of these sets are indeed equal (see derivation after in Section [3).
This lets us define another auxiliary transformation, referred to as the subcube permutation map Il;,. The
composition of the densifying map pj and the subcube permutation map II; gives us the glueing map 7.

Definition 14 (Subcube permutation map I1;) Define an injective map
Uy : pr(S) — T (17)
as follows. First, letn : I — I' be an arbitrary bijection. Given x € py(Sy,), write
x = (a,b,c),

where a = xp € Dy, C [m]", b=x; € [m]' and ¢ = T\ (1UI7) € [m]PNIYT)  We et T, (2) := z, where

by-1(5) fjel
zj =94 (M(a))yy jel
Cj O.W.

In other words, i (x) replaces x1 with x s, replaces x with M (x1) and leaves coordinates outside of
I U I’ untouched, so that
Hk<z) = (b7 M(a)a C)'

See Fig.|3|for an illustration.

A key property of the map ITj, is Lemma46](see Section[3)). Intuitively, this lemma says that IT maps entire
subspace to subspaces, which is a key property that we need our glueing maps to satisfy. This is because, as
described in Section[2] if we were to upper bound the size of the maximum matching constructed by algorithm
on a single gadget (like [Kap13|] does), we would need to consider a vertex cover that is defined by the terminal
subcube T} and its downset. Our construction of a vertex cover in the concatenation of basic gadgets will use
this approach, and we need (the downset of) the terminal subcube in one gadget to have ‘nice structure’ when
mapped to another gadget using the glueing map 7. Our mapping Il is useful for this purpose, because the
terminal subcube of a subsequent gadget is a subcube defined by coordinates in [n]\ (IUI") (these coordinates
are the set A above), and Lemma 46| shows that this set is still a subcube after an application of IIj.

We can now define

Definition 15 (Glueing map 1) For every k € [K /2| we define 7y, : S}, — T\ by letting 1i,(x) := Iy (pi(z)).
Define
T: L—ﬂ Sy — T
ke[K /2]

by letting T(x) = 1i,(x) for z € S},

This completes the definition of the glueing map 7. Note that so far we defined, for every ¢ € [L], as basic
gadget G = (S¢, T, EY) that is a geometric version of a 1/2-KVV gadget used in [ELSW13]. The gadgets

are parameterized by sequences J¢ € Bg X - X B% /20 where

n]=B°UB'U...UBl!

12



r I

bijection n

Iy (z) = b M (a) c
r I

Figure 3: Illustration of the map II;. Note that II;, simply leaves coordinates in [n] \ (I U I’), denoted by c,
unchanged, copies coordinates in I to coordinates in I’ using an arbitrarily chosen but fixed bijection 7, and
applies the map M to coordinates in I’, assigning the result to coordinates in 1.

is a partition of [n] into coordinate blocks, one for each round ¢ € [L], which are in turn partitioned into
disjoint subblocks B! = Bé U...U B% /2 corresponding to phases in which a given gadget is revealed to

the algorithm. The sets Bi are subsets of Bi of comparable size, equal to Bi minus the extension and
compression indices for the corresponding phase. We also defined bijections

.8t Tf_l

that we refer to as glueing maps. We now define our hard input distribution D on graphs G= (P,Q, E) A
graph G~ Dis sampled as follows.

First, for every round ¢ € [L] and phase k € [K/2] one arbitrarily selects the extension indices and
compression indices appropriately — we do not dwell on this here and refer the reader to Section for
details. More importantly, one selects, for every ¢ € [L] and k € [K/2], Ji ~ UNIF (]O3£) Note that the
vectors J* are the only random variables in the construction.

Edge set of G= (P,Q, E) We first define

l : 14
T*(x):{T(:E) ifx e S forl >0 (18)
x 0.W..
and for every edge e = (u,v) € Ef,u € S,v € T ¢ € [L] define .(e) = (7«(u), v). We now let
E={J E, (19)
Ce([L]
where R
E= U U nEy, 20)

RelK/2] jee

g . .
and E,w- is as in ().
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Ordering of edges of G in the stream. The graph G = (S%,T*, EY) is presented in the stream over L
rounds and K /2 phases as follows. For every £ € {1,..., L — 1}, for every k € [K /2], the edges in T*(EY)
are presented in the stream; the ordering within Te(E’t;) is arbitrary.

The graph G contains a nearly perfect matching (intuitively, this is because in our gadgets the set S* can
always be nearly perfectly matched to 7¢ \ TY:

Lemma 16 The graph G = (P, Q, E) contains a matching of size (1 — O(1/L))|P|.

The central part of our analysis is consists of designing a convenient vertex cover that lets us upper bound
the size of matching constructed by a low space algorithm. The key concept underlying our analysis here is a
map v that we refer to as the predecessor map. The intuition for this map is a combination of the analysis of

iterated KVV constructions in [ELSW13, [HPT™ 19]], which essentially amount to a fixed point computation
(the one in [ELSW13]] is not phrased this way, but it appears that for our purposes this view is more useful).

Definition 17 (Predecessor map v) We define the map v, ; mapping subsets U C T* to subsets of T*7 by
induction on j > 0 as follows. For j = 0let vy o(U) := U. For j > 0 let

v (U) == 77U~ (DowNSET 0D (1 ;1 (U)).

We define the closure map vy . by

J4
veu(U) = | v (U).
J=0
J eve

We define the map 11y ; mapping subsets U C T ¢ to subsets of S~ by letting
110,;(U) := DOWNSET ™ (1 ;(U))
forj=0,...,0 Welet

¢
pes(U) == | pes(U).
=0

J even

In the definition above we write DOWNSET’ to denote the downset map of the ¢-th basic gadget, and 7¢ the
glueing map of the /-th basic gadget.

We note that vy ;(U) is the set of vertices that the set U can be traced back to through j applications of
the glueing maps 7, interleaved with applications of the DOWNSET map (which is the reason we refer to v
as the predecessor map). Intuitively, this map is useful for our purposes because it allows us to find a vertex
cover similar to what we obtained in Lemma [I9] above, but at the same time consistent with the fixed point
type argument implicit in [ELSW13]| and explicit in [HPT™19]. First let

Ap= | w(T\TY)

e[l

£ even (21)
Ag = | v (T\TY).

Le(L)
£ odd

and
Bo= |J mlpues(T\TY))
Le(L]
£ even (22)
Bp = |J mluen(T\ T2,

le[L]
£ odd
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We prove that Ap N Bp = () and Ap U Bp ~ P (similarly for A and Bg), as well as prove the following
upper bounds on the cardinality of Bp and B¢ (which translates to the size of our vertex cover; recall that N
is the number of vertices in 7%):

Lemma 18 (See Lemma [70]in Section3) One has |Bp| < (1+ O(1/L))- % - & - 1755 and |Bg| < (1 +

O(l/L)) : % ’ % ) 1+}n2'

Lemma 19 (See Lemma [71]in Section[3) For every matching M in G one has

(MO (Ap x (Q\ B))| + [P+ O(P|/L).

1+1In2

PROOF OUTLINE: Similarly to our analysis above with a single a-KVV gadget, we exhibit a vertex cover for
M. Specifically, we add to the vertex cover one endpoint of every edge in

Mn(Ap x (Q\ Bg)),

as well as all vertices in P\ Ap ~ Bp and Bg to the vertex cover. Note that this is indeed a vertex cover:
Ap N Bp = 0 and Ag N Bg = 0, so every edge of M either has an endpoint in P \ Ap, or belongs to
Ap x (Q\ Bg), or belongs to Ap x Bg, in which case it has an endpoint in Bg. The size of the vertex cover
is

(MO (Ap x (Q\ BQ))| + [P\ Ap| +[Bq

(23)
~IM N (Ap x (@ \ Bg))| + [Bp| +|Bql;

where we used the fact that P\ Ap ~ Bp (see Lemma for the precise version of this statement). By
Lemma[I8 we have

L N 1
Bp|l <= — 1 1/L
Bl < 5+ 55 (14 0(1/L)
and
L N 1
Bol <= — 1 1/L)).
Bal < 5+ 55 (1+00/1)
Putting the above together with (23)) and recalling that
Pl=| |J T‘|=L Ny2
even ¢€[L]
gives the result. u

The equivalent of our key lemma(Lemma [10fin the simple analysis above) is given by

Lemma 20 (See Lemma[72]in Section3) For every matching M C E one has

Mn(Apx (@\Bg) < | #(Eﬁﬂ,ﬁ).
¢e[L],ke[K/2]

The proof relies on the fact that our glueing maps 7¢ only use a small number of coordinates, and map
entire (sampled) subspaces in S}, to subspaces in T%.



Comparison of our vertex cover with that from Lemma@ We note that, naturally, there are similarities
between the vertex cover that we use to obtain the Tilz hardness and the vertex cover from Lemma
Indeed, as per the proof (sketch) of Lemma [IT]the vertex cover contains one endpoint of every edge in

M0 (Ap x (Q\ Bg)), (24)

as well as all vertices in P \ Ap ~ Bp and Bg. Similarly to (I0) above, we show that using Lemma
that the contribution of (24) can essentially be ignored. Thus, up to lower order terms, the vertex cover is the
union of Bp and Bg. Recall that as per (22))

Bg = |J (e (T\TY))
Le[L]
£ even

and
Bp = J mlpes(T°\TY)).
Le[L]
£ odd
The application of 7, above can be ignored for intuition, and we consider terms of the form

14

pes(TE\ TY) = U pue, (T \ T)
7=0
j even

in the definition of B¢ above, where as per Deﬁnition one has
(TN Tl =50, (b Tt
poej(T°\ Ty) := DOWNSET" 7 (v ;(T°\ T}))
forj =0,...,¢. Note that the j = 0 term above in particular gives

100(TE\ TY) = DOWNSET (v (T \ TY))
= DOWNSET!(T*\ TY)
= DOWNSET(T*) \ DOWNSET(T¥)
= 5%\ DOWNSET!(T?),

where we used the fact that vy  is the identity map and the fact that 5S¢ = DOWNSET!(T*). Note that the last
term in the equation above matches the second term in Lemma|[TT|(the first term is neglible, as we established).
The other term in Lemma [TT]is the terminal subcube itself, and is not present in our vertex cover since it is
carefully split into different subsets, only some of which are added to the vertex cover — see Lemma [62]for a
formal statement supporting this intuition (only a subset of the terms on the rhs of that lemma contribute to
the vertex cover that we defined above, due to parity constraints).

Overview of the main construction. Our main construction, presented in Section 4| onwards, basically
follows the logic outlined above and made precise in Section However, instead of using orgthogonal
directions, we use nearly orthogonal vectors, which gives the stronger lower bound of N11¢(1/loglog N) eyep
for the streaming model of computation (as opposed to just our stylized generalized online algorithms model
from Section [3). We made an effort to make the exposition of the main construction follow quite closely the
simple model we present in Section[3] Still, the setting is different and new technical ideas are needed, mostly
revolving around the fact that in the real construction we lose product structure, which leads to multiple error
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terms that need to be handled carefully. At a high level, we resolve this issue by defining various relevant maps
‘locally’. Specifically, the definition of the local permutation map 11 is roughly equivalent to (a concatenation
of) our maps II; above, but works by first partitioning the space into appropriately defined low dimensional
‘subspaces’ and defining the map on every such subspace (see Section for details). Intuitively, the
reason for this is the fact that we only use nearly orthogonal vectors to define the edge set of the graph, and
therefore all our maps need to be performing rather local operations, in order to avoid a degradation in the
amount of orthogonality that we have.

Organization. The rest of the paper is organized as follows. In Section [3|we prove Theorem [5| Then main
construction is then presented in Sections 4| onwards. We have invested effort into ensuring that the structure
of the proof in Section 3| follows quite closely the structure of the main proof. As a consequence, subsections
of Section [3|are in rather good correspondence with sections 4] onwards of the main paper.

3 Warm-up: a toy construction for the generalized online model

In this section we provide a toy version of our lower bound instance that shows that no generalized online
algorithm (see Definition [3)) with space s = o(|P|log|P|) can obtain a better (by an absolute constant) than
T}n? approximation. Formally, we prove Theorem , restated here for convenience of the reader:
Theorem There exists a distribution D on input graphs G = (V, E) with n vertices such that any generalized
algorithm that finds a (ﬁ + n)-approximation to the maximum matching in G with probability at least 0.9
must remember Q(nlogn) edges.

We start by defining basic gadget graphs G* = (S, T*, EY) for £ € [L] for an even integer L. Then input
graph G = (P, Q, E) is then an edge disjoint (but not vertex disjoint) union of graphs G*. Specifically, the P
side of the bipartition will be

p= J 1 (25)
even £€[L]
and the () side of the bipartition will be
Q=s'v |J 1" (26)
odd £€[L]

Note that among the sets S’ only the set S° belongs to the vertex set of G.This is because we obtain G' by
glueing together instances of G¢, ¢ € [L], using carefully designed maps 7t Foreveryl =1,...,L /2 —1the
map 7¢ maps S’ bijectively to a special subset 7/~ of T~ that we refer to as the terminal subcube. Thus
we have

8t = Tfﬁl.

Organization. In what follows we first set up basic notation in Section [3.1] then specify global parameter
setting in Section We then define our basic gadgets G* in Section We then define auxiliary transfor-
mations, namely sparsification and densification operations, in Section [3.4L We then define the glueing maps
7% in Section Another key object in our analysis, the predecessor map v, is defined in Section— this
map is key to defining a good upper bound for the matching M 41 constructed by a small space algorithm.
Finally we put the pieces together and give a proof of Theorem 5]in Section

3.1 Notation and preliminaries

We start by setting up notation for the construction of basic gadgets G* = (S*, T*, E*). For every ¢ € [L]
we have |T¢| = N = m™, and have |S¢| = N/2. For every T* we select a subset (referred to as the terminal
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subcube of T*), denoted by T, and for ¢ > 0 carefully map vertices of S* bijectively to 7*~!. For every /
every vertex in T* and S* is equipped with a label from [m]™ that we denote by

label : PUQ — [m]".

For a pair of vertices z € P and y € () we write x < y if label(x) = label(y). For every ¢ € [L] vertices

in T* have distinct labels. The set S¢ will be partitioned into disjoint sets S¢ = Sg u...u Sf{ 21> and for

every k € [K /2] vertices in Sf; also have distinct labels (their labels are a subset of the labels of 7). Thus,
we will often think of vertices in G as points in the hypercube when we think of vertices in 7, or vertices in
S% and k is fixed. Throughout the paper we use the notation [a] = {0,1,...,a — 1} for a positive integer a.
We partition [n] into disjoint subsets

n] =B°UB'U...uB!
of equal size, i.e. |BY| = n/L for every £ € [L]. For every ¢ we further partition B as
¢ ¢ ¢

where ]B£| = 7 corresponding to K /2 phases in which the graph G* will be presented in the stream.

n
L(K/2+1
Special indices. The ¢-th graph G* is parameterized by a vector
J e B x ...><B§</2

of indices. For ¢ € [L] and k € [K|] we use the notation J%, = (J§,...,Ji_,) and Jék = (JL, . Jf(/2).

Definition 21 (Compression and extension indices) For every ¢ € [L],£ > 0, the map 7° is parameterized
by index 1’ € Bﬁ( /2 referred to as the compression index for the terminal subcube T, as well as a collection
of auxiliary coordinates for every k € [K/2]:

° Extf; - Bi is a subset of size K /2 + 1 — k referred to as the extension indices in phase k of round {;

° qﬁ € Bi \ Extﬁ referred to as the compression index for the k-th phase of round /.
We let BY = B\ (Extt U {q.}) and let 103%/2 = Bﬁ(/Q \ {rf).
Property 22 We will ensure that for every ¢ and k € [K/2 + 1] one has J,f € 1036, and in particular J* N
<{7“£} U Urerc/2 Exty U {qi}) = 0.

For convenience of notation we introduce

Definition 23 (Special coordinates) For every { we define the special coordinates in B¢ by ¥(B?) := J* U
{rf}. We also let U(B=) := U U (BY).

Definition 24 (Weight of = € [m]") For every x € [m]" we define wi(z) = 3 ;c1,) %;-
We will use

Claim 25 There exists an absolute constant C' > 0 such that for every integer K > 0 greater than an absolute
constant one hasIn2 — 1/K < 3 1o 7 <In2.
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(k+1)/K 1 Ly <

Proof: One has for every integer k >0, i . W < fk and hence

1
= K " 1-k/K
1/2

(k+1)/K L
Zke (K/2] K TrF = &K Zk:e[K/2 = k/K < Zke (K /2] fk )/ 1imd:z = Jo mda: = In 2, establishing the
upper bound. Similarly,

K/2

3 1 _i_1_+iz 1
K-k K K/2 K& 1-Fk/K

ke[K/2]
1 (k+1)/K 1
> ——+ Z / dx
K keli/2) kK 1—=

1 /2 4 1
- —— dr =1n2 — —
), 12T

3.2 Parameter setting
We assume throughout this section that parameters m, W, K and L satisfy the following properties:
(p0) (K —s) | Wforall s € [K/2]
(pl) W |m/(K —s) forall s € [K/2]
P2 L=K
In the above we write a | b if b/a is an integer.
Such a setting is possible:
Lemma 26 For every constant K there exists a setting of parameters W, L and m that satisfies

Proof: Let m = (Iem(K, K —1,...,3,2,1))2and W = lem(K, K — 1,...,3,2,1), where lcm stands for
the least common multiple. [ |

In what follows we define the individual instances G and state their main properties in Section then
define the maps 7% in Section We then give the proof of the lower bound in Section

3.3 Basic gadgets G*
We give the construction of G¢ = (S¢, T, E) in this section. Since ¢ € [L] is fixed, we write T = T*, S =
St E = E' to simplify notation. Welet B=Bfand B=BoU... UBj /2 denote the partition of B.

Vertices of G: the 7' side of the bipartition. Let K > 1 be a large constant integer, let m > 1 be a large
integer. Let

T = [m]"
i.e. vertices in T are vectors of dimension n, with each co-ordinate taking values in [m| = {0,1,2,...,m—1}.
This way we have N := |T'| = m", so n = (log V) for every constant m. The vertices on the S side of the

bipartition will also be associated with points on the hypercube [m]", as defined below.
Let Tp = T, and for every k € [K /2] let

1

so that

Tk—{ye[ " :yJS/mE[O,l—Kl_S) forallsE{O,l,...,k—l}}. (28)
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Vertices of GG: the S side of the bipartition. The set S of vertices is naturally partitioned into disjoint
subsets
SIS()LHSlLﬂ...LﬂSK/Q,l 29)

as follows. For every k € [K/2] we let
Sk < {x € T}, :wt(x) € [O, Kl—k> W (mod W)} (30)
In the definition above W is an integer parameter that we choose so that W' | m as per and wt(x) =
D _jeln] Tj as per Deﬁnition
Definition 27 (Down-set of a setin 1') For every U C T, k € [K /2], we define the downset of U in Sy, by
DOWNSET,(U) ={z €S, :Jye U :y <z}

and define
DOWNSET(U) = | J DOWNSET,(U).
ke[K/2]

We note that in the definition above the union on the rhs is a union of disjoint sets.

Remark 28 We note that a given point in U has anywhere between 0 and K /2 images under the DOWNSET
map.

Remark 29 Note that S;, = DOWNSETy(T},) for every k € [K/2].

Remark 30 Note that if U C Ty, \ Ti41 for some k € [K/2], then DOWNSETs(U) = () for all s € {k +
1,...,K/2 — 1}. Thus, in that case we have

k
DOWNSET(U) = | ] DOWNSET,(U).
s=0

We also let, for every k € [K/2] and j € By,

; 1
Tlg:{yeTk:yj/mE [O’l_Kk;>}

; 1

Definition 31 (Terminal subcube) We refer to T\ := T/, as the terminal subcube of T

(€29)

We gather basic bounds on the size of T;’s and Si’s in
Lemma 32 One has
M) Tl = (1 — £) - |Ty| for every k € [K/2 +1);
(2) [Sk| = & - |To for every k € [K/2].

The proof is given in Appendix [B.2] We now define the edge set of G.
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Edges of G. Fix k € [K/2]. For each coordinate j € By, for each 2 € [m]™ we denote the line in direction
J going through x by

linej(z) = {a' € [m|" : 2’ ; = x_;}, (32)
where we write z_; to denote the restriction of = on coordinates [n] \ {j}. We have

Lemma 33 For all s € [K/2|, for every k € [K/2], every J. € By for each y € T}, one has for each
J € By

(1) |linej(y)| = m and line;(y) C Tj;
2) |line;(y) \ T}| = &% - lline;(y)];

(3) for every y € Ty, one has |line;(y) N Sk| = — - |line;j(y)

4) for everyy € T}, one has |line;(y) N Si! = 7 - |linej(y)| - (1 — 1/(K — k)).
The proof of the lemma is given in Appendix

Remark 34 Note that for every y, y' and every j one has either line;j(y) = line;(y') or line;(y) Nline;(y') =
(), i.e. lines in direction j partition Ty, and consequently also partition Sy,

We now define the edges of G incident on Sy, for every k € [K/2].

Definition 35 (Line cover in direction j) For every j € By a collection C’,Z C Ty, of representative points is
called a line cover of T}, in direction j if

Ty = U line;(y)

yEC’i
and line;(y) 0 line;(y') = 0 for every y,y' € CLy # /.

Note that a line cover of T}, in direction j can be constructed by picking points y € T}, greedily until the union
of lines in direction j through these points covers Tj.. Every such line belongs to 7} by Lemma[33] (1), and
every two lines either are disjoint or coincide as per Remark [34]

Now for every j except the extension indices Ext;, or the compression index gj, (see Definition [21)), i.e. for
all

j € By =Bi \ (Exty U {qr}),
forevery y € C’,Z for a line cover C’,Z of T}, in direction j (as per Definition , we include a complete bipartite
graph between line;(y) N (T} \ 7} ) and line;(y) N S}. In other words, let ' = Ukelx /2 Er» where

Ey= | Ex, (33)
jEf)’k
and A ‘
Eyj= U (linej(y) N S7) x (linej(y) N (Tp \ TV)). (34)

yeCy

Note that F, is fully determined by the first £ — 1 values of .J, namely by the prefix J.
We have
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Lemma 36 For every k € [K/2), every i,j € By,i # j, everyx € Cl,y € C',Z, where C} and C,z are
minimal line covers of Ty, in direction i and j respectively, the edge sets

(line;(x) N St) x (line;(x) N (T \ T}))
and

(line;(y) N S1) x (linej(y) N (T \ T}))
are disjoint.

Proof: We argue by contradiction. Note that the complete graphs above have a nonempty intersection if and
only if there exist a, b such that

a € (line;(z) N SE) N (line; (y) N S7) (35)
and , A
b € (line;(x) N (T, \ T)) N (linej(y) N (T \ T7))- (36)
Since a, b € line;(y), we have
b_j =a—j (37)

On the other hand, since a € line;(x) N S! C S}, we have by (3) that a;/m € [0, 1— ﬁ) and since

b € line;(z) N (T}, \ T}) C T \ T}, we have by that b; /m € [1 — 1). On the other hand, we have
a; = b; by (37), a contradiction. [ |

Lemma 37 (Matching of S to 7"\ T,) There exists a matching of a (1 — O(1/K)) fraction of S to T '\ T in
E.

Proof: For every k € [K/2] and j = J;, we match almost all of S, to T}, \ T,z as follows. First note that
for every y,y’ € T} one has either line;(y) = line;(y’) or line;(y) N line;(y") = 0, i.e. lines in direction
j partition T}, and consequently also partition S;. Thus, it suffices to define the matching on all lines in
direction j = Jj, for each y € Tj,. By Lemma[33] (2), we have

. ; 1 .
lline; (y) \ 7| = Jo— - [line; (y)]
and by Lemma[33] (3), one has

- [line; (y)[(1 + 1/ (K = k)).

. j 1
ftine; (y) N Syl = =

We match line;(y) N Sy, to line;(y) \ T,g using the edges

(linej(y) N S7) x (line; (y) N (T \ T})),

which belong to Ei as per (34). This defines a matching of a 1 — O(1/K) fraction of S, to TV, where j = Jj.
Equipped with a matching of a 1 — O(1/K) fraction of Sy to T}, where j = .J;, we now note that
Tyx1+1 =T} when j = Jj, for every k € [K/2] (see (31) and (27)), and therefore

T\Te =T\ Tk = U T\ Thy1 = U T \ T},

ke[K/2] ke[K/2]
where the union on the right hand side contains disjoint sets. Since Sp, S1, . . ., Sk /2—1 are disjoint, the union
of constructed matchings is a matching of a 1 — O(1/K) fraction of S to T" \ T, as required. [ |
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3.4 Subsampling and densification

Definition 38 For a subset F' C [m|™ and a coordinate r € [n] we say that F' does not depend on r if for
every x = (zy,x_,) € F one has (y,x_,) € F for every y € [m]. Equivalently, F' does not depend on r if

F={ze[mM\" .2 =u_ for some x € F} x [m)].

Lemma 39 (Subsampling) For every U C [m]™ and r € [n] such that U does not depend on r (as per
Definition @), every integer \ such that \ | W, as long as W | m, one has

o € U:wi(z) € 0,1/A)- W (mod W)}| = §|U|.

Proof: Let U_, := {z_, : © € U}, where z_, € [m]"M"} stands for the projection of z to [n] \ {r}, and
note that U = U_,. x [m]. Furthermore, we have

{zx e U :wt(zx) €[0,1/X)-W (mod W)}
={(2',2") e U, x [m] : wt(z') + 2" € [0,1/X) - W (mod W)}
This in turn implies
{(a',2") e U_, x [m] : wt(2') + 2" € [0,1/A) - W  (mod W)} |

= D mPr N W) + 2" €0,1/2) - W (mod W) (38)
z’elU_,

Since W | m by assumption of the lemma, when z” is uniformly random in [m/], (wt(z) + 2”) (mod W) is
uniformly random in [WW]. Thus, for any 2’ € [m]™\"} one has

1
Pr i unrr(m)WH(z') + 2" € [0,1/X) - W (mod W)] = N

Substituting this into (38)), we get

{(2',2") € U_, x [m] : wt(z) + 2" € [0,1/A) - W (mod W)} |
1
— Z m-—
z'eU_, A
1
= X|Ufr| -m
1
N

as required. |

Ul,

Definition 40 ((\, r)-densifying map) For r € [n] and integer X > 0 the (\, r)-densifying map p : [m]" —
[m]™ is defined as follows. We let = € [m]", and write x = (', "), z' € [m]M\} 2" € [m]. Write

" =aW + bW/X + ¢,

where a € {0,1,...,m/W —1},b € {0,1,...,A =1} and c € {0,1,...,W/X — 1}. We define p(x) by
letting, for j € [n]:

aW/X+c ifj=r

Zj O.W.

(o) = {
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Remark 41 Note that equivalently, one lets, for j € [n],
(p(z)); := (" (mod W/A)) + % 2" /W) iy =
I T 0.W.
We have

Lemma 42 (Densification of a subsampled set) For every integer A\ > 2, every r € [n], every U C [m|"
that does not depend on coordinate r (as per Definition ES’]) the (X, r)-densifying map p (see Definition @)
maps

{x €U :wi(z) €[0,1/X\)- W (mod W)}

bijectively to {x € U : x,/m € [0,1/A)}.
Proof: We first prove that

p{zeU:wt(x) €[0,1/X)- W (mod W)}) C{xeU:x/mel0,1/N\)}. (39)
We let z € [m]", and write z = (2/,2"), 2" € [m]P\} 27 € [m]. Write

" =aW + bW/X + ¢,

where a € {0,1,...,m/W —1},b€ {0,1,...,A—1}and c € {0,1,...,W/X —1}. AsperDeﬁnition
one has for j € [n]

(aW/A+¢) (modm/X) ifj=r

/"
:II] O0.W.

(o) = {
Since U does not depend on r by assumption and
0<a(W/X)+c<(m/W—-1)(W/\)+(W/A=1)=m/\—1,

we have p(z) € {x € U : x,,/m € [0,1/))}, as required. This establishes (39).

We now establish injectivity. Let U_, := {x_,. : 2 € U}, where z_, € [m]™\"} stands for the projection
of z to [n] \ {r}, and note that U = U_, x [m] since U does not depend on r by assumption. Furthermore,
we have

{z €U :wtzx) €[0,1/\)- W (mod W)}

={(2',2") e U_, x [m] : wt(z') + 2" € [0,1/X) - W (mod W)} “0
Now pick 2/, zfj € [m] such that
{@@,2]) € Uy x [m] : wt(2) + 2} € [0,1/X) - W (mod W)} fori € {1,2}. 41)

Write

o =aW +b;W/X+c; and xf = asW + boW /X + c2,
where a; € {0,1,...,m/W —1},b; € {0,1,...,A—1}and ¢; € {0,1,... ., W/X\—1},i € {1,2}. Suppose
towards a contradiction that p((2/, 7)) = p((2/, 2%)), i.e., that a; = ag and ¢; = co. We show that by = bs.
We have

((wi(a') +27) — (wi(a’) + 25))  (mod W) = (af — a5) (mod W)

(42)
= ((by — b2)W/X) (mod W)
Since |b; — ba| < A, by # by would contradict (41)). Thus, we have b; = by, and the map p is injective.
Finally, note that by Lemma 39| one has
1
H{x e U :wt(z) € [0,1/A)-W (mod W)} = X Ul ={x€U:x./mel0,1/N)},
and hence p is a bijection. [ |
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3.5 Maps 7' identifying the basic gadgets

In this section we define the map 7¢ identifying vertices in S¢ in G¢ = (S¢, T, E*) with vertices in T!~! of
Gl = (81, 71 E“ 1) forevery £ € [L], £ > 0:

rt st Tl
Since £ is fixed for most of the section, we omit the superscript £. We let G’ = (S’,T', E’) denote
G' = (S, T" EY,let G = (S, T, E) denote G*~! = (S~1, 7*=1 E*~1), adopting similar notation for all

other relevant quantities. Specifically, let B’ := B, B := B‘~!, and let the special coordinate vectors be
denoted by J € By x By x ... X Bgy,and J' = Bj x B} x ... x B’K/2 respectively. Thus, we define a

bijection 7 from S’ to T:
7:8 =T,
We start by defining 7 on the sets S, for k € [K/2] (recall that S’ = Sy ... W S’ /o—1)- The restriction
of 7 to S}, is denoted by 7y:
Tk : S/,’C — 1.

The images of 75 that we define will be disjoint for different & € [K/2], i.e. these maps extend naturally to
an injective map from the union of .S; over all k£ € [K/2] to 7.

Defining 7. Fix k& € [K/2]. Let r € B denote the compression index of the terminal subcube 7. Let
Ext;, C Bj, and g, € B}, denote the k-th extension and compression indices (see Definition . Let p;, be a
(K — k, qx)-densifying map as per Definition @} Now note that 7}, does not depend on g;, by Property
We thus have by Lemma [42] that

1
pr(SE) = {IL‘ €Ty :xy /me [O, K—k)} (43)

and pj, maps S}, to the set on the rhs of (3) bijectively.
Now define index sets
I=Ju{r}cln] (44)

and
I,,’C = {J(’),...,J,’C_I}UExtkU{qk}. 45)

We sometimes write I’ instead of I;, when the value of k is clear from context. Note that / = W(B) and for
every k
] = il = K/2+2. (46)

This allows us to write
T, =< A x [m]PM, (47)

where

A= {me m)! x5, /m € [O,Kl_s) for all s € [K/2]}.

Similarly, we write
p(Sy) =< Dy x [m] "V, 48)

where as per

: 1 !
Dy = {xe [m]% : a; /m € [0,1— K—s> forall s € [k] and x4, /m € [O’K—k)}'
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Choose a bijection
M: | Dp—A (49)
ke[K/2]

This is possible because

S/
>l Y ML @)

ke[K/2] ke[K/2]
S/
= Z Lj|1/\ (since py, is a bijection)
ke[g/2 Mk
_ 1 |To] oot — L erall ke (K 10
K Z nI7] (since | k’_?’ o| for all & € [K/2] by Lemma|32} (2))
kelr/2) "
1 T e
=2 > .oy (since |I] = [1{| by @)
ke[K/2]
1 |Th|
— 2mnHl
_ T (since |T,| = |T \—E\T\b Lemmal|32} (1))
= =] «| = k2| = 5ol by Lemma|32;
m

= |A|. (by @7))

r 1
—— —
T = a b c

bijection n

Iy (z) = b M (a) c
r I

Figure 4: Illustration of the map II;. Note that II;, simply leaves coordinates in [n] \ (I U I’), denoted by c,
unchanged, copies coordinates in I to coordinates in I’ using an arbitrarily chosen but fixed bijection 7, and
applies the map M to coordinates in I’, assigning the result to coordinates in 1.

Remark 43 Note that for every k € [K /2] the set Dy, is determined by I and I;, and A is determined by
I. Thus, we can construct the map M incrementally, by fixing M|p, : Dy — A as soon as I}, becomes
known. The latter in fact amounts to knowing {Jg, J1, ..., J;._, }, since we fix Exty, and qy, for our hard input
distribution.
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Definition 44 (Subcube permutation map 1) Define an injective map
Oy : pr(Sy) — T 50)

by letting 1y, (x) replace x with xp (where I' = I}), replace x with M (x1) and leave coordinates outside
of I U I untouched, so that
Hk<z) = (b7 M(a)a C)'

See Fig. H|for an illustration.
Formally, we first let 1) : I — I' be an arbitrary bijection. Given x € py(S},), write

x = (a,b,c),

where a = xp € Dy, C [m)!', b=y € [m]! and ¢ = T\ (rurr) € [m] PNV We let

Hk‘(x) =z,
where
by-1(5) fjel
=4 (M(a),y i€l
c; oW,
We will use

Definition 45 (Rectangle) We say that a set R is a rectangle in I C [n] if R C [m]! = [[;c; Ai, where
A; C [m] foreveryi € I (i.e., R is the direct product of the sets A;,i € I).

The following lemma establishes a key property of the map I1j:

Lemma 46 (Basic properties of the permutation maps I1;) For every k € [K/2], every z € [m]! " (where
I' = I), every rectangle R in A C [n] \ (I U I") the rectangle

F = {2} x R x [m]PNAVT)

satisfies
M (F) = {M(x)} x R x [m]I"NAD,

where M (z) € [m]! (as per @9)).

Remark 47 Intuitively, this lemma says that 11 maps entire subspace to subspaces, which is a key property
that we need our glueing maps to satisfy. This is because, as described in Section[2] if we were to upper bound
the size of the maximum matching constructed by algorithm on a single gadget (like [Kap13|] does), we would
need to consider a vertex cover that is defined by the terminal subcube T and its downset. Our construction
of a vertex cover in the concatenation of basic gadgets will use this approach, and we need (the downset of)
the terminal subcube in one gadget to have ‘nice structure’ when mapped to another gadget using the glueing
map 7. Our mapping 11, is useful for this purpose, because the terminal subcube of a subsequent gadget is a
subcube defined by coordinates in [n]\ (I UI") (these coordinates are the set A above), and Lemma[d6]shows
that this set is still a subcube after an application of 1.

This lemma is crucially used in Lemmal[63] and the rectangle R in question there is the following. We first
take some rectangle F in U(BY) for some ¢ > 0. Then we apply j iterations of the predecessor map v to it,
namely apply the map vy ;. This results in a rectangle in some subset A of coordinates with A C \IJ(B“'j ) —
this rectangle essentially contains information about the trajectory of F' through repeated invocations of the
predecessor map v. Lemma H6| essentially shows that the permutation map 11y, does not interfere with this
information as long as A\ does not overlap with I', which is the case in the application in Lemma
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Proof: We first rewrite the input rectangle F' as
F={z} x [m]I X (R X [m][n}\(AUI’u1)> '

We can thus express every
z € {x} x [m]f X (R > [m][n]\(AUI’u])>

as
z = (Cl, ba C)7

where a € [m]”,b € [m]! and ¢ € [m]P\"VD) and get by Deﬁnition
Hk(z) = (b7 M((Z), C)'

Thus, as 2 ranges over {z} x [m] x (R x [m] P\
AUI'UI)

Aur'ur )), the parameter a always equals z, b ranges over

[m]! and c ranges over R x [m]["\( . Hence,

I,(F) = {M(a)} x [m]! x R x [m][n}\(AuI’uI) = {M(a)} x R x [m][n}\(Aul')7

as required. |
We can now define

Definition 48 (Glueing map 7) For every k € [K /2] we define 1y, : S;. — Ty by letting

() = I (pr()). (51)

Define
T: L—ﬂ Sy — T
ke[K/2]

by letting T(x) = 1i,(x) for x € S},
Lemma 49 (Basic properties of 7) The map T is a bijective map from |3 ke[K /2] Sy 1o T..

Proof: The map py, is bijective by Lemma 42| (see discussion after for more details) . The map IIy, is
injective, since M is injective. Bijectivity of 7 follows from the fact that images of Dy under M are disjoint,

and since ;o591 [Dk| = [A] by @9). [ |
Definition 50 (Basic coordinates I') We define the set of basic coordinates as
r=J (v@yu U (Exri U {q£}>
Le(L] ke[K/2]

Remark 51 Note that T' C [n] contains all coordinates that densifying maps (Deﬁnition@) and permutation
maps (Definition use across all L gadgets G. This fact is crucial for the following lemma (Lemma .

Lemma 52 For every £ € [L],{ < L — 1, every x,y € T such that x; = vy; for all i € T there exists
a € [K/2] and u,v € S such that

1) z=7(u) and y = 7 (v);
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(2) ur = vr.

Proof: We let 7 := 71, T, := T¥, 8" := S*1. We also let J := J¢, J' := JH1, .= ++1 and ¢; := ¢
and Ext; := Exthrl for i € [K/2] to simplify notation.

Since T maps S’ = Ureir /2 S’ bijectively to T}, there exist f, g € [K/2] and u € S%,v € Sy such that
x = 7(u) and y = 7(v). Define

I:=JU {7“6}
I} = J/<f UExty U {Qf}
I, = JL, UExt, U {qg}.

By Definition 48] this means that
2 = Tf(pp(w)) and y = I, (py(v)),

where 11, I, are subcube permutation maps as per Deﬁnition and py and p, are (K — f,qr) and (K —
9, q¢)-densifying maps as per Definition respectively. Now write

pf(u) = (ay, by, cy), where a, € Dy C [m]li',bu € [m)f and e, € [m]["i\(wl}).
Similarly, write

pg(v) = (ay, by, ¢y), where a, € Dy C [m]’7,b, € [m]" and ¢, € [m]M\IVL),

Then we have by Definition [44]

x =y(ps(u)) =g((au, by, cu)) = (bu, M(au), cu), (52)
where the partition of coordinates on the right hand side is I%; U 1 U ([n] \ (I} U I)) and
y = Tg(pg(v)) = y((av, by, cv)) = (by, M(av), cv), (33)

where the partition on the right hand side is I, UTU([n]\ (I;UI)). Here M : Wrelx/2) Dk — Ais the bijective
map from [@9). Since zr = yr and I = ¥(B?) C T (as per Definition [50)), we have M (a,) = M/(a,), and
since M is a bijection from &Jke[ K/2] Dy, to A, this means that ¢ = f and a, = a,. This in turn means that
It = Iy, and we let I' := I} = I to simplify notation. In particular, we now have that the partition of

coordinates on the right hand side of and is the same. Since I’ C ¥(B) U Ext}; U {gs} C T and
xr = yr by assumption, we have b,, = b,. The assumption xr = yr also implies

(cu)T = Tra(n)\(1u17)) = Yra(n)\(rurr)) = (c)r-

Thus, we have ur = vr, as required. [ ]

3.6 The predecessor map  and its properties

The predecessor map v, defined below, is our main tool in defining a vertex cover that lets us bound the size
of the matching constructed by a small space algorithm. Intuitively, the predecessor map vy ; maps a subset of
T* for some ¢ € [L] through j repeated applications of the glueing map 7 interleaved with applications of the
DOwWNSET map. This is a natural object, since our construction is motivated by the fact that for appropriately
defined ‘nice’ subsets U C T, namely for appropriately defined rectangles (see Lemma in Section [2), the
edge boundary of the set U U DOWNSETZ(U ) is very sparse, which is the basis of our hard input instance.
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Definition 53 (Predecessor map v) We define the map v, ; mapping subsets U C T to subsets of T*7 by
induction on j > 0 as follows. For j = 0let vy o(U) := U. For j > 0 let

v j(U) := 707 (DowNSET U= (1 ;1 (1))).
We define the closure map vy . by

L
Jj=0
7 eve

We define the map 11y ; mapping subsets U C T ¢ to subsets of S'~7 by letting
pej(U) == DOWNSET ™ (1,3 (U))
forj=0,..., L Welet
)4
pes(U) = | pes(0).
j=0
J even

Remark 54 We stress that the maps v, ; as well as jiy ; are defined as mapping subsets of T* to subsets of
T 3 (resp. S*=7). This is somewhat more convenient, as otherwise they would not be one to one maps from
elements of T' to elements of T*~7 (resp. S*~7), because the DOWNSET function is not one to one as per

Definition [27).

Remark 55 Note that the closure map v , takes a set U to a union of sets vy ;(U) for even j. The significance
of the parity constraint on j lies, in particular, in the fact that if U is entirely contained in either the P or
the @ side of the bipartition defined in and 20)), the closure of U, namely v, ,.(U), belongs to the same
side of the bipartition. At the same time, the set i, .(U) belongs to the other side of the bipartition due to the
application of the DOWNSET map in Definition 53] above.

The main results of this section are the following two lemmas.
The first lemmas is central to establishing the required upper bound on the size of the vertex cover (see
Lemma [71]) that bounds the performance of a small space algorithm in Section [3.7}

Lemma 56 For every { € [L), every j =0,...,{, one has
1 1
(In2 — C/K)J§(1 —In2)|T < |W,j(TZ\Tf)\ < (ln2—|—C/K)J§(1 —n2)|T"|.

The next lemma establishes the key structural property analogous to Lemma[I0]in Section[2] The lemma
is crucially used to upper bound the size of the matching that a low space algorithm can construct in Lemma([72]
in Section 3.7 below.

Lemma 57 Forevery { € [L], every j =0, ..., ( the following conditions hold. For every
x € vy (T \ T C T,
ify € T is such y; = x; for all i € T (the set of basic coordinates as per Definition @1} then

Y € vppy (T THH).
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Corollary 58 Forevery ¢ € [L], every j =0, ..., for every
x € vy (THIN\THI) T,
ify € S is such that y; = x; for all i € T (the set of basic coordinates as per Definition , then
Y € poasg(THN\TH).

In what follows we start by establishing some basic properties of the predecessor map in Section [3.6.1}
then prove Lemma [65]and Lemma [56]in Section and finally prove the key structural property provided

by Lemma([57|in Section[3.6.3]

3.6.1 Basic properties of the predecessor map

Claim 59 Foreveryl € [L], everyj =1,...,¢and every U C T* one has (V) vy ;(U) = v—1 j—1 (7 (DOWNSET!(U))
and (2) g ;(U) = po—1;—1(7*(DOWNSET!(U))). Furthermore, for every { € [L], every j = 0,...,4,
a=0,...,jand every U C T one has (3) v i (U) = vi—gj—a(veq(U)).

Proof: For (1) we have by Definition [53| ﬂ

DOWNSET! U~

ve;(U) = 77 07( (v, (D))
~U=D(DowNSET U= (+-U=2(DowNSET U= (1,5 »(U)))))
“D(DowNSET U1 (74-0-2(DowNSET U2 (... 7/(DOWNSET! (1)) ...))))
= vp_1,;-1(7"(DOWNSET'(U)))
For (2) we have by Definition [53]and using (1)
110,;(U) = DOWNSET (1 ;(U))
= DOWNSET 7/ (1,_1 j_1 (T*(DOWNSET!(1)))))
= pre-1,j-1 (7 (DOWNSET'(U))).
Finally, (3) follows since by Definition
W,j(U) “D(DowNSET "D (1 ;1 (U)))
—U- 1)(DOWNSET ~U=D(r=0-2(DowNSET "2 (1 ;_o(U)))))
=) (DowNSET "U N (702 (DowNSET ~U=2) (.. . 7/ (DOWNSET!(U)) ... .))))
(

= Vi—aj-a(Ve.a(U)))

The following claim will help simplify our notation:
Claim 60 For every ( € [L], everyj € 1,...,¢ — 1 and every U C T* one has | j(U)| = |vg j+1(U)|-
Proof: One has by Definition
vej11(U) = 7877 (DOWNSET I (14 (1))))
=77 (e (U))),

and the claim follows since 7/~ is injective by Lemma |
We note that the increment of the index j on the right hand side in the claim above is crucial, as in general
e, (U)] is very different from |v ;(U)| (since DOWNSET is not a one to one map).
We also need
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Lemma 61 (Basic properties of the maps v, ; and 11y ;) The following conditions hold for the maps v and
w defined above:

(1) forevery { € [L] and every 0 < j < { the maps vy j and p ; are injective;
(2) every 0,0 € [L] every0 < j < 4,0 <j <! onehas
ve s (TE\TE) N o (TY\TE) = 0
unless ¢ = (' and j = j'.
(3) every 0, 0" € [L] every0 < j < ¥, 0 < j" <! one has
peg (TENTE) O g (TONTE) = 0
unless { = ¢ and j = j'.

Proof: (1) follows since 7 is injective by Lemma |49 and DOWNSET is injective by construction (Defini-

tion [27).

We now show (2). First note that v ;(T° \ T¢) C T~ and v j»(T" \ T¥) C T¥~7', and hence the two
sets are disjoint if £ — j # ¢/ — j'. Now suppose that £/ — j = ¢/ — j' and assume without loss of generality
that £ < ¢'. Furthermore, we can assume that ¢/ < /', since if £ = ¢/, one must have j = j' as otherwise the
sets are disjoint by the previous argument. Now note that

l/g/7g/_g(TZ/ \Tf/) = TZ—H(DOWNSETé-H(I/g/j/_g_l(TZ/ \Tf/)) - Tf,
since the range of 7¢*! is T by Definition This means that
0 0 0 0 : : . ! -/
Vgt gt (T \T* ) = I/gJ(I/g/’g/,g(T \T* )) (by Clalm (3), and using l— ] = 0 — ] )
C v y(TY),

and we get that
ve (TN TY) O o (TO\TY) C ey (TONTE) Mgy (Ty) = 0
since vy ; is injective by (1).
We now prove (3). First note that by Definition [53]
peg(T\TY) € 77
and '
/M'v]"(Tg \Tf) - St )
and hence similarly to above the two sets are disjoint unless £ — j = ¢/ — j'. (3) now follows by noting that,
again using Definition [53] we get, since £ — j = ¢’ — j' and DOWNSET is injective,
(Tl Tt Ll ey G (b b o~y NN a4
105 (TN TE) O s (T \ TE') = DOWNSET' (1 (T \ T2)) 1 DOWNSET! 7 (v 3o (17 \ T))
= DOWNSET ™ (1 j(T* \ T) Ny jo (T \ TY))
=0,

where we used (2) in the last transition. [ ]
We will use
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Lemma 62 For every { € [L] one has

L—1—t
T! =vp 11 (TFHU U Ve (T \ TE)
j=1
and
L—1—¢ ' '
T =vp_1-1-(TF U U Ve (TTH\ TE),
=0

Proof: We start by establishing the first result of the lemma, namely
L—1—¢ ' .
T =vi a1 oTFHU | ver (TN TE) (54)
j=1
by inductionon ¢/ = L —1,...,0.
Base: / = L — 1. One has Tf = l/L_L()(T*L), as required, since v7,_1 o is the identity map by definition (see
Definition [53).
Inductive step: ¢ — ¢ — 1. By the inductive hypothesis we have
L—1—¢ 4 4
T =vp 11 o(TFYHU U Veyj (T \ TE).
j=1

Applying 7¢(DOWNSET(+)) to both sides of the equation above, we get, letting Q = vr,_1.,_1_¢(TF7!) to
simplify notation,

L l

7/ (DOWNSET!(TY)) = 7¢ | DowNSET’ Vey . (THH\ TE)

¢
T (DOWNSET" (W—&—j,j (T \Tf“)))

@y
U

=7t (DOWNSET )

7=1
L—1—¢ ' 4
= v 1,0-o(TF YU | vy (T N\ T) (35
j=1
L—1—¢ ,
_ 1) —1)+(+1
=vp1,0-o(TF MU U Vie1y4 (1), jr (TEDTOTD \ T DFEH)y
j=1
- (1)
= v 1— - (TF U fl+],]T(£1+]\T )
We also have
P(DOWNSET (T \ T!)) = v (T \ T) = w1y 1.1 (T \ T5). (56)

We now recall that 7¢ maps S¢ bijectively to 7¢~! and S¢ = DOWNSET(T*) (this follows by putting
together the fact that S = |4 Ke[K /2] S% with (30) and Definition , which implies

T = 7489 (since 7* bijectively maps S to TX~1)
= 7(DOWNSET!(T*)) (57
= 7Y (DOWNSET! (T \ T%)) U 7¢(DOWNSET!(TY))
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Substituting (55) and (56)) into (57)), we get

T =wp g o(TFYHU U Vo145, (TN T,
j=1

as required. This completes the inductive claim and establishes the first result of the lemma.
Now in order to obtain the second result of the lemma we take the union of both sides of with T\ T,
writing T° \ T = vp40,0(T*0 \ T/0) on the rhs. This results in

T = (T\THUT = vp10-1-o(TF ) U | veg g (TN T,
>0

as required. [ |

3.6.2 Proof of Lemma[56|

We start with

Definition 63 (Rectangle consistent with a terminal subcube) For every { € [L), every I C [n], every fix-
ing f of coordinates in I we say that f is consistent with T'¢ if

{1} x [m]I"M C T
We say that a rectangle R in I C [n] (as per Deﬁnition is consistent with TY if
R x [m]"M c T
We first prove an auxiliary

Claim 64 Forevery( € [L], every I C [n], every rectangle R in I that is consistent with the terminal subcube
T* the following conditions hold. If I' = I N ¥(BY) (see Definition and R = Ry X Ry, where Ry is a
rectangle in I' and R is a rectangle in I \ I', then for every fo € Ry one has that { fo} X R is consistent with
the terminal subcube T".

Proof: Since R is consistent with T by assumption, we have R x [m]"\ = Ry x Ry x [m]M\ C T, and
hence for every fo € R one has {fo} x Ry x [m]™\, ie. {fo} x R is consistent with T". [ |

The lemma below is an important tool that we will use in the actual proof of Lemma [56] The lemma
bounds the size of a subset of the terminal subcube under the predecessor map:

Lemma 65 For every { € [L], every j = 0, ..., every fixing f of coordinates in W(B') consistent with T*
(as per Definition , every rectangle R in \I’(B>€ ) the rectangle

Fi={f} x R x [m]"\¥®=)

satisfies

(In2 — C/K)!|F| < |vg;(F)| < (n2)’|F|
for an absolute constant C' > Q.

Proof: The proof is by induction on j. The inductive claim is that for every ¢ € [L], every fixing f of
coordinates in W(B*) consistent with T, every rectangle Y in ¥(B>*) the rectangle

F={f}xY x [m]"\VEB=,
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satisfies

(In2 = C/KY|F| < [v;(F)| < (In2)’| F|

for an absolute constant C' > 0.
Base: j = 0. We have |vy ;(F)| = |vgo(F)| = |F|, as required.
Inductive step: j — j + 1. Fix £ € [L] and fix k € [K/2]. We write T := T*, T}, := T, as well as 7 := ¢,
DOWNSET := DOWNSET? to simplify notation. Let J := J 1, let J' := J*. Let ¢}, := qi denote the k-th
compression index in B, and let 7 = 7 and = 7/~! denote the compression indices for B! and B¢~!
respectively. Note that £ > 0, since otherwise we must have j = 0.

Let py, be the (K — k, gi)-compressing map as per Deﬁnition Since f is consistent with T}, we have
F C Ty. Furthermore, since g, ¢ ¥(BZ*) (see Definition [21|and Property , we have that the rectangle F'
does not depend on coordinate g, (as per Definition [38). This means that by Lemma 2] the map pj, maps

DOWNSET(F') = {x € F:wt(x) € [0, Kl—k> - W (mod W)}

bijectively to

{xEF:qu/mG [O’Ifl—k)}’ (58)

which in particular implies
1

T K—k

Let fo denote the restriction of f to J., C U (BY) and let f; denote the restriction of f to W(B*)\ .J =
JL), U{r'}. Recall the definitions of the index set I’ (see (3))

|p(DOWNSET(F))| |F. (59)

I = ‘]/<l~c U Ext, U {qk}

and index set I (see (@4))
I=JU{r}.

We let H = Ext;, U {q;} for convenience, and define for a € [m]?

F(a) = {(fo,a)} x {f1} x ¥ x [m)lN@VB=O0H), (60)

We note that (fo, a) € [m]!" — this property makes it convenient to reason about the image of F'(a) under 7y,
as we show below. Also note that rectangles F'(a) defined above are disjoint for distinct choices of a and

pr(DOWNSET,(F)) = | ] F(a), (61)
acq®

where Q = [m]B% x {0, Lo 74— 1} by (58). We now apply Lemmato rectangle F'(a) for a € Q.
We invoke Lemma @6|with = = (fo,a) € [m]", rectangle R = {f1} x Y and

A=UB>HUJL,u{r}

We note that [n]\ (AUTI") = [n]\ (¥(B=%)U H), which is consistent with (60). Also note that A € ¥(B=Y).
By Lemma 46| we get

Wy ({2} x B x [m)"NAYD) — (M (@)} x R x [m]PNAD,
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where M (x) € [m]! is consistent with the terminal subcube T’ by definition of M (see (#9)). Substituting
the setting of = and R, we get I (F'(a)) = F(a), where

F(a)={M(2)} x {fi} x ¥ x [m]"NAD),
This together with (61)) implies
I (pk(DOWNSET,(F))) = | J F(a). (62)
We now apply the inductive hypothesis to ﬁ(a) with fixing M (z) € [m]‘I’(Bl_l) of coordinates and

rectangle R = {f;} x Y € [m]®. The preconditions of the lemma are satisfied since A C ¥(B=). The
inductive hypothesis gives

(In2 = C/K) M F(a)| < ve1,j-1(F(a)| < (27! F(a)]. (63)

Applying the function v,_; ;_ to both sides of (62)), and using (63)), the fact that v,_; j_; is injective as well

as the fact that F(a) are disjoint for different a € [m]¥ we have

Ve—1,j-1 (I (pr(DOWNSET,(F)))| = | | ) ve—1,j-1(F(a))

acQ
= Z ’ngl,j—l(ﬁ(a))‘

acq
> (n2-C/K) \ﬁ(a)\

acq
= (In2 - C/K)~! ﬁ a

(In2 - C/K) %‘ (o) (64)
=(In2—C/K)"' Y " |F(a)

acQ

=(n2-C/K) || Fla)

acq®
= (In2—C/K)’!|pp(DOWNSET,(F))|
, 1
= — gl
(n2— C/K)~'—|F|.

In the fifth transition we used the fact that |F(a)| = |F(a)|, which follows by Lemma 46| together with the
fact that ITj, is injective. In the seventh transition we used (61]). The final transition uses (39).
For the upper bound we similarly have, applying the function ,_; j_; to both sides of (62)), and using (63),
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the fact that v, ;_ is injective as well as the fact that F(a) are disjoint for different a € [m]¥ we have

Ve-1,-1 (Wi (pr(DOWNSETK(F)))| = | | vem1,j-1(F ()
a€eqQ

= Z ‘1/4_1,]‘_1(?(@))‘
aeQ

<> (n2)yt ‘ﬁ(a)‘
a€Q

-y 5ol
ac@

— 2y ' 3 |F(a)

ac

= (In2)/~! U F(a)
a€eqQ
= (In2)~" | px (DOWNSET,(F))]
1
K~k

(In2)7~1 |F|.
In the fifth transition we used the fact that |F(a)| = |F(a)|, which follows by Lemma [46| together with the
fact that ITj, is injective. In the seventh transition we used (61)). The final transition uses (39).

We now get, summing the above over k € [K/2]

1 .
e (F) = Y |vee1,j—1(T(DOWNSETL(F)[ > | Y V- -(In2—C/K)Y~YF| (66)
ke[K/2] ke[K /2]
and
1 )
e (F) = > w11 (T(DOWNSETL(F)[ < | Y. | - (In2)/ '|F| (67)

K—k
ke[K/2] ke[K/2]

At the same time one has by Claim 25]

n2-1/K< Y

ke[K/2]

<In2
Putting this together with (66) and (67) completes the proof of the inductive step (we assume that C' > 1),
and completes the proof of the lemma. [ |

Corollary 66 Forevery! € [L], everyj =0, ..., ¢, every rectangle R in U(BZ=") consistent with the terminal
subcube T (as per Definition the extended rectangle

F=Rx [m][n]\\lf(BZe)

satisfies ' '
(In2 = C/KY|F| < |v; (F)] < (In2)|F|

for an absolute constant C' > 0.
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Proof: Write R = Ry x Rj, where Ry is a rectangle in W(B) and R; is a rectangle in W(B>*) (this is
possible by Definition #5]of a rectangle). We have

F = U F(a), (68)
a€Ry

where .,
F(a) = {a} x Ry x [m]\V®B=),

Note that by Claim [64]every f € Ry is consistent with the terminal subcube since R is consistent with the
terminal subcube by assumption. Thus, the preconditions of Lemma [65] are satisfied, and we have

(02— C/K)|F(a)| < |ve;(F(a)] < (n2)|F(a). (69)

Applying vy ; to (68), combining with (69) and using the fact that v ; is injective by Lemma|[61} we get

e (F)l =Y v (F(a))l

a€Ry

(n2)? ) [F(a)

a€Rp
= (In2)/|F|.

IN

Similarly, we get

e (F)l =Y v ;(F(a))l

a€Rop

> (n2—C/KY 3 |F(a)

a€ Ry
= (In2 — C/K)’|F).

|
We now give
Proof of Lemma We write T := TK,T,k = Tf, as well as 7 := 7%, DOWNSET := DOWNSET! to
simplify notation. We start by writing

peg(TA\T) = pei(T\ Tep2) = | 10 (Th \ Theyn).
ke[K/2]

Since p ; is injective by Lemma (1), one has (T \ Tht1) N pej(Thr \ Tiw41) = O for distinct
k, k" € [K/2] (indeed, as the sets T}, are nested, T}, \ Tk are disjoint for distinct k). Thus,

e (TANT) = > 1 (Th \ Ty (70)
ke[K/2]

and in order to bound |z, ;(T"\ T%)| it suffices to bound |y (T} \ Tj+1)| for every k € [K/2]. Fix k € [K/2].
We have

1105 (Ti \ Thot1) = pto—1,j—1(T(DOWNSET (T}, \ Tht1)))

k
= |J 11,1 (7(DOWNSET, (T \ Ti41))),
s=0
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where the first transition uses Claim @], (2), and the second transition is by Definition and Remark
We bound |11¢,; (T} \ T+1)| by bounding the size of individual terms on the rhs of the equation above. This
suffices since jup—1 j—1(T(DOWNSET (T}, \ Tj41))) are disjoint for different s — this follows by noting that
DOWNSET, (T}, \ Tj1)) are disjoint for different s by construction, 7 is bijective by Lemma9and i1 j_1
is injective by Lemma[61] (1). Formally,

k
14,5 (Te \ Tre1)| = D 11,51 (T(DOWNSET(T, \ Tie11)))].
s=0

Furthermore, since for every set U C T' ‘=1 one has

o151 (V)] = ve-1,5(U)],
by Claim 60} we have

K
1105 (Tk \ 1) = > 1121 (7(DOWNSET(T; \ Ths1))). 7D
s=0

Bounding the rhs of (7I). We now bound the terms on the rhs of (7T). Let J = J* and r = r* to simplify
notation. For s € {0,1,...,k} let ¢, := ¢* and let p, be the (K — s, q,)-densifying map as per Deﬁnition@
Define

I' = Jog UExts U{gs}.

Since T}, \ Tj41 does not depend on g5 (by Property 22} see also Definition [38)), we have by Lemma 42

1
ps(DOWNSET (T \ Tt1)) < {x e ml”:xy/me [O, 1-— > forallt =0,...,k—1

K—t
and
1
and

Zg, /M € [O’Kls>}'

Define

/ 1
Q:{xe[m]I cxg,/m € [0,1—[(75) forallt:O,...,s—l}

and (73)

et

1
R:{xe[m]A:th/mG [O,1Kt> forallt=s,...,k—1

and (74)
1
x5, /m € (1— K—kz’l]}'
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so that

ps(DOWNSET, (T \ Tis1)) = Q x R x [m]"NA) = | ] F(a). (75)
aeqR

Further, for a € Q C [m]" let
F(a) := {a} x R x [m]PNAWT),

We note that F'(a) N F(a') = () for a # o’. By Lemma 46| we have
I1,(F(a)) =TI, ({a} % R x [m][n]\(AUp)>
= {M(a)} x R x [m]l"NAUD .= F(q).

(76)

Since M (a) € [m]” (see (@4) and (@9)) is consistent with the terminal subcube 7Y, we get by Lemma
(02— C/K)Y|P(a)] < [ve-1,4(F(a))] < (2)|F(a)]. )
We now apply vy_; ;(IL(+)) to both sides of (75), obtaining

[Ve-1,3 (s (ps(DOWNSET (Ti \ Tho1)))| = D [ve-1,;(ILs(F(a)))]

ac@ R (78)
=Y 1 (Fa))],

acqR

where the last transition uses the definition of F'(a) in (76). At the same time we have by (77)

> [rers(Fla)| = Y- (n2 = ¢/K) [Fa)
acqQ acqQ
— (In2—-C/KY Y. )ﬁ(a)‘
acqQ
= (n2-C/K) " |F(a)|
acq

= (In2 - C/K) |ps(DOWNSET,(T \ T%))]

1
T \ Thy1]-

— S

(In2 — C/K)’ =

and

3 ‘VZ—l,j(F\(a))‘ <Y 2y ’ﬁ(a)’
acQ acq
= (ln2)j Z ‘ﬁ(a)‘
a€eqQ
— 2 3" |F(a)]
a€eq
= (In2)? |ps(DOWNSET;(T}; \ Ti41))|

T \ Thet1]-

1
In 2)
(In2) -
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In both cases above the last transition uses the fact that

1
|ps(DOWNSET, (T}, \ Tht1))| = mmc \ Tt

which follows by noting that T}, \ 71 does not depend on g5 (by Property and using Lemma Putting
the above bounds together with gives

.1 |
(In2 - C/K)’ 7 —1,;(Ts(DOWNSET (T, \ T+1)))| < (In 2)Jﬁka \ Tki1]

We now get by
k
1, (Te \ Tre1)| = D [ve—1,5(75(DOWNSET,(T \ Tie11)))]
s=0

k
> (In2 - C/K)! (Z K1_8> T\ Th1

s=0

and

k
115(Ti \ Te1)] = > (V-1 (75 (DOWNSET,(Ti \ Tiy1)))|
s=0

k
< (In2)’ (Z T,l_ s) |Th \ Tht1]

s=0
Now using and the fact that

k k41 1
i\ Tl = (1= 3¢ ) 1781 (1= 52 ) 1781 = )

for every k € [K/2] by Lemma[32] (1), we get
(In2 = C/KY|Ty| < ey (T\T.)| < (n2)|Ty| 79

for

Finally, we note that

) K/2—1K/2—1

1
:ZZK—S
s=0 k=s

K/2-1

1 oo
F Y (o

ke[K/2] \s=0
K/2—s
K —s

(1-%25)
K —s

0

K/2—1

1
Z K-s’

s=0

==

0

s=|
K/2-1

==

N |
N —
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and thus by Claim 23]

1
—(1-In2) <~ <

. (1-1In2+1/K).

N

Combining this with gives

1 1
(In2 = C/K)' 5 (1 = W2)[Ty] < | (T\ T < (02 + C/K) (1~ n2)|Ty|
as required. |

3.6.3 Proof of key structural property (Lemma 57)

‘We now present
Proof of Lemma Our proof is by induction on j. The inductive claim is

Definition , theny € vy (THJ‘ \ Tf”).

For every ¢ € [L], for every = € Vg+j7j(T€+j \Tf+j) C T everyy € T, ify; = x; forall i € T (see

Base: j = 0. Recall that vy g is the identity map. Letting J := J*, we have
1
T\ T = {z €T : 25, /mc [1 - “,1> for some k € [K/2 + 1]}

Let k € [K{/2 + 1] be such that x5, /m € [1 — A 1). Since y; = z; for all ¢ € T, and in particular for

i € U(BY) (which includes J, ..., JK /2 and in particular Ji), we get yz, /m € [1 - ﬁ, 1) and therefore

y € T\ TE = vy o(T*\ TY) as required.

Inductive step: j — 1 — j. By Lemma [52| there exists a € [K/2] as well as u,v € S*! such that
r = (), y = 71 (v) and ur = wr (the set of basic coordinates as per Definition |SO). Let 2/ €
T,y € T+ be such that 2’ < w and ¥’ < v, and note that z}. = y}.. Now recall that by Deﬁnition

Verj (TN TH) = THI(DOWNSETZH(V(é+1)+(j—1),j—1(T(HlH(j_l) \T*(ZHHU_I))))-

Since € vy (T \ T ot ) by assumption, we get that

= Z/(K—I—l)-}—(j_l)d»_l(T(Z-f—l)"r(j—l) \Tg“)*(j—l))’

and therefore by the inductive hypothesis, using the fact that . = y[., we get

y € V(£+1)+(j_1)7j_1(T(5+1)+(]'—1) \T£e+1)+(j_1)>.

As a consequence y € T (DOWNSET ! ({y'})) C vpy (T \ Tf+j), as required. [ |
We also give

Proof of Corollary Let ¢/ € T be such that y =< 3/ — such a ¢/ exists by definition of S¢, and note that

yp = ar since yr = xr by assumption of the corollary. We have

Y € vy (T \ T
by Lemma 57| Since puey (T \ TET) = DOWNSET (v ;5 (TH \ TEHY)), we get y € pugp (T \

T ), as required. [ ]
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3.7 Proof of Theorem

‘We now define the hard input distribution D on graphs G = (P,Q, E ). A graph G ~Dis sampled as follows.
First, for every round ¢ € [L] and phase k € [K/2] one arbitrarily selects

1. the extension indices Exti from Bf;;
2. a compression index q,f, in Bi \ Exti.

One also selects ¢ € B% /2 arbitrarily. Recall that for k € [K/2] we let (see Deﬁnition

B} = B\ (Ext; U {q;})

and 103% o= BY /9 \ {r’}. Finally, one selects, for every £ € [L] and k € [K/2],
Ji ~ UNIF(BY)
independently.

Edge set of G = (P,Q, E). We first define

() = { (z) ifx e Stforl >0 (80)

T O0.W.

and define for every edge ¢ = (u,v) € EY,u € S*,v € T*, £ € [I]

Tw(e) = (Tu(u),v). (81)
We now let R R
E=|J F, (82)
Le[L]
where R
B= | U ), (83)

ke[K/2] . R
1K/2) jefye

and EJ ; is defined by (34).

Ordering of edges of G in the stream. The graph G¢ = (8¢, T, E*) is presented in the stream over L
rounds and K /2 phases as follows. For every ¢ € {1,..., L — 1}, for every k € [K /2], the edges in 7°(E})
are presented in the stream; the ordering within Té(E,l;) is arbitrary.

We have

Lemma 67 The graph G = (P,Q, E) contains a matching of size (1 — O(1/L))|P|.

Proof: By Lemma [37| for every ¢ € [L],£ > 0 there exists a matching M’ in E¢ that matches a (1 —
O(1/K)) fraction of S* to T* \ TY. Since 7¢ is injective by Lemma 49 we have that 7¢(M?) is also a
matching. Furthermore, since 7¢ maps S to T/~!, avoiding vertices in 7~ \ T~!, which may be matched
by 771 (M*~1), we have that the union of edges

U orh

Le[L], >0
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forms a matching. For every ¢ we have |M*| = (1 — O(1/K))|S|, and by Lemma (2), one has |S*| =
D kelK /2] |Sf| = 3|T* = 3N. Since by Lemma (1), with k = K/2 one has |T}f| = $|T*|, we have
by

1P|

U

even € [L]
= > T
even € (L]
= (L/2)-N
— L N/2.

This means that (¢ (7 o~ 7¢(M?*) is a matching of size (L — 1) - (1 — O(1/K))-N/2 = (1—-O(1/L))|P]|,
since L < K by@ [ ]
Upper bounding size of matching constructed by a low space algorithm. The following sets of vertices
are hard to match well, as we show below:

Ap = J v (T°\T))
Ce[L]
£ even (8 4)
Ag = | v (T\TY).
Le(L]
£ odd
To show that Ap and A are hard to match well, we show that the subset of edges of G retained by a small
space generalized online algorithm typically admits a small vertex cover that avoids Ap and Ag. The two
sets below (and some other vertices that contribute lower order terms to the size of the vertex cover) will be
included:

Bo= |J mlpues(T\TY))

EE[L]

even (85)
Bp = | J mlpen(T°\TY)).

le[L]
£ o0dd

We have
Claim 68 Ap N Bp = 0 and Ag N By = 0.

Proof: We prove the first claim (the proof of the second is analogous). One has by (4]

Ap = | v T\ TY)

Le(L]
£ even

l
= J U v (m\T)
¢elL] j=0

£ even J even

(86)
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and by (83)

Bp= | muluean(T\TY))
Le[L]
£ odd

)4
= U U mluey(r\ 1)

te[L] j=0
£ odd J even

= U U I (neg(T°\T7))

Le[L] j=0
zoddyeven

= U U v (T TY),

Le[L] j=0
£ odd Jj even

87

where we used the definition of T (see (80)) in the third transition and Definition [53|in the forth transition.
Disjointness now follows by Lemma [61} (2), since the range of (¢, j) pairs in (86) is disjoint from the range
of (¢,j + 1) pairs in (87). [

Before exhibiting the vertex cover, we show that Ap U Bp is almost all of P, and Ag U B, is almost all

of Q:

Lemma 69 (Almost partition of P and Q)) One has |P\(ApUBp)| = O(N) and |Q\(AQUBg)| = O(N)
for sets Ap, Ag, Bp, Bg defined in (84) and (85).

Proof: Recall that by (25) and 26) P UQ = S° U Ueso T*. We have by Lemma

L—1-¢
T =vp 1o TEHU | vy (TNTH),
j=1

Putting these two equalities together, and letting D = Uf;ol vi—1.1-1-¢(TE~1) to simplify notation, we
get

ru=s"ulJr*

£>0

=S'uDu | | wverss(THN\TH)
(50430

. L-1 ¢ , , (88)
=S'uDu | (v (r\ T
£=0 j=0

Y4 y4
=s'upu| | Ur@\TH | v U U@\ T
>0 j=0 >0 7=0
£ even £ odd
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Note that it follows from Corollary |66|that | D| = O(N). Indeed,

L1
|D| = U vi-1n-1-o(TFY)
=0

<Y e (TEH)
Jj=0
<> (n2y |1t
Jj=0
1

_ L1
1—1112’ -

1
2(1 — ln2)N
= O(N).

Thus, since |S°| = 34 (k9 [SR] = N/2 by Lemma 32} (2), it suffices to show that the union of the third
and forth terms above equals Ap U Ag U Bp U Bg. To that effect we note that for every / = 0,...,L — 1
and j =0,...,¢

Ve j41(T\ TY) = 779 (DOWNSET ™ (1 ; (T \ TY))).

This means that the third term on the last line of (88) can be rewritten as

Y4
U Uwes(@\T)
>0 j=0
£ even

4
= U U (ma@\ T U (DowNSET' (1 (T \ T1)))
>0 j=0
£ even j even

14

= U U (T T Ur(DownSET 4 g, (T\ T1))))
>0 j=0
£ even j even

= | U v \TH | U | U melienTN\TE)

£>0 £>0
£ even £ even
=ApU Bg,

where 7, is as defined in (80), and we let 70(U) = § for every U for convenience to simplify notation.
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Similarly, we get for the forth term on the last line of

¢
U U\ 1)

>0 j=0
£odd

L 14
U U ws@\1H [ U] U U = (DowNSET (1,,(1¢\ 7))
£>0 =0 £>0 j=0
£ odd j even £ odd j even

= | v ™\NTH | U | U melpen(TNTY))
>0 >0
£ odd £ odd

= | U wa@NT) | U | | 7 (e (TN TY))

£>0 £>0
£ odd £ odd
= AQ U Bp,
as required. [ |

The next lemma upper bounds the cardinality of Bp and B, which later leads to our upper bound on the
size of the constructed vertex cover.

Lemma 70 One has

L N 1
< 2L
|Bp| < (1+0(/L)- 5 -5 1+1n2
and
L N 1
< R .
[Bol = (1+0(1/L)- 5 - 3 T2

Proof: We prove the bound for B (the bound for Bp is analogous). Using (85) we get

1Bl = | | m(ues(T\TY))
Le(L]
£ even

IN

U ren (TN TY)
Le(L)
£ even

S e (T T,

Le(L]
£ even

IN

so it suffices to upper bound the summands above. For every ¢ € [L] by Definition

penTNTH| = | U es@NTH € U |pes(T\TH (89)
0<y<L 0<y<L
J even j even
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and by Lemma[56| we have for an absolute constant C' > 0
1 .
e (TNT] < 502+ C/K) (1 - n2)[T").

Summing over all even j as per (89), we get

1 .
pe (TN TE| < E 5(1n2+C/K)](1—1H2)|TZ|
0<j<t
7 even
1 ¢ 2j
< L1 - m)[T Y (2 + C/K)

J20
1
1-(In2+C/K)?

1
= 5(1—11[12)|T‘f|

<(1+ 0(1/K))%(1 - 1n2)|TZ|1_(11n2)2
=1+ O(l/K)); +11n2|T£|'

Summing the above over all even ¢ € [L] and recalling that |T¢| = N and using the fact that L < K
by gives the required bound. [ |

Lemma 71 For every matching M in G one has

[M[ < [M N (Ap x (Q\ B))l + [P+ O(|P|/L).

14+ 1In2

Proof: We exhibit a vertex cover of appropriate size for M. Specifically, we add to the vertex cover one

endpoint of every edge in
M0 (Ap x (Q\ Bg)),

as well as all vertices in P\ Ap ~ Bp and Bg. Note that this is indeed a vertex cover: Ap N Bp = () and
AgNBg = Dby Claim so every edge of M either has an endpoint in P\ Ap, or belongs to Ap x (Q\ Bg),
or belongs to Ap x By, in which case it has an endpoint in Bg.

The size of the vertex cover is

M N (Ap x (Q\ Bg))| + [P\ Ap| + | B (90)
<|M N (Ap x (Q\ Bg))| + |Bp| + [Bg| + O(N),
where we used Lemma [69]to conclude that
|P\ Ap| < |Bp|+|P\ (Ap U Bp)| = |Bp| + O(N).
By Lemma 70| we have

1
1+In2

|Bp| < (1+0(1/L))

|
| =

and
1
1+In2

|~
| =

|[Bal < (1+0(1/L)).



Putting the above together with and recalling that by

Pl=| |J T‘=L Ny2
even ¢€[L]
gives the result. [ |
We now prove

Lemma 72 For every matching M C E one has

Mn(Apx (@\Bg) < | Tf(Eg’Jﬁ).
Le[L],ke[K /2]
Proof of Lemma Consider an edge (u,v) € E such thatu € Ap,v € Q \ Bg. Let £ € [L] be an even
integer such that u € T*. Such an ¢ exists because by one has

Ap = |J wn T\ T)
Le(L]
£ even

and by Definition [53|one has
l

v (TNTE) = | vea(T\ 1Y),

=0
7 even
so that
ve(T\TH S |J T¢
even € [L]
To summarize, we have ‘ ‘
U € vpyi (T TEH) ODn

for a unique choice of even ¢ € [L] and even 7 (uniqueness follows by Lemma (2)). We now consider two
cases: depending on whether v € T’ (=1 (case 1) or v € T**! (case 2).

Case 1. In this case there exists a unique y € S* such that 7°(y) = v. Indeed, otherwise the edge (u,v)
would not be in the graph G as per (82). Let x = u for convenience. We now show using Corollary |58| that

Y € pesig(THNTI),
which implies, by (85) together with the definition of /i, (Definition , that v = 7%(y) € Bg. We first
verify that preconditions of Corollary |[58| are satisfied. Let & € [K/2] be the unique index such that both
x € T{ and y € S., (uniqueness follows since (z,y) € Ef due to (u,v) € E, and the edge sets in (34) are
disjoint by Lemma . We have (u,v) € E by assumption, which means that (x,y) € Ef, and therefore
y; = x; forall ¢ € [n],i # j for some j € ]O3£ by and (34). We assume towards a contradiction that
j# J,f. Since
B, NT = {Ji},
we thus get that z = yr, and preconditions of Corollary [58| are indeed satisfied. We thus get that x €
Voyii(TEH\ T, implies y € oy (T \ TEH). At the same time by Deﬁnitionfor every £ € [L]
¢
pes(TNTL) = | pea(TO\TY),

i=0
7 even

which means that y € pp (T \ TY) (recall that i is even) and thus v = 7¢(y) € T (e (T \ TY)) C By, as
required.
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Case 2. In this case there exists a unique 2’ € S such that 741 (') = u. Indeed, otherwise the edge
(u,v) would not be in the graph G as per (82)); uniqueness follows by injectivity of 7¢ (by Lemma @b Let
y = v. Let k € [K/2] be the unique index such that both 2’ € Sﬁ“ and y € T,f“ (uniqueness follows since
' y) € E due to u,v) € E, and the edge sets in (34) are disjoint by Lemma 36). Let z € T+ be such
Y k g d y
that x < 2’ — such a vertex exists by definition of S _see (29).
We have (u,v) € E by assumption, which means that (z,y) € E‘f!, and therefore y; = x; for all

i € [n],i # j for some j € ]f%f;“ by (32) and (34). We assume towards a contradiction that j # J; ™', Since
=Y/ L
Bk+1 AT = {Jk+1}’
we thus get that zr = yr, and we can apply Lemma[57|to  and y. By (O1)) we have
uw =74 (a)
€ vopi (TN T
S <w+z’,i—1(Té+i \Tf”)) :
and therefore ‘ ‘
2’ € poyig1 (T TE).

Since
fioriio1 (T TET) = DOWNSET ™ (g1 (T \ TET)),

we have

T € vy (THH\ T

= Vegn) (i1t (TEFDFED N TlEFDHE=)

By Lemma we thus haveE]

ye V(£+1)+(i71),i71(T(EH)HFD \TyHH(i_l))

_ 7_£+2 (:U’f+i7i*2 (Teri \ Tf+i))_

At the same time by Definition [53|for every ¢ € [L]

¢
pes(TNTE) = | peg(TO\TY),
§=0
j even
which means that y = v € Bg, as required. [ |

Definition 73 (Ordering on (¢, k) pairs) We write (¢, k') < (£, k) iff ¢’ < Lorl' = { but k' < k. We write
(O k) < (L k)iff ¢! < lorl =Lbutk' <k.

Definition 74 For { € [L] and k € [K /2] we write

é(@,k) = (PaQaE]l;)a

3Note that we are applying the lemma with £ + 1 as opposed to £ here, since z,y € T*F*.
*When ¢ + 1 = L — 1, we have £ 4+ 2 = L, which does not technically correspond to a gadget in our input graph. However, we
think of artifically adding such a gadget here to handle this corner case for simplicity.

50



and write

ag(&k) = Pan U Ek'//
¢ e[L),k' €[K/2]
(¢ k)<(Lk)

Definition 75 For every ( € [L], k € [K/2 + 1] define Ay, := (J}). We write Ao = (Af’,k’)(g/ K)<(Lk)

Note that aﬁ(&k) is fully determined by A (4 1. Here it is important to note that the restriction of the map rt
onto Sé x 1s indeed determined by Ay ;) — see Remark
We prove

Theorem 76 For any sufficiently large constant K, any generalized online algorithm ALG with space budget
s = o(|P|log|P|) cannot output a matching M a1 satisfying

|Marc| > ( + 0(1/K)> |Mopr|

14+1In2
with probability more than 1/10.

Proof: Since we are evaluating the performance of the algorithm with respect to a distribution, by Yao’s
minimax principle we may assume that ALG is deterministic.
We have by Lemma [71] that the size of the maximum matching M 41 in G is upper bounded by

M A B
Masc04p < @ Bl + (1

+ O(l/K)) |P|, 92)

where we used the fact that L = K as per|(p2)
Recall that in every round ¢ € [L] and every phase k € [K/2] of round ¢ the algorithm is presented with
edges in
il il
Ey= U By
jeﬁi
as per (82) and (83). Let ALGY, C E! .. denote the subset of Ek remembered by ALG (recall the definition of the

generalized online model — see Definition [3). Note that since we are assuming that ALG is deterministic, the
set ALGZ is fully determined by A (4 ) (which determines G< (¢,k))- At the same time, recall that conditioned

on A (g ), the index J, ,f is uniformly random in Bi.
Jt ~ UNIF(BY).
Thus, one has, for any A 1),
p [IALGE N BL  lIAcen| = D IALGE N BY |- PrlJf = jlA< )]

]
R
JjeBy,

o
kN E il

N 11°3€| -

]ALG | ©3)

B
1

= n/(2KL)
1
= L eKL)"

|ALGY |
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In the third transition we used the fact that Eﬁ ; are disjoint for different j € ]OBfC by Lemma and therefore

Ef ; are also disjoint for different j since 7, is injective (in turn, because individual maps 7¢ are injective by
Lemma 9 and have disjoint ranges). In the forth transition we used the fact that

IBY| > [BY| — [Ext} U {qf}| > n/(KL) — K > n/(2KL)

since n is sufficiently large as a function of K and L. In the forth transition we used the assumption that the
total number of edges remembered by ALG is bounded by s. Now by Lemma[72]one has

MargN(Apx @\ Bg) < | Te(Eli,J,’g)’
Le[L],ke[K/2)
and therefore
[Maze N (Ap x (Q\Ba)l< Y |ALGLNT'(E] ;)|
¢e[L],ke[K/2]

= > JALGLNE;
Ce[L],ke[K/2]

7(]£|7

since ALG can only output edges that it remembered as per model definition (Definition [3)). Taking expecta-
tions of both sides and using (93), we get

EoopMacn(Ar x @\Bo) < Y Egp[IALGLNEL ||
Le[L],ke[K /2]

< Y Eg, [\ALGiﬂEﬁJéq
Le[L],ke[K /2]

1
<LK - ———
= n/CKL)"

<or?K?. 2
n

S
‘O<log|P|>’

where the last transition uses the fact that n = log,, N = Q(logn) = Q(log |P|). Since s = o(|P|log | P])
by assumption, we get
Eg p[IMara N (Ap x (Q\ Bo))ll = o(|P]),

and therefore by Markov’s inequality
Prs_p[IMara 0 (Ap x (Q\ Bq))| > (1/L)|P|] = o(1).

Finally, we note that the graph G contains a matching Mo pr satisfying |Mopr| > (1 — O(1/L))|P| by
Lemma|67] Combining the above bounds with (92)), we get

Prs p [\MALG! > ( +O(1/L)> \MOPT@ = o(1),

1+1In2

as required. [ |
Proof of Theorem [5: Follows directly by Theorem [76|by setting K to be a sufficiently large constant. [ |
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4 Main result

In the rest of the paper we prove our main result, i.e. Theorem |1l We define the individual instances G,
establish their main properties and define the glueing map 7¢ in Section |S| We then define the predecessor
map v and establish its main properties in Section[6] We then give the proof of the lower bound in Section

S Basic gadgets and the glueing map 7

The input graph G = (P, @, E) is a edge disjoint (but not vertex disjoint) union of graphs G* = (S¢,T*, E%), ¢ €
[L], that we define below. For every ¢ € [L] we have |TY| = N = m™, and have |S?| ~ N/2. The instances
G" are then tied together via carefully designed maps 7¢:

.8t Tf_l,

where T/~ is a special subset of T/~ that we refer to as the terminal subcube of T*~'. The maps 7* are
injective, but not defined on the entirety of S*: a small fraction of vertices are left unmapped, and contribute
to various error terms in our analyisis. Overall, this mapping ensures that the bipartition P U @) of the graph
G satisfies

P%UTE

even {€[L/2]

and
Q~S%u U T

odd £€[L/2]

The ~ sign in the equations above reflects a small fraction of vertices in S¢,¢ € [L],¢ > 0, that the corre-
sponding map 7¢ is not defined on — see (239) and (240) in Section|[7] below.

5.1 Basic definitions and notation
Throughout the paper we use the notation [a] = {0, 1,...,a — 1} for a positive integer a.
Associating vertices with points in the hypercube [m|". Every vertex in P and @ is equipped with a label

from [m]™ which we denote by
label : PUQ — [m]".

For a pair of vertices z € P and y € () we write x < y if label(x) = label(y). For every ¢ € [L] vertices
in T have distinct labels, and for every k € [K /2] vertices in S£ also have distinct labels (their labels are a
subset of the labels of 7). Thus, we will often think of vertices in G* as points in the hypercube when we
think of vertices in T, or vertices in S£ and k is fixed.

Definition 77 (Weight of a vertex (or point in the hypercube)) For every x € [m|™ we define

wi(x) = Z Zj.
Jj€n]

We will routinely apply the weight function to vertices of G. For a vertex x of G we write wit(x) to denote
wt(label(x)).
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Definition 78 (Boundary points) We define the set B C [m|™ of boundary points by
B={zc[m]":x; <n?®orxz; >m —n®forsomei € [n]}.
We have

Claim 79 The fraction of boundary points in [m)™ is bounded by 1/n'° long as m > n*® and n > 2, which
we assume throughout the paper.

Proof: This follows by a union bound. Pick a point € [m]™ uniformly at random. The probability that a a
fixed coordinate is smaller than n? of larger than m — n? is at most 2n% /m. Thus, the probability that at least
one coordinate of x is at most n? or at least m — n? is bounded by 2n3 /m by a union bound. Since m > n?°
by assumption, the result follows. [ |

We note that the assumption of Claim [/9|above is satisfied by property of parameter setting that we
ensure throughout this section.

Family of fixed weight vectors F with small pairwise dot products. We let F be a family of vectors in
{0, 1}" of Hamming weight w = (¢/2)n such that for every u, v € F one has

(u,v) < ew.

Fix such a family F with |F| = 29(<*n)  The existence of such a family can be established by the probabilistic
method — we include the proof in Appendix|C.T|for completeness. We partition F into disjoint subsets of equal
size, letting

F=B°UB'U...UB" !,

where B' N B = () if i # j. For every £ € [L] the set of vectors B will be used to define a corresponding
graph G¥, and these graphs will be presented to the algorithm in the stream sequentially for £ € [L]. Every set
B is partitioned as
B‘:Bgu...uBﬁm, (94)
where |B{| = m - |F| for k € [K/2 + 1], and B, N B%, = 0 for k # k. The (-th graph G* is mainly
parameterized by a sequence
I e Bj x ... x By, (95)

ie.,J i € Bi for k € [K/24 1], as well as a vector r € Bﬁ( /2 that we refer to as the /-th compression vector
(see Definition [81] below).

Definition 80 (Special vectors of the /-th instance) We refer to J* and r* as the special vectors of instance
GY, and let
¥(BY) := (I, r").

We also define the extended special coordinates

U(BY) :=Ju{rtu | Ext,U{q}). (96)
ke[K]

For every ¢ € [L],£ > 0, the map 7* is parameterized by vector r’ € B, referred to as the compression
vector for the terminal subcube T, as well as a collection of extension vectors for every k € [K/2].
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Definition 81 (Compression vectors and extension vectors) For every k € [K/ 2]E] let
Exti - Bi
denote a set of K/2 + 1 — k vectors referred to as the extension vectors and
qj, € By, \ Extj

denote the compression vector for the k-th phase of the graph G*. Letr* € Bi( /2 denote the {-th compression
vector.

Define for k € [K/2]
BL = B{\ ({a}} UExt)) 97)

and let .
Bl s = B \ {r'}. 98)
Forevery ¢ € [L] and k € [K/2 + 1] select

Ji, € BL.

5.2 Parameter setting

We choose parameters €, d, M, W, K and L so that €, §, L only depend on K and the following properties are
satisfied:

(p0) m = n?
(pl) W/w=Iem(K,K —1,...,2,1)

P2) 6 tlem(K, K —1,...,2,1) - W/w | M/w.

(P3) A= lcm(K7K—1,1K—2,...,2,1); note that A < 1/K and that A - M /w is an integer by

®) L=vVE

(p5) § < AL00K?

(p6) € < &?

P7) ¢ >w/M

In the above we write lcm(ay, ag, ..., as) to denote the least common multiple of aj,as,...,as. Fora >

0,b > 0 we write a | bif b/a is an integer.

Lemma 82 For every constant K there exists a setting of € as a function of K and a setting of parameters

M, W, A, L,§ and m = poly(n) that satisfies

3Note that we only define the extension vectors Exty, and the compression vector qf, for k € [K/2] = {0,1,2,...,K/2 — 1},
even though the sequence J* is of length K /2 + 1. This is for convenience in defining the glueing map 7% — see Section for
more details.
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Proof: For any ¢ € (0, 1) such that (1/¢€)'/3 is an integer, let w = (€/2)n, as required by the construction of

the set F, and let
§ = €/?,

ensuring that [(p6)|holds with equality. Let

M =w/e=n/2,
so that is satisfied with equality. Let W = lem(K, K —1,...,2,1) - w, as per Note that in order to
satisfy [(p2)] it suffices to ensure that

M/w B 1/e
Slilem(K, K —1,...,2,1) - W/w e 1/2. (lem(K, K —1,K —2,...,2,1))2

(1/e)!/2
(lem(K, K — 1, K —2,...,2,1))?

is an integer. We let ,
1/e=(Iem(K,K —1,K —2,...,2,1))100K",

ensuring that

1/2
(1/0)12 ((lcm(K,K— 1,K—2,...,2,1))400K2)
(Iem(K, K —1,K —2,...,2,1))2 (Iem(K, K —1,K —2,...,2,1))2
= (lem(K, K — 1,K —2,...,2,1))200K*~2,
ensuring that holds.
We set A = lcm(K,K—l,lK—Q,...,ZJ) as per , and verify that
5= (1/e)/?
1/2
_ ((lcm(K, K—1,K-2,..2 1))—400K2)
= lem(K, K — 1, K —2,...,2,1)) 200K°
< AL00K?
so[(p5)]is satisfied.
Finally, we let L = /K, satisfying Letting K be a sufficiently large constant and n sufficiently
large as a function of K and letting m = n? to satisfy completes the setting of parameters. [ |

5.3 Basic gadgets G: vertex set and main definitions

In this section we define our gadgets G* = (S¢, T, E*). Since  is fixed throughout this section, we omit the
superscript and let S = S¢, T = T', E = E'.

Vertices of G and their labels. Let m > 1 be a sufficiently large integer. We have |T'| = m', and label
vertices in 7" with points in the hypercube [m]”, where [m] = {0,1,2,...,m — 1}. The labelling defines a
bijective mapping from the vertex set 7" to [m|", and we hence sometimes refer to vertices in 7" as simply
points in [m]™. The vertices on the S side of the bipartition will also be labelled with points on the hypercube
[m]™, as defined below. The average degree of a vertex in our construction will be 2% (™), which translates to
average degree N*2<(1/10glog N) when m = poly(n) (this is how we set m as per Lemma .
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The set S of vertices is partitioned into disjoint subsets S = So W .51 W ... W S /a1 whose vertices are
also labeled with elements of [m]”. We now define Sy, for k& € [K/2]. Let B := B as per (94), so that
B=BoU...UBg/, andletJ := J¢ as per (03). For every vertex y € S U T and vector u € F we use the

notation
(y,u) = Z Ys * Us,
s€n]

where y, stands for the s-th coordinate of the label of y. In what follows we often write, for two vertices

x,y € SUT and a vector u € Z"
r=y+u

if the label of x can be obtained by adding u to the label of y, i.e. x5 = ys + us for every s € [n]. Similarly,
we often write © = y + uwhenz € SUT and y € [m]™ if the label of z is the sum of y and u. In other
words, we treat vertices of G and points in [m]" where this does not lead to confusion (see Remark .

Nested sequence T' = Ty O Ty D ... D Tk/p and downsets So, S1,...,5k/—1. WeletTo = T, ie.
every x € Ty is labeled with an element of [m]™. For every k € [K /2] let

1
Tyt = {yeTk:<y,jk> (modM)E{O,l—K_k)-M}. (99)

Note that 7o D 71 D ... D Tk /o form a nested sequence. Also note that for every k € [K /2] one has

1
T = {y€T0:<y,jS> (mod M) € [O,lK) -Mforallse{(),l,...,kl}}. (100)

The innermost set in this sequence is a central object of our construction:
Definition 83 (Terminal subcube) We refer to T, := T’ /; as the terminal subcube.

Recall that for a pair of vertices x,y € S UT the relation x < y stands for ‘the label of = equals the label
of yy’. We extend this relation to sets in the natural way, writing A < B for A, B C S U T if there exists a
bijective map 7 : A — B such that for every x € A one has z < 7(z). With this notation we define

1

= Ty : wt 0, ——
Sk {:cekw(a;)e[,K_k

) - W (mod W)} , (101)
The above stands for Sy, being a set of vertices such that Sy, < Tk, where

Ty {g; €Ty : wi(z) € [0, Kl_k) W (mod W)}

is the set of vertices in T}, whose weight modulo W belongs to a certain range. We stress here that unlike the
collection of sets T}, the sets Sy, are disjoint.

Remark 84 The labels of vertices in Sy, for any k € [K /2] are distinct, the labels of vertices in Sy are a
subset of the labels of vertices in Sy for k > 1. Thus, while a vertex in T is uniquely identified by its label, a
vertex in S is not. However, a vertex in S is uniquely identified by its label together with the index k € [K /2]
of the set Sy, that it belongs to.
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We also let, for every k € [K/2] and j € By,

Tg:{yeTk:<y,j> (modM)E[O,l— ! )M}
(102)

Sf;—{xeSk:@,j) (mod M) € [0,1—1>-M}.

We gather basic bounds on the sizes of the sets T}, Sy in
Lemma 85 One has
(1) Forevery k € [K/2+ 1] one has |Ty| = (1 £ /€) - |To|(1 — k/K);
(2) Forevery k € [K/2] one has |S| = (1 £ +/€) - |To|/K;
(3) Forevery k € [K/2], every j € By, one has |S}]€| = (1+e)(1 — 25)|To|/K.
(4) Forevery k € [K/2), every j € By, one has |T,f:| = (1£e)(1 - ED)T|.

Remark 86 Note that the sets Sy, are defined for k € [K /2], whereas Ty, is defined for k € [K /2 + 1] — this
is to ensure that the number of vertices in the terminal subcube T, can be made arbitrarily close to the total
size of |4 kelK /2] Sy, for any fixed K by choosing € sufficiently small, simplifying the definition and analysis of
the glueing maps T (see Section m that map sets of the latter type to sets of the former type.

Since per (101) for every k € [K/2] the set Sy, is essentially a subsampling of the corresponding set 7},
for every U C T}, we define the projection of U to Sy, denoted by DOWNSET(U), as the set of vertices in
S1. whose labels match the labels of vertices in U:

Definition 87 (Downset of a subset of T') For every U C T and k € [K /2] we define the downset of U in
Sk by

DOWNSET,(U) ={z € S, : Jy € U s.t. z < y}.
We define

DOWNSET(U) = | ] DOWNSET(U).
ke[K/2]

Remark 88 We note that DOWNSET is defined as a map from subsets of T' to subsets of S. This certainly
defines a natural mapping from elements of T': element x € T is mapped to DOWNSET({z}), i.e. the downset
of the singleton set containing x. However, this map is not one to one: DOWNSET({x}) may be a set of size
up to K /2 (note, however, that for every k € [K /2] one has  DOWNSET;({x})| < 1).

Remark 89 Note that if U C Ty, \ Ti41 for some k € [K/2], then DOWNSETs(U) = () for all s € {k +
1,...,K/2 — 1}. Thus, in that case we have

k
DOWNSET(U) = | ] DOWNSET,(U).
s=0
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5.4 Edgesof GG

Similarly to our construction in Section[3] we define the edge set of G to be a union of constant size complete
bipartite subgraphs, where for every k € [K/2] and every direction j € By the edge set Ex, C T}, x Sk
consists of a disjoint union of small bipartite subgraphs for every ‘line’ in direction j. Unlike the construction
of Section[3] it takes more care to define lines appropriately when j is not just a coordinate direction, but rather
a general binary vector in F, and different directions are not necessarily orthogonal, but rather just have small
dot products. For that we first need

Definition 90 (Block of = with respect to a vector j) For j € F we define blockj(x) := |(x,j)/M].

We can now define

Definition 91 (Line through z in direction j) For each j € By, for each x € [m|™ we denote the line in
direction j going through x by

linej(z) = {2’ € Im]™ : 2’ = x + X\ - j for X\ € Z s.1. blockj(z") = blockj(x)} .
Some basic properties of lines are given in
Claim 92 (Basic bounds on lines) For every j € F:

(1) for every x € [m|™ one has |linej(x)| < M/w and for every x € [m|™ \ B one has |line(x)| = M/w;
furthermore, for every x € [m]™ and y € linej(x) one has y = x + X - j for some integer \ satisfying
|A| < 2M/w.

(2) for every x € [m]™ \ B, for every c € A-7ZN0,1) one has

Hy € line(x) : (y,j) (mod M) € [c,c+0)-M}| =05 M/w.

(3) forevery x € [m|™\ B, for every c € A -Z N (0,1] one has
Ny € linej(x) : (y,j) (mod M) € [c—6,¢)- M} =0-M/w.

Proof: We start by proving some useful basic facts, and the proceed to prove (1), (2) and (3). First note that
forx € [m|" and 2’ = = + X\ - j € Z" (but not necessarily in [m|™) one has

This means that |\| < 2M /w for all such z’ € line;(z), as otherwise block;(z’) # block;(x). By Defini-
tion [78| we have n? < x; < m — n? forall x € [m]” \ B and i € [n]. Thus, for all such = we have, since

je{0,1}",
n2—2M/w§:Ui+)\'jigm—n2+2M/w

foralli € [n]. By and|(p2)|together with the fact that n is sufficiently large as a function of M /w, W/w, K, L, A,
and J, we get
0<z;+A-ji<m-—1

for all ¢ € [n]. Thus,
¥=z+X-je [m]" (104)

We now prove (1). Let ¢ = (,j) (mod M) to simplify notation, so that (x,j) = block;(x) - M + q.
Further, let a = [ 1¢] and b = ¢ (mod w). With this notation in place we have

(@) = (x+X-},j) = (@.j) + A - w =blockj(z) - M + (a + \) - w +b. (105)
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We thus have
block;(z') = [(blockj(z) - M + (a4 A) - w + b) /M | = block;(z) + [((a + ) - w +b) /M|,

and hence block;(z’) = block;(z) if and only if ((a — A) - w 4+ b)/M € [0,1). On the other hand, since
be{0,1,...,w— 1}, we have

NeZ:((a+N)-wtb)/Me0,1)}={—a...,—a+Mw—1},

which is a set of size M /w since w | M by This proves the upper bound in (1). For the lower bound we
note that if € [m|™ \ B, then every 2’ = x + X - j such that block;(z’) = block;(x) one has |\| < 2M/w,
and therefore 2/ € [m]™ by (I04) (see argument above for more details). This implies the lower bound, and
hence the equality in (1). In particular, we get for = € [m|" \ B

linegj(z) ={z+A-j: A€ {—a,...,—a+ M/w—1}. (106)
We now prove (2). First note that by (106) we have

Ny € linej(z) : (y,j) (mod M) € [¢,c+ ) - M}|
={rxe{-a,....—a+M/w—-1}:(x+X-j,j) (mod M) € [c,c+ ) - M}
={r e{-a,...,—a+M/w—1}:(a+ N -w+b€[c,c+ ) M}|.

Since 71 | M/w by|(p2), ¢ € A -Z N[0, 1) by assumption of the claim and A | M /w by [(p3), we can write

¢c-M=a-wandc+ = p-wforintegers v, 5 € {0,1,...,M/w— 1}, < (3 (here we used the fact that
0 < A by|(pd)). The last line of the equation above can thus be rewritten as

Hxe{—a,....,—a+ M/w—1}:(a+ X)) -w+b€lc,c+0) - M}|
={r e{-a,...,—a+M/w—-1}:a-w<(a+ ) -w+b< - w}
— 8-«

=(B-w—a-w)/w

={(c+d) - M—c-M)/w

=4 -M/w,

where the second equality holds because b € {0, ..., w — 1} and the fourth equality is by definition of « and
(. This proves (2). The proof of (3) is analogous. [ |

Lemma 93 (Lines form a partition) Foreveryj € F, every x,z' € [m]™ one has either line;(x) = line;(x')
or linej(x) N linej(z") = (.

The proof of the lemma follows from a more general statement about subspaces (see Claim [I09] and
Lemma |[ITT]) and its proof is given in Section[5.5]

Definition 94 (Minimal j-line cover) We say thata set C' C [m]" is a minimal j-line cover if ) . - linej(x) =
[m]™ and line;(x) N lines(x") = 0 for z, 2" € C, x # .

We now define the edges of G incident on Sy, for every k € [K/2]. For every j € ]o_%k let

C; C [m] (107)
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be a minimal j-line cover as per Definition 94, For every y € C, we include a complete bipartite graph
between line;(y) N Ints(Sy) and linej(y) N (Ty \ 1}): let E = Uye (/o) Bk, Where

By = | En; (108)
jeBy,
and ‘ ‘
Ek,j = U (linej (y) N Intg(S‘]]C)) X (linej(y) N (Tk \T]‘i)) (109)

yGCj

In the equation above we use the notation Intg(Si) for the §-interior of the set Sf;,, which we now define. First
recall that by (I00) and definition of Sy, in (I0I)) we have

1
Skx{yE[m]":<y,js> (mod M) € [O,lK)-Mforallse{O,l,...,kl}

and
wi(z) € {0, Kl_k> W (mod W)}

and

; 1
ngx{yE[m]":(y,jQ (mod M) € [O,lK)-MforallsG{O,l,...,kl}

and

(y,3) (modM)e[O,l— 1 >'M

K-k
and

wi(z) € [OKl—k> W (mod W)}

The interior of Sf;, denoted by Intg(S‘,jC), is simply the set of points in Sf; that satisfy all the constraints
above (except the subsampling constraint) with a margin of §:

1

— S

Intg(Sf;)x{yE [m]™: (y,js) (mod M) € [5,1— e —5) - M forall s € {0,1,...,k—1}

and

(y,§) (mod M) € [5,1— ﬁ _5> M
and

wi(z) € [0, Kl_k> W (mod W)}

(110)
Remark 95 We note that our definition of the interior Int(;(Sf;) of S}’; is a special case of Definition m

below. We prefer to present it here first before presenting the more general version to alleviate notation in the
definition of the basic gadgets G*.
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Remark 96 Note that the edge set Ey. is fully defined by the prefix J - (note that we consider the compression

indices and extension indices fixed and J variable; this is useful since in the actual hard input dzstrzbutzon we

will ﬁx the compression and extension indices arbitrarily, and select J uniformly at random from Bo X B1 X
. X BK/2 — see Sectton@)

Remark 97 We note that the edge set defined in (109) does not depend on the specific choice of a cover Cj
used, i.e. any minimal j-line cover produces the same edge set as per (109).

The following lemma shows that the complete bipartite graphs defined above are disjoint (this will be
useful for analyzing a subsampling of the gadgets G* later in Section

Lemma 98 For every k € [K/2], everyi,j € ]OBk,i # J, every x € C4,y € Cj, where C; and C; are minimal
i- and j-line covers respectively, the edge sets

(liney(z) N Intg(S,i)) X (liney(z) N (T, \T,;))

and
(linej(y) N Ints(S1)) x (linej(y) N (Ti, \ T}))

are disjoint.

Proof: We argue by contradiction. Note that the edge sets above intersect if and only if there exist a, b such
that . .
€ (line;(z) N Ints(Sy)) N (linej(y) N Ints(S})) (111)

and
b e (line;(z) N (Ti, \ T})) N (linej(y) N (T3, \ T7)). (112)
Since a, b € linej(y), we have by Claim[92] (1), that

b=a+X-j
for some integer A with |\| < 2M /w. This in particular means that
(b, 1) — (a,1)| = |N|(§,1) < || - ew < 2eM. (113)

On the other hand, since a € Ints(S}), we have by (T02) together with (TT0) (see also Definition [103)

. 1
(a,i) (mod M) € |6,1 — _]€5>

Putting this together with (113]) yields

1
(0 —2¢)M < (b,i) (mod M) < (1-— 7 — 0+ 2¢) - M,
and thus since € < §2 < 26 by [(p6)} we get
1
b, i d M l1——— |- M 114
b,) (mo >e[o, K_k) | (114)
a contradiction with the assumption that b € T}, \ 7} by (TT2). [ |
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5.5 Rectangles and their properties

Our construction in this section is at a high level quite similar to the construction from Section (3| Unfortu-
nately, however, it is more complicated, mainly due to the fact that we cannot rely on clean product structure
of naturally defined rectangles (see Definition #5). However, our analysis is still based on a concept of a
rectangle, which we define below — see Definition[99] While this is no longer a product set since our vectors
in F are not orthogonal, but merely have small dot product, rectangles as per Definition [99 still behave is
rather similar way to product sets. This section is devoted to proving some basic properties of rectangles that
facilitate later analysis.

For two vectors a, b of the same dimension we use the notation a < b for a being coordinate-wise smaller
than b. We often index coordinates of a vector by elements of some set. For example, a € [0, 1) stands for
a being a vector of length |I| whose entries are a;,i € I, and for a subset H C I we write ag to denote the
restriction of a to elements of H.

Definition 99 (Rectangles) For every I C F, every c,d € [0,1]!, ¢ < d the set
ReCT(I, c,d) :={y € [m]" : (y,i) (mod M) € [c;,d;) - M forallie 1}
is called a rectangle.

It is useful to introduce a more lightweight intermediate definition of rectangles with all side lengths equal
to a parameter A — see Definition [I00] below. This definition is useful since we can express every rectangle
with coordinates divisible by A as a disjoint union of cubes, and at the same time cubes are somewhat more
compact to represent, and will serve as our basic building blocks in what follows.

Definition 100 (Cubes) For everyI C F, everya € A -7 [0,1)" we let
RecT(I,a) = {y € [m|" : (y,i) (mod M) € [aj,a; + A) - M forall i € 1}
denote a rectangle with all side lengths equal to A.

Claim 101 (Decomposition into subcubes) ForeveryI, H C F . INH = (), everya,b € (A -ZN[0,1])I"H a <
b, the rectangle F' = RECT(I U H, a, b) satisfies

F = | JRecT(IUH, (f,an), (f + A - 11, b)),

feQ
where
Q=1{0,A2A,...,1— A N ]]las by).
iel
In particular, |Q| = AN ;1 (br — ay).

Proof: Recall that by Definition [99|one has

RECT(IUH,a,b) = {y € [m]": (y,i) (mod M) € [a;,b;) - M foralli € IUH},
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which means that

{y € [m]" :(y,i) (mod M) € [aj,b;) - M foralli e TUH}
={ye[m]":(y,i) (mod M) € [a;,b;)- M forallieI

(y,i) (mod M) € [a;,b;) - M foralli € H}
= U{y € [m]" «(y,i) (mod M) € [fi,f; + A)- M foralliel

and
(y,i) (mod M) € [a;,b;) - M foralli € H},

where
Q=1{0,A2A,...,1— A n]]las by).
iel
It remains to note that for every f € () one has
{y € [m]" (y,i) (mod M) € [f;,fi+ A)- M foralliel

and

(y,i) (mod M) € [aj,b;) - M foralli € H}

=RECT(IUH, (f,an), (f + A - 11,by)).

|

As mentioned below, cubes will serve as our basic building blocks. For example, the local permutation

map Ilr . r (see Definition in Section [5.10.2 below) is defined on individual cubes and then extended

to a global map II* (see Definition [I24)), ultimately letting us define the glueing map 7 (see Definition [125]
below).

Lemma 102 (Bounds on sizes of rectangles) ForeveryI C F such that |I| < K2, foreveryc,d € (A-ZN[0,1])},¢c <

d,
v=]](di — )
icl
and
R = REecT(I, c,d),

the following conditions hold:
(1) the cardinality of R is bounded as
(1=Ve)y < [R|/m" < (1+Ve) -
(2) for every positive integer A < K, if
R ={x e R:wi(z) (mod W) e[0,1/\) - W},

then the cardinality of R’ is bounded as

1

(1 =Ve)y < |R|/m" < < (1+Ve)y.

> =
>
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We now prove Lemma[85] restated here for convenience of the reader:
Lemma [85|(Restated) One has

(1) Forevery k € [K/2+ 1] one has |Ty| = (1 + \/€) - |To|(1 — k/K);

(2) Foreveryk € [K/2] one has |S| = (1 £ /¢€) - |To|/ K;

(3) Forevery k € [K/2), every j € By, one has |Sfc| = (1+e)(1 — 25)|To|/K.
(4) Forevery k € [K/2), every j € By, one has |T,J€| =(1+e)(1—- %HTOL

Proof: We start with (1). Let R = RECT(J, c,d), where J = J_ and for every s = 0,...,k — 1 one
has ¢j, = 0 and dj, = 1 — &, and note that R = T}, by (T00) . By Lemma , (1), one has

(1 —Ve)y < [RecT(I,c,d)|/m™ < (1 +Ve) -,

where

as required. The proof of (4) is analogous.
We now prove (2). Let R = Tj, = RECT(I, c,d), where I = J_, and for every s = 0, ...,k — 1 one has
cj, =0andd;, =1 — ﬁ Let

R :={r e R:wt(z) (mod W)e[0,1/(K —k)) W},

and note that R’ = Sy, by (T0T). Then by Lemma|102} (2), with A = K — k and

Vzlﬁ(dj —st)zlﬁ<1—K1_S>=1—I]z

s=0 s=0

we have
1

Kk
Simplifying, we get

1—@(1—]@S\R’\/m"sKl_k‘(Hﬁ)(l—;)'

1 1
(I-Veag < |R|/m" < (1+ V)£,
as required.
We now prove (3). Similarly to (2), let R = T = REcCT(I,c,d), where I = J_; U {j}. For every

$=0,...,k—1onehas cj, =0 and dj, zl—ﬁ.Alsoletcj:0anddj:1—ﬁ.Let

R :={z € R:wt(x) (mod W)e€[0,1/(K —k))-W},
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and note that R’ = Sf; by (102). Then by Lemma , (2), with A = K — k and

s (g5 ) () ()

s=0

we have

e 1) () < a0 ) ()

Simplifying, we get

1A (1 ) I <000 (1- )

as required.

5.6 Interior and exterior of a rectangle

The main difference between our main construction in this section and the toy construction from Section
is the fact that vectors in J are not orthogonal, but merely have small dot products. As a consequence, we
generally need to introduce some ‘padding’ to our construction to obtain the same induced properties as we
did in the original construction. For example, note that for the basic Lemma“that shows that edge sets E}, ;
defined in (34) are disjoint for distinct j € By, it was sufficient to ensure that we have introduce a complete
bipartite graph between line;(y) N Sj and line; (y) N (T \ T}, J) — the fact that (the downset of) Ty J is subtracted
in the second set was enough to guarantee disjointness. To ensure similar property with nearly orthogonal
vectors, however, one must include some ‘margin of error’ in the construction — this is why the corresponding
definition in our main construction (see (I09)) uses the interior Int(;(SJ ) as opposed to just SJ We define the
interior now.

Definition 103 (S-interior of (a downset of) a rectangle) For I C F, c,d € (A-ZN[0,1))!,c < d, the
d-interior Ints(F') of the rectangle F = RECT(I, ¢, d) is defined as

Ints(F) ={y € [m]"\ B: (y,i) (mod M) € [c; +d,d; — ) - M foralli € I},

where the set B of boundary points is as in Definition For every k € [K /2] we define
1
Ints(DOWNSET,(F)) = {y € Ints(F) : wt(x) € [O, K—k> W (mod W)} :

The following simple claim is the rationale behind our definition of the interior of a rectangle:

Lemma 104 (Vertex neighborhood of Ints(R) is contained in R) If € < 0, for every rectangle R C [m]",
R = (I,a,b), a,b € (A-ZN[0,1))l,a < b, every r € F \ I for every integer X such that |\| < M /w, for
every x € Ints(R) one has x + Ar € R.

Proof: For every i € I one has
x4+ X-r,i) — (x, )| = |\ (r,i) < (M/w)-e-w<eM <M
since r € F \ I by assumption of the lemma. Since

x €ntg(F) ={y € [m]"\ B:(y,i) (mod M) € [¢c; +I,d; —0) - M forallie I}
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by assumption, we get that
z+A-re{ye[m]":(y,i) (mod M) € [c;,d;)- M foralliec I} =F,

as required. Note that the assumption that z € Ints(F") C [m]™ \ B is used to ensure that for every j € [n]
one has 0 < (z 4+ A - r); < m, and therefore z + A - r € [m]". Indeed, we have

[(x+A-r); — 25 < [N < M/w,

and therefore since n? < z; < m— n? by assumption that z ¢ B, together with the fact that M /w is a
constant depending on K (by|(p0)} |(p1)|and|(p2)) and n is sufficiently large, we get that 0 < (z+\-r); < m.
|

We also define

Definition 105 (5-exterior of a rectangle) For1 C F,c,d € (A-ZN[0,1]))}, ¢ < d, the §-exterior Exts(F)
of the rectangle F = RECT(I, ¢, d) is defined as follows.
If c; > 6, then

Exts(F) ={y € [m]" : (y,i) (mod M) € [c; — d,d; +9) - M},
and
Exts(F) ={y € [m|" : (y,i) (mod M) € [0,dij+0) - MU[l—-6+c;1)- M}
otherwise.

The interior (resp. exterior) of a rectangle is quite close to the rectangle itself in terms of size, i.e. there
are few points on the boundary (under appropriate conditions):

Lemma 106 For every I C F,|I| < K2, for every c,d € (A-ZnN[0,1])},¢c < d, if R = REcT(I, c,d),
one has
[R\ Ints(R)| < V|R|

and

[Exts(R) \ B < V3| |
Proof: We start by proving (1). We have
|[R\ Ints(R)| = [{x € R: (z,i) (mod M) € ([c;i,c;i +6) U [d; — 0,d;)) - M for some i € I}|

< Z {x € R: (x,i) (mod M) € ([cj,c;+ ) U[d; —d,d;)) - M}|
iel (115)

< Z‘Ri\lnté(Ri)lv

iel

where we let R; := RECT({i}, c;, d;) to simplify notation.
We now fix i € I and upper bound |R; \ Ints(R;)|. Let C' C [m]™ be a minimal {i}-subspace cover (see
Definition[T12)). Fix x € C'. Recall that

linej(z) = {2’ € [m]" : 2’ = x + X - i for some integer A s.t. |(/,i)/M | = |(z,i)/M]}.
By Claim (2) and (3), we have forxz € C'\ B

|linej () N (Rs \ Ints(Ri))| = [{y € line;j(x) : (y,i) (mod M) € [c;,ci +0) - M}
+ H{y € liney(z) : (y,i) (mod M) € [d; — d,d;) - M }| (116)
=20 M/w,
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where we used the fact that line;(z) C [m]" forall x € [m]™ \ B.
Summing over all x € C, we thus get

|R; \ Ints(R;)| = ) [lines () N (R; \ Ints(R;))]

zeC

= Z [line; (x) N (R; \ Ints(Ry))| + Z lline;(z) N (R; \ Ints(R;))| 117)
z€C\B zEB

< 25(M/w)-|C\B|+ > [line;(x) N (R; \ Ints(R;))|.

TEB
We now note that since |line;(x)| = M /w for every x € [m|™\ B by Claim[92] (1), we have
IC\B| = (M/w)™" " |lines(x)|

zeC\B

< (M/w)™" ) [line;(x)|
zeC
< (M /w) tm™.
Substituting this into (117)), we get

|Ri \ Ints (Ry)| < 26(M/w) - [C\ B+ ) _ [lines(z) N (R \ Ints(R;))]

€D
< 25(M/w) - |C\ Bl + ) _ [line;(z)|
reB
n 1 n
< 20m —l—(M/w)-W-m

< 36m",

where the third transition uses the fact that |line;(x)| < M /w for every z € [m]|™ \ B by Claim[92] (1).
Combining the above with (113]), we get

|R\ Ints(R)| <> |R; \ Ints(Ry))|

icl
<361 -m"
<361 - 2 1R|
< V3|R|,

as required. The third transition use the fact that by Lemma [102] (1) one has (1 — /e)All < |R|/m" <
(1+ \/E)NI' as well as the assumption that € is smaller than an absolute constant (smaller than 1/4 suffices

here). The forth transition uses the assumption that |I| < K? together with the assumption that § < A00K ’
by [(p5)
The proof of (2) is similar and we omit the details. |

5.7 Subspaces and their properties

We now introduce the notion of subspaces, our main tool in defining the local permutation map II, and
ultimately the map 7 glueing together two basic gadgets (see Section[5.10.2]and Section [5.10.3| below). We
first introduce
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Definition 107 (Block of = with respect to a sequence of vectors J) Fora subsetJ C F we let blocky(x) :=

(L(2,3)/M])jes.
Definition 108 (Subspace of x) For every subset I C F for every x € [m]" define
subspacey(x) := {x/ em]": 2’ =2+ Zti i forte 7t

iel
s.t. blocky(x) = blocky (') and |[t||oc < 2M/w} .

The more lightweight definition of lines used in Section to define the edge set E¢ of our basic gadget
G in fact coincides with a one-dimensional subspace as per Definition [108] as we show below. This lets us
reuse claims about subspaces:

Claim 109 For every j € F, then for every x € [m]|" one has linej(x) = subspace;y (), where linej(x) is
as per Definition

Proof: We have by Definition [91]
linej(z) = {2’ € [m]" : 2’ = = + X - j for some integer A s.t. |(2',j)/M| = [(z,j)/M]}.
and by Definition [T0§|

subspace () := {z'em|" 2’ =z+X-jlorA€EZ
s.t. block iy () = blockjy (') and [A| < 2M/w} .

At the same time if 2/ = x + X - j for an integer \, one has
(@j) =@+ A3 = (@0 + 1w,
so if [\| > 2M /w (for example, when X > 2M /w; the other case is similar), one has
blockj; (2') = [{a',3)/M] = [((w,3) +2M)/M] = [(,§)/M +2] > [{x,§)/M] + 1 = blockyj(z) + 1.

Thus, the constraint [\| < 2M /w is implied by the constraint block;, (z’) = blocky;) (), and thus linej(z) =
blockyjy (), as required. [ |

Remark 110 We note that while Claim[I09 shows that the {, constraint in Definition[I08)is redundant when
|I| = 1, it is not redundant for general 1, since the vectors in F are only nearly orthogonal.

We show that subspaces partition [m]™. This fact is key, and lets us define various maps (e.g., the local
permutation map II, see Section [5.10.2)), locally on subspaces, and then naturally extend them to the full
space.

Lemma 111 (Subspaces form a partition) For every I C F, every € € (0,1/(10|1))), every x,2’ € [m|"
one has either subspacey(x) = subspacey(z') or subspacey(x) N subspacey(x') = .

Proof: Consider an element y € subspacey(z) N subspacey(z’). There exist integer coefficients (¢;)ie1 and

(t})ier such that
x—i—Zti'i:y:x’—FZﬁ-i,
iel iel
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so that
x'—x:Z(tg—ti)-i.
icl
At the same time for every z € subspacey(x) one has blocky(z) = blocky(z), and there exists integer coeffi-
cients (sj)jer such that z = 2 + ), 1 s; - i. Combining this with the equation above, we get

z=x—|—Zsi-i:m'—kZ(si—i—tg—ti)-i.
il icl
The existence of y € subspacey(x) N subspacey(z”) also implies that blocky(x) = blocky(y) = blocky(z'),
and hence blocky(z) = blocky(z) = blocky(z’). Thus, in order to show that z € subspacey(2’), it suffices to
prove that |s; + ¢} — ;| < 2M/w foralli € L, ie. ||s +t' — t||ooc < 2M /w. Suppose not, and let j € I be
such that |s; + ; — tj| > 2M /w. Then we have, recalling that (i,i) = w for all i € F and (i,i') < ew for
LieFitl,
(zd) = (@ Q) + (s + 8 —t5) - w+ D (si+t—t)- (L),
ien\{j}
SO
[(2,3) = (@.3) = (s5+ 85 = t5) - w| < elI] - [[s + 1" — t]]o - w
< €[T[([[s]loc + []loo + [[t]]oc) - w
< 6elT| - M,

where in the last transition we used the fact that ||s||cc < 2M/w, ||t||lco < 2M/w and ||t'||00 < 2M /w. We
thus have, since ¢ < 1/(10|I|) by assumption of the lemma,

1(z,§) — (x,§)| > |5j+t3—tj\-w—66\1|-M> (2M/w) - w — 6€¢|I| - M > M.

This means that |(z,j)/M | # |(x,j)/M |, and hence blocky(z) # blocky(x), which is a contradiction. We
thus get that ||s + ¢’ — t||cc < 2M/w, and hence z € subspacey(z’), as required.
|
Since subspaces partition [m|™, we often select a minimal number of representative points subspaces
through which cover the entire space, and define, e.g., the local permutation map II (see Section[5.10.2), on
subspaces through these representative points.

n

Definition 112 (Minimal I-subspace cover) We say that a set C' C [m]™ is a minimal I-subspace cover if
U subspacey(x) = [m]"
zeC

and subspacey(z) N subspacey(x') = 0 for x, 2’ € C, x # .

It follows from Lemma[IT1|that for every I C F there exists a minimal I-subspace cover C' start with C
being the empty set and iteratively add = € [m]™ to C' if subspacey(x) N subspacey(z’) = () for every 2’ € C.

Lemma 113 (Intersection of a rectangle with a subspace) For every I, J C F,|1|,|J| < K2, everya,b €
A-7n0,1,a<b,if
v=1] (i —a)

icInJ

and
R = RECT(J,a,b),

the following conditions hold.
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(1) Forevery x € [m|™\ B one has
(1 =€)y G < |subspace(x) NR| < (1+ /%)y G,
where G = (M Jw),
(2) For every positive integer A < K such that \ | W /w, if
R ={z € R:wt(x) (mod W)e[0,1/\) W},

one has for every x € [m|" \ B

1
(1— €23y X-'y-G < |subspacey(x) N R'| < (1+e3). 2. 4.G,

>| =

where G = (M /w)/.

5.8 Large matchings in individual gadgets

We prove that the basic gadget G = (.S, T') contains a matching of most of S to 7"\ T:
Lemma 114 There exists a matching of a (1 — O(1/K)) fraction of vertices in S to T \ Ts.

Proof: The proof proceeds in two steps. In step 1 we show that for every k € [K/2], every x € [m|" \ B one
has
linej(x) N S| = (1 £ O(1/K)) |linej(x) N (T \ T})|,

which in particular implies that a complete bipartite graph between these two sets of vertices contains a
matching of required size. In step 2 we use this fact to conclude the result of the lemma, in particular taking
care of the fact that the actual edge set of G¢ only contains a complete graph between line;(x) N Int(;(S‘,’C) and

linej(z) N (Ty, \ T9).

Step 1: defining the matching on lines. Fix k& € [K/2]. Let j = Jj, and recall that for every = € [m]™ one
has linej(z) = subspace ;) () by Claim Let R = T, = RECT(J,c,d), where J = J i and for every
$=0,...,k—1lonehascj, =0anddj, =1 — . Forevery z € [m]" \ B by Lemma , (1), one has

(1 —+e) - (M/w) < [lingj(z) N Tx| < (1 + Ve) - (M/w), (118)

where G = M /w. Note that the error term in the lemma is €2/ < /e since € € (0,1). Also note that in the
application of the lemma we have v = 1, since j ¢ J .

Now let R = T} = Tj41 = RECT(J, ¢, d)(since j = J), where J = J<;, and forevery s = 0,..., k one
has cj, = 0and d;j, = 1 — % . Forevery z € [m]™ \ B by Lemma (1), one has

—s5

1

- va): (1 g ) - a/w) < !

line; () ng( < (1+ Ve - (1 - K_k> S(MJw)  (119)

Note that in the application of the lemma we have v = d; —¢; = 1 — ﬁ, since {j} N J<x = {j}.
Putting (IT8), (IT9) together, we get

liney () OV (Tk \ T)| = (1 + O(K V&) - 2 - (M) (120)
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We now bound |line;(x) N Sfﬁ] To that effect let
R={zeR: wi(@) (modW)e |0,——).-w
=13z twt(z o S ,

and note that R’ = S}l by (I02). For every x € [m|"™ \ B by Lemma , (2), one has

(1—\/E)K1_ . (1 _ K1_k>-(M/w) < linej(2)NSi| < (1+ﬁ)K1_ - (1 _ Kl_ k).(M/w). (121)

Now recall that by (T08) for every j € By, and every y € Cj (for a minimal j-line cover Cj) the edge set
L contains all edges in the set

(linej () N Ints(S1)) x (linej(z) N (Ty \ TV)). (122)

Putting (T20) together with (121)), using the fact that O(K\/e) = O(1/K) by |(p3)l(p5)| and |(p6), and
recalling that 0 < k < K /2 — 1, we get that for every z € [m|™ \ B there exists a matching of a 1 — O(1/K)

fraction of line;(z) N S}; to linej () N (T \ T,i) using edges in

(linej(2) N S3) x (linej () N (Ty, \ T?)).

We show in step 2 below that taking the union of these matchings over y € Cj and restricting the resulting

matching to edges that do not touch S}; \ Int(;(S}];) reduces the size of the matching only slightly, and ensures
that the matching uses only the edges that are present in the graph, i.e. edges in (122), as required.

Step 2: defining the global matching. Let Cj C [m]™ denote a minimal j-line cover (one can think of this
cover as the one used to defined the corresponding edge set of (G; however, one notes that the actual edge
set does not depend on the specific choice of a cover). In step 1 we showed the existence of a matching of a
1 — O(1/K) fraction of linej(x) N Sy, to line;(x) N (Ty, \ T}) for every k € [K/2] and every x € [m]" \ B
using edges in (122).

We now note that for every k € [K/2]

Sk\ | (linej(x) N8I

zeCNB

< |89\ U (linej () N ST)| + Sy \ 1]

A (123)
< |B|- (M/w) + Sk \ 8],

where we used the fact that [linej(x)| < M/w by Claim02] (1), for all - € [m]" and all j € F.
We now bound the second term in (I23). By Lemma 85] (2) and Lemma 85] (3), one has

|Sk|/m™ = (1 +Ve) - |To|/ K

and
i/ = (8 (1= 5y ) - Tl

This means that the second term in (123) is upper bounded by

> <2ﬁ+ Kl_k) Ty = O(1/K?) - | Ty,

72



where we used the fact that
Ve<s (by [56)
< AT by [p3)
< [{—IOOK'2 (by '
<K%
We now bound the first term in (I23) by noting that by Claim[79]
|B| - (M/w) <0~ -m" = O(1/K?)|Ty| = O(1/K)| S|

for every k € [K/2].

Putting the above bounds together, we get that for every k € [K/2] there exists a matching of all but
a O(1/K) fraction of Sy to T} \ T3, where j = Jy, using edges in (122). It remains to remove from this
matching edges incident on vertices in Sf; \ Int(;(Sf;). The matching is reduced by at most

1S3\ Ints (S3)] < T3\ Ints(T3)]
< V5|1
< 2KV5S])|
= O(1/K)|S].

The first transition above is by definition of Sf; and Sy (see and |101). The second transition is by

Lemma The third transition is due to the fact that by Lemma , (3) and (4), one has |Sf€| > (1/K)|T; ,ﬂ |
The forth transition is by [(p3)]and [(p5)]

In other words, for every k € [K/2] there exists a matching of all but O(1/K) fraction of S, to Ty, \ Ty 1.
Since the sets T}, form a nested sequence, the sets T, \ Tk are disjoint, similarly to the sets S. Thus, the
matchings extend to a matching of a 1 — O(1/K) fraction of

S:SO&JSlL‘!'J...L‘HSK/Q_l

to

U T\ T =To\ Tipo =T\ T
ke[K/2]

Since } ek /9 |9k = ;(1+O(1/K)) - |To| = (1 + O(1/K))|T \ T| by Lemma (1) and (2) together
with the choice of ¢ (as per|[(p3)] [(p5)|and [(p6)), the result of the lemma follows. |

5.9 1 — e ! hardness using basic gadgets

We show how the 1 — ¢! hardness from [Kap13] follows using our basic gadgets in Appendix@

5.10 Maps 7 identifying the basic gadgets
The main result of this section is the definition of maps
.5t — Tf -1

mapping the S side of the bipartition (the ‘arriving vertices’) of the /-th gadget G* to the terminal subcube
T 1 of the previous gadget G¢~ 1.
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Fix £ € [L], ¢ > 0. To simplify notation, let B = B~ B’ = B, and recall that both sets are partitioned
into K/2 disjoint equal size sets

B:B0UB1U...UBK/2
B'=BjUBj U... Bl
LetG = (5,T,E) = G"1,G' = (', T, E') =G Let I = 3" 1,3 = J, r =r'"!, ¢ = r’, and recall
that
JeByx By x...xBg
J' € By x By x ... x B y.
With this notation in place, we will define the map
7:8 = T*U{l},

where for a vertex € S’ we write 7(x) = L to denote the fact that 7 is not defined on x. Thus, in essence
7 is a partial map. We later use 7 to identify basic gadgets G¢,¢ € [L], arriving in the stream. We start by
defining an auxiliary map p that we refer to as the densifying map (see Section [5.10.T] below). The map p
maps a subsampled rectangle such as a set S, k € [K/2], to a regular rectangle. The map 7 is then defined
by composing p with another auxiliary transformation that we refer to as the local permutation map defined
in Section The map 7 is then defined in Section

5.10.1 Densifying map p

The densifying map is defined as follows:

Definition 115 ((«, r)-densifying map) For a positive integer o and v € F the («,r)-densifying map p :
[m]™ \ B — [m]™ is defined as follows. For x € [m|™ and r € F we first let

(x,r) (mod M) =aW +b(W/a)+ e,
where a € [M /W], b € [a] and ¢ € [W/a]. Then define

p(z) =z —1- <Z/(1—1/a)-a+3;b>.

We note that the map p is well defined since for every i € [n] one has (p(z)); < x; < m and
i=xi—ri- | —({1-1/a)- —b
(o)) =i =i (1= 1/) act 2b)
>a;— [ —(1—1/a) (M/W —1) 4+ — (a — 1
> (1= 1/0) - /W = 1)+ o= 1)

=z — (Vga —1/a) - (M/W — 1) + %(1 - 1/@))

w

=ux; — %(1 —1/a)

:xi—(W«M/W—lHVI) (1=1/a)

>0

forall z € [m|™\ B since n is sufficiently large as a function of M /w, W/w, K, A, , and L, and in particular
n > M/w.
The next lemma summarizes the relevant properties of the map p:
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Lemma 116 (Densification of a subsampled set) For every integer o > 2, every r € F, every rectangle
UC[m]", U= I,a,b),abc (A -ZNI[0,1)),a < b, such that v € 1, the following conditions hold for
the (v, r)-densifying map p (see Definition[I15):

(1) pisinjective;

(2) pmaps
{z € Ints(U) : wt(z) € [0,1/a) - W (mod W)}

to

{reU:{(x,r) (mod M)el0,1/a)- M}
(3) for every x € [m]™ one has p(x) = x + X - r for an integer \ satisfying |\| < M/w.

Proof: We start by proving the (3). One has by Deﬁnitionp(x) = a+Ar,where A = — (X(1 - 1/a)-a+ L)
fora € [M/W]and b € [a]. We thus have

&

w
Al=1—(1 -1 . —b
A== 1a ok

=&

<|=(1-=1/a) - (M/W —1) + E(oa— 1)'

< %(1—1/@)-(M/W—1)+%-(1—1/a)
<|(1-1/a) (Z(M/W—l)—i—?v/)‘

<[ —-1/a)- M/w|

< M/w

as required.
We now prove (2). By Definition one has, letting

(,1) (mod M) = aW + b(W/a) +c,
where a € [M/W]. b € [o] and ¢ € [W/a),
p(z) =z —1- (Z(l—l/a)-a—i—zb). (124)
We have by (T29),
(p(z),r) (mod M) = :(gv,r) (mod M) — (r,1) (Zu “1ja)-a+ :;bﬂ (mod M)
w

_ :(aW +b(W/a) +¢) — (r,r) - <w(1 1Ja)-a+ Z;bﬂ (mod M)

= _(aW—Fb(W/a) +co)-W(l-1/a) a— ‘Zb} (mod M)

= (W/a)a+ce [M/a],
(125)

as required. In the last transition we used the fact that a € [M /W] and ¢ € [W/a] by definition of a and b.
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We now argue injectivity, i.e., prove (1). Suppose that p(z) = p(y) for some y # x. Specifically, let

(w,x)  (mod M) =aW +b(W/a)+c
(y,vy (mod M) =adW +V(W/a)+

with a,a’ € [M/W], b,V € [a] and ¢, € [W/a]. Then p(x) = p(y) means that

r—r- (W(l—l/a)'a+Wb> =y—r: <W(1_1/a)’a/+wb/>' (126)
w aw w aw

First note that that by (123)

<x —r- <VZ(1 —1/a)-a+ ZZ}b) ,r> (mod M) = a(W/a) + ¢

and similarly

<y . <‘Z(1 “1a)-d + Zub) ,r> (mod M) = ' (W/a) + ¢

Combining the two equations above with (126), we get a = a’ and ¢ = ¢/, and it remains to show that b = b'.
To that effect recall that

Z z; €[0,1/a) - (mod W)
i€[n]
Z y; €10,1/a) - (mod W).

i€[n]

Applying the wt(-) function to both sides of (126)), using the fact that |r| = w and rearranging terms, we get

wt(x) — wi(y) = (W(l —1/a)-a+ Zb) - (W(l —1/a)-d + ‘Zb’)

iW /
_a(b b)v

(127)

where in the last transition we used the fact that ¢ = a/, as established above. Now recalling that wt(x)
(mod W) € [0,1/cr) - W and wt(y) (mod W) € [0,1/a) - W by assumption, we get that

(wt(z) (mod W)) — (wt(y) (mod W)) e (—1/a,1/ax) - W,

and hence b = b’, which implies that x = y. This establishes injectivity of p, proving (1).
We now prove (2). For every x € Ints(U) we have by (124) that p(x) := = — X - r, where A is an integer
satisfying |\| < M /w, as established above. We thus have p(z) € U by Lemma [ |

5.10.2 Local permutation map II

We now define our local permutation map II.

Definition 117 (Local permutation map II) For two cubes R = (I,a), R’ = (I',a’) such that 1,I' C F,
INY = (), the (partial) map
Mg g [Mm]" — [m]"

is defined as follows. Let C' C [m]™ denote a minimal 1 U I'-subspace cover (Definition (112))).
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For every © € C we define the mapping as follows. Let

s = |subspacey_y () N R|
s’ = |subspacey p/(z) N R'|.

Define g/, on subspacey /() as an arbitrary bijective mapping from a subset of subspacey p(z) N R/
of size min{s, s'} to a subset of subspacey_y(x) N R of size min{s, s'}.

Remark 118 We show later (see Lemma below) that s is quite close to s' for x € C'\ B. Thus the map
I1 is defined on almost all of |subspacey p(x) N R| and almost all of |subspacey y (x) N R'| for most choices
ofx € C.

The next lemma shows that the permutation map Ilz/_,p performs sparse bounded shifts, i.e. that
IIzr(x) can be expresses as the sum of x with a small number of vectors in F, each with rather small
coefficients:

Lemma 119 (Local permutation map performs sparse bounded shifts) For two cubes R = (I,a), R’ =
(T,a'),aec (A-Zn[0,1])%,a" € (A-ZN[0,1])Y, such that 1, C F, INT = 0, the following is true for
the (partial) map

g _pr: [m]n — [m]"

For every z € [m]" such that 11 := Ilr/_,R is defined on z one has 11(z) = z + D ;cq p ti - 1 with [[t]|cc <
4M /w.

Proof: This follows by Definition and Definition Indeed, recall that for a minimal I U I’-subspace
cover C and = € C' the map II maps points a € subspacey () N R’ to points b € subspacey i/ (z) N R. By
definition of subspacey () (Definition i there exist coefficients {{ };cr 1 and {t;’}ielup such that

a=1z+ Z tf-i and b=2x+ Z i

ielur’ ielur

with |[t?||0o < 2M /w and |[t?||o < 2M /w. Putting the above bounds together, we get

b=a+ Y (t—tf)-i

ielul’

with [|t? — 1%||s < 4M /w for every b € subspacey_p/ (z) N R, as required. [ |

While I1r/_, i is defined with respect to two cubes R’ and R, we often need to know where IT maps an
extended rectangle, namely a rectangle that beyond constraints imposed by R’ has further constraints — see
R. . below. We show that if the additional constraints inherent in R, , are nearly orthogonal (which they
are since all our vectors come from the family ), then at least the interior of an extended rectangle R, is

mapped to an appropriate extended rectangle Re.¢:

Lemma 120 (Action of permutation map on extended rectangles) For every pair of cubes R = (I,a),
R = (I,a),a e (A-Zn[0,1)L,a’ € (A-Zn[0,1))Y, such that LY < F, |TI| = |U', INnT = 0,
TuTl| < K2 ife < §/(41UT|), the following conditions hold for the corresponding (partial) map
II:=Hp_pg: [m]"\ B — [m]" (see Definition|[I17).

ForeveryY C F\ (IUT) and everyc,d € (A-ZN[0,1])7,c < d, if

Rewt = (IUJ,(a,c),(a+ A-1,d)) and R, (TulJ,(a,c),(a’ +A-1,d)),

ext —

then
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(1) II maps the interior of R.,; 10 Reyy, i.e.

H(Inté(R/ )) C Regt-

ext

(2) the number of points in R’ that 11 is not defined on is bounded by 8+/€¢|R/|.

Proof: We start by proving (1). Pick = € Ints(RL,,) such that II(x) is defined. We need to verify that (a) for

every i € I one has (II(z),i) (mod M) € [aj,a; + A - 1) - M and (b) for every k € J one has (II(z), k)
(mod M) S [Ck,dk) - M.

Condition (a) is satisfied by construction of IT since IT maps points in R’ = (I, a’) to points in R = (I, a)
and R, C R'. We now establish (b). By Lemmaone has II(z) = = + Y ;cqup ti - 1, where [[t][o <

ext

4M /w. We thus have that for every k € J

[((2), k) — (2, k)| < | Y ti- (i, k)| < 4TUT|- M < 6M, (128)
ielur’

where we used the fact that (i,k) < ew foralli € IUT' as J C F \ (IUT') by assumption, as well as the
fact that

€< 6> (by [(p6))
<5 200K (by [P3))

<5 200K (by [P3))
<§/(41UT),

where the last transition is due to the fact that I UT’| < K? by assumption, and K is larger than an absolute
constant. Since = € Ints(Re,:) by assumption, we have

(z, k) (mod M) € [cx +d,dx —0) - M
for every k € J. Putting this together with (I128)) gives
(II(x), k) (mod M) € [ck,dk) - M,

as required.
We now prove (2). Let C' C [m]™ be the minimal I UI’-subspace cover used in the definition of II. Recall
that for every = € C'\ B one has by Lemma|159] (1),

(1 —e) A . G < |subspacey 1 (z) N R| < (1 + Ve)Alll. G,
where G = (M /w)!. Similarly, one has
(1—veAll.g < |subspacey y/ (z) N R'| < (1+ NGyl
since |I| = |I'|. We thus get for every x € [m]™ \ B, letting s = |subspacey y(z) N R| and s’ =

|subspacey /() N R'|,
max{s, s’} —min{s,s'} < 4y/e- s
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as long as € is smaller than a constant. Thus, the number of points in subspacey /() N R’ that IT is not defined
on is bounded by 4+/€|subspacey i (x) N R’|. The number of points that IT is not defined on is bounded by

4\/€ - Z |subspacey, p/(z) N R'| + |B| - (5M /w) ™Y
zeC\B
1 /
<4y/e- Y |subspacey p(z) N R+ =|R'| - (5M /w) "]
n
zeC\B

< 8e- Z |subspacey () N R/|
xeC

=8ve- |R/,

where the first transition uses the fact that for every z € [m]™ one has |subspacey y(z)| < (5M/w)
(since coordinates of ¢ are bounded by 2M /w in absolute value in Definition and the second transition
uses the fact that |R'| > ARV > AK 2, and the third transition uses the assumption that n is sufficiently
large as a function of M /w, W/w, K, L, A, . [ |

|TUT|

5.10.3 Defining the glueing map 7

We define the glueing map 7 in this section. To do that, first for every k € [K /2] we define a map
e S, — T U{L},

where for a vertex = € S} we write 7(x) = L to denote the fact that 7 is not defined on =. Thus, in essence T
is a partial map. We ensure that

1. 7 is injective on elements of .S} that it does not map to L, i.e., if 7;(x) # L and 74(y) # L, then
Tk(z) # T (y) for z # y.

2. the images of 7 are disjoint for different £, i.e. these maps extend naturally to an injective partial map
from the union of S}, over all k € [K/2] to T, that is defined on almost all of S’.

Then the map 7 is defined as mapping an element in = € Sy, to 7 (z) for every k € [K/2].

The map 74, is parameterized by the compression vector r € By o, 1 ¢ Jy, for the terminal subcube T,
as well as the extension and compression vectors for every k € [K/2] (see Definition [81) Ext;, C B} and
qx € B). Define sets

I=Juf{r}cF (129)

and
e =J p UExty U{qp} C F (130)

We sometimes write I’ when £ is fixed and clear from context. Let pj, be the (K — k, qi)-densifying map as
per Definition [I15] By Lemma [I16] we have

pulins(54)) € {o € T o) (mod 21) € 0.1 ) -2 | (131

Indeed, we invoke the lemma with U = T}, since S}, = DOWNSET(7}) so that
Ints(S;,) = DOWNSET (Ints(77,))

= {x € Ints(T}) : wt(x) € [O, Kl—l<:> W (mod W)},
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by definition of a J-interior (see Deﬁmtlon- Recall that Tk is indeed a rectangle, as required by Lemma-

since T}, = RECT(J”,,c,d) withcjy = 0,dy =1 — for all s € [k]. Note that the precondltlons of
Lemma are satisfied since 7}, is indeed a rectangle (see (100)) and q ¢ J’_;, (note that A | —; for all
s € [k] by[(p3)] so rectangle boundaries are indeed in A - Z N [0, 1], as required by Lemma [L16).

Definition 121 For k € [K/2] let D}, C (A - Z.1 [0,1))% be such that
1
k

Note that such a set Dy, exists since 7}, is a rectangle in I, Indeed, let cj, = 0,dj, = 1 — 12— for s € [k],
letcg, = 0,dg, = %_,ﬁ, and ¢; = 0,d; = 1 fori € Ext,. Then

1
{x €Ty : (z,qr) (mod M) € [0, Kk:> M} = RecT(I}, c,d),
and by Claim[I01] we get that the set D, from Definition [I21]exists and satisfies

Dy = (A- 20 [0,1))% 0 [ [ le:, di). (132)
icl),
Combining the definition above with (131)), we get

pr(Int5(S5)) U RECT( (133)
deDy,

Similarly let A C A - Z N [0, 1]* be such that
T. = | J RECT(I,a). (134)
achA

Note that such A exists by Claim since T} is a rectangle in I. The latter holds because J C I, T} =
RECcT(J,c,d) withc;, =0,d;, =1 — for all s € [K/2], and A [K/2]. Now let

U D, — A. (135)
ke[K/2)

be a bijective map. Such a map exists since ’Zke[Kﬂ] ]D)k’ = Y kelx/2) IDk| = [A[. Indeed, by Definition|121
one has for every k € [K /2]

k—1
1 1 1 11
D= — . —— . 1 - L
D] AL K —k 1:10< K—s> ALK

and by (134) one has
IO - ¥ PO U W
T | (R B
s=

and therefore ) ) ) )
Z |Dk‘:T'7'(K/2):T'*:|A|7
ke )2 A| Wl K A| w2

as required (since |I| = |I} | for every k € [K/2]).
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Remark 122 Note that for every k € [K /2| the set Dy, is determined by 1 and I}, = J'_, U Ext, U {qy}, and
A is determined by 1. Thus, we can construct the map M incrementally, by fixing M|p, : Dy, — A as soon as
I, becomes known. The latter in fact amounts to knowing J'_,, since we fix Exty, and qy, for our hard input
distribution.

Remark 123 We note that while the terminal subcube is defined as T, = Ty o, the parameter k ranges
over [K/2] = {0,1,2...,K/2 — 1}, i.e. notincluding k = K /2. This is exactly in order to ensure that
> ke[K /2] |S}.| equals |T| up to lower order terms that can be made small as a function of €, and in particular

can be made arbitrarily smaller than K — this allows us to control the number of vertices left out by the
glueing map T in Lemma

For convenience of notation, we first define a map II; for each k € [K/2] that pieces together local
permutation maps Il g/, . We refer to these maps as global permutation maps:

Definition 124 (Global permutation maps II}) For every k € [K /2] and every

z € {xeT,g:(x,qk> (mod M) € [O’I(l—k> ~M}

we let d € Dy, be such that z € Ints(R'), where R’ = RECT(I},d), if such d exists (otherwise leave II}
undefined on z). Let R = RECT(I, M(d)), where M is as per (135)). We then define

HZ(Z) = HR’—>R(Z>
if g, r(2) is defined (otherwise leave 11}, undefined on z).

Finally, we define
Definition 125 (Glueing map 7) For every x € S, if k € [K/2] is such that x € S, we let
7(x) == I} (pr(z)) € T (136)

if 11} (pr(x)) is defined, and leave T(x) undefined otherwise.
For a subset U C S’ we define

7(U) = | {r(@)},

zeU

where we think of {T(x)} as the empty set if T(x) is not defined.

We gather some basic properties of the global permutation maps in

Claim 126 (Injectivity of II; and 7) For every k € [K /2| the global permutation map 117 is injective, and
the ranges of 115 are disjoint for k € [K/2]. Furthermore, the map T is injective.

Proof: Fix k € [K/2],1letI = I} and let
/ ! 1
Q.=<sz€Ty:(zr,q,) (mod M)e |0, —— | M
K-k
for convenience. We show that for every zg, 21 € @), such that IT* is defined on both one has IT*(zg) #

IT*(21). For zp € Q) weletdy € D, be such that zy € Ints(R;), where R{, = RECT(I', dy), if such dg exists
(otherwise there is nothing to prove since II} undefined on zp). Let Ry = RECT(I,M(dy)). For z; € @,
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we let d; € Dy, be such that z; € Ints(R}), where R} = RECT(I', d;), if such d; exists (otherwise there is
nothing to prove since II} undefined on z1). Let Ry = RECT(I, M(d1)).

Recall that ITj (z0) = g, g, (20) and 1T} (21) = g, g, (21). If either of these maps is undefined on
zp and 27 respectively, there is nothing to prove. Now suppose that both of them are defined. By definition of
IT;, one has

HZ(Z()) € Ry and H]:(Zl) € R;.

We thus get that if dg # d1, then IT} (20) # II} (21) since RN Ry = RECT(I,M(dy)) NRECT(I,M(d;)) =0
when dy # d;. On the other hand, if dp = d, then II};(20) # II}(21) because the map Ilg; ,r, = Ilg, g,
is injective by construction. This proves that II; is injective. Injectivity of II* follows from the fact that
the map M (see (I33)) is injective, as well as the fact that for every ag,a; € A one has RECT(I,ap) N
RECT(I,a;) = () when ay # a;.

Finally, we prove injectivity of 7. Pick two distinct vertices z,y € S’. Let a,b € [K/2] be such that
z e Syandy € S;. If a # b, then 7(x) # 7(y) since the images of II} are disjoint by definition of M
(see (133)), and the fact that for every ag,a; € A one has RECT(I,ap) N RECT(I,a;) = () when ag # a;.
If a = b, then 7(x) = II%(pa(z)) and 7(y) = II% (pa(y)), where p, is a (K — a,r)-densifying map, so the
result follows by injectivity of 11}, as well as the fact that p is injective by Lemma [ |

Similarly to the local (and therefore also global) permutation maps, 7 performs sparse bounded shifts:

Lemma 127 (Glueing map 7 performs sparse bounded shifts) For every z € S} if y = 7(x), then there
exist integer coefficients {ti}ieIUI; such that

y=x+ Z -1
S (U) 1

such that ||t||ecc < 5M /w.

Proof: Let z = py(z), and note that
z=x+ A qr

for some integer \ satisfying || < M /w by Lemmal116] Letd € (A - Z N[0, 1])% be such that z € R’ with
R' = RECT(I},d). Let R := RECT(I,M(d)). Note that IT}(z) = Il/_,g, and one hence by Lemma [119]

one has
I (2) = 2+ Z si- i,
ielur),
where s satisfies ||s||oo < 4M /w. These two facts give the result. [ |

Unlike the map 7 defined in our toy construction from Section [3] the map 7 is not quite a bijection.
However, the range of T covers almost all of 7:

Lemma 128 (7 maps almost all of S’ onto terminal subcube 7,) We have [T, \ 7(S")| < 6/* - |Ty|. Fur-
thermore, the map T is defined on all but §'/*|S'| vertices in S'.

Proof: We have

TN\ T(S)] < |T2] = |7(S)] (since 7(S') € T.)
< |Ty| — Z |Tk(S%)|  (since the images of 7, are disjoint)
ke[K/2] (137)
S S I AN)
ke[K/2]

82



The second transition used the fact that images of 75, are disjoint for different k. This follows from the fact
that M : Uke[ k/2) i — A is a bijective mapping, together with the fact that by (136) for every = € S},
if d € Dy, is such that pi(z) € R := RECT(I},d), let R := RECT(I,M(d)), then either 7(z) = L or
7(z) € R.

We let

Q= {a: €Ty :{(x,qr) (mod M) € [0, 1) ~M}
K-k
for convenience, and note that @}, is exactly the rhs of (I31)). We have, using
|7 (Ints ()| = T (Q1)| — 1@ \ Ints (Sy))|
> [I(Q)] — 1Qr] + [Ints(Sy)]
= [TE(Qp)] — Q4| + [Sk] = 1S; \ Ints (Sy))|
> (@) — 1Qk| + (1 = V3)[S,

where the second transition uses the fact that py, is injective, and the last transition uses Lemma[I06 We now
lower bound the first term above. We have, letting R); := RECT(I},d) and Rq := RECT(I,M(d)) for every
d to simplify notation and recalling that

@& = |J Recr(@,d)= |J Rq

(138)

deDyg deDy
by Definition [I21]
(@) > D (R > (1-8Ve) Y |Ry| > (1 —8Ve)|Qj| (139)
debDy debDyg

In the equation above we used the fact that by Lemma [120} (2), IT} (R}) is defined on all but a 8\/€ - | R
vertices of R};. This lower bounds the first term in (I38)). To upper bound the second term on the rhs of (138),

we first note that by Lemma , (1), with v = 2 - Hf;ol(l —L)y=Ae(1- %) = + one has

(1= VO < I1QL/m" < (1 + Vo5

and by Lemma([I02] (2), one has

(1= Vo) < ISk/m" < (1 4+ Vo), (140)
so that
(1 =3ve)|Qk| < [Si] < (1 +3ve)|Qyl. (141)
Substituting the above into (138), we get
|7k (Ints (S3))] > [T(Q4)] — Q4| + (1 = V3)| S
> [IE(Q5)] — Q1] + (1 = Vo) (1 = 3V/e)[@j| by (T4T))
> [IE(Q5)] — (V6 + 3v/6)|Q}
> (1 - 8v0)|Q4| — (V3 +3v6) (by (T39)) (142)
> (1—11v/e — V6)|Q4l
> (1-14y/e = V4) S}
> (1= 2V0)|S.

In the last two transitions we used [(p6)|and the assumption that K is larger than an absolute constant (so that
€ is smaller than an absolute constant). .
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Putting it together. Noting that

1 1
(I =veg < [Tf/m" < (1+Ve)5
by Lemma([I02] (1), and substituting into (137)), we get
ITAT(S) < ITd = ) [m(Ints(S))]
ke[K/2]
1
< (L+ Ve |To| = Y. (1-2V6)|S] (by (142))
ke[K/2]
1
< (L+ Ve |Tol - (1-2V0) > |8y
ke[K/2]
1 1
< (L + Ve lTol - (1 - WO (1-Ve) Y 7 |Tol - (by (T40))
ke[K/2]
1 1
<1+ \@)§|TO| —(1—-4V5 — ﬁ)§|TO|
1
< (Vet+ 4V + /o) | To|
< (51/4‘T0‘

In the last two transitions we used [(p6)|and the assumption that K is larger than an absolute constant (so that
€ and ¢ are smaller than an absolute constant). The second bound follows similarly. [ |
The next lemma shows that the inverse of 7 maps two points from the same cube to the same set .S} for
some k € [K/2].
Lemma 129 (Inverse of 7 on a cube) For every x,y € Ty such that x € 7(S") and y € 7(S’), if there exists
d € (A-ZN10,1))! such that z,y € RECT(I,d), the following conditions hold: (1) there exists k € [K /2],
T,y € S, such that x € 7(Z) and y € 1(y), (2) there exists d' € ' = J_, U Exty, U {qx} such that
pr(7) € RECT(Y,d’) and pr(y) € RECT(T,d").
Proof: Let 7,y € S’ be such that x € 7(Z) and y € 7(¥) (such Z and ¥ exist by assumption of the lemma).
Let ky, by, € [K/2] by such that 7 € S} and y € S,’vy. We will show that k, = k,. Recall that by
Deﬁnition we let d;; € Dy, be such that py, (%) € Ints(RECT(I}_,d,)), and let d;, € Dy, be such that

pi, (y) € Ints(RECT(IL}, ,d,)), where py, and py,, are corresponding densification maps as per Deﬁnition
(along directions qy, and qy, respectively). Then

© =11}, (pr, () € RECT(L, M(d, )

and
y = I, (px, () € RECT(L, M(d,)).
Since z,y € RECT(I, d) by assumption of the lemma, we get that M(d,) = M(d,) = d. Since M is

injective, this in particular implies that k, = k, = k and d, = d,, asrequired. Letting I’ = J’_, UExt;U{qs},
we thus get pr(Z) € RECT(I',d’) and pi(y) € RECT(I',d’). [
6 Predecessor map v and its properties

In this section we define the predecessor map v, which lets us define a good upper bound on the size of the
maximum matching constructed by a low space algorithm later in Section [/|(specifically, see definition of the
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sets Ap, Ag, Bp, Bg in and (247)). Intuitively, the predecessor map v ; maps a subset of 7 for some
¢ € [L] through j repeated applications of the glueing map 7! interleaved with applications of the DOWNSET
map. This is a natural object, since our construction is motivated by the fact that for appropriately defined
‘nice’ subsets U C T, namely for appropriately defined rectangles (see Lemma [10|in Section , the edge
boundary of the set U U DOWNSETK(U) is very sparse, which is the basis of our hard input instance.

Definition 130 (Predecessor map v) We define the map vy ; : 9T _y 9T (mapping subsets of T' to sub-
sets of T'=7) as follows. For U C T* we let

I/&O(U) =U
and

v j(U) = 707D (DowNSET U= (1 ;1 (1))

forj =1,... L. We define the closure map vy, by
1
=0
J eve

Similarly, we define '
p05(U) = DOWNSET' (1, (U))

forj=0,...,¢ and let

4
pes(U) = pe(0).

§j=0

J even
Remark 131 We note that vy j can be viewed as mapping elements of T to T'I: for x € T* the image of x
under vy ; is naturally defined as vy j({x}), i.e. the image of a singleton set containing x. This map, however,
is not a one-to-one map because DOWNSET is not (see Definition [87) and Remark[88). This in particular is
the reason why we prefer to define vy j as mapping sets to sets in Definition On the other hand, vy ; maps

every vertex to at most K7 vertices, since DOWNSET maps every vertex to at most K /2 vertices, and T is a
one to (at most) one map.

The main results of this section are the following two lemmas. The first lemma bounds the size of the
image of the non-terminal part of 7, namely T \ T, under the predecessor map y:

Lemma 132 For every { € [L], every j = 0,... 4, one has

1 1
(In2 = C/K) (1~ n2)[To] < |puey(T\ 7)) < (2 -+ C/K) (1~ In2)| Ty
for an absolute constant C' > 0.

The second lemma is Lemma [I43] which proves a key property (equivalent to Lemma [I0]in Section [2)
allowing us reason about the structure of the upper bounding vertex cover in Lemma [I55] of Section|[7]
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6.1 Basic properties of v and 1

Definition 133 (Injectivity for maps defined on sets) A map v : 24 — 2B (mapping subsets of A to subsets
of B) is called injective if for every x,y € A,z # y one hasv({z}) Nv({y}) =

The following properties of v and p will be useful:

Claim 134 Foreveryl € [L), everyj € 1,...,Land everyU C T* one has (1) vy ;(U) = vp_1 j—1(7*(DOWNSET!(U))
and (2) jug ;(U) = po—1 ;-1 (7 (DOWNSET!(U))).

Proof: For (1) we have by Definition [130,

v ;(U) = 770" (DownSET ~ U1
= 7=0U-1(DowNSET U ~1)(

= 70D (DowNSET U=V (7
_1(7*(DOWNSET!(U)))

J-1(0)))
U=2(DowNSET U™ (1, 5(1)))))
=2 (DOoWNSET "U=2) (... 7Y(DOWNSET! (1)) .. .))))

Vg

7_€
l—

For (2) we have by Definition [I30]and using (1)

f10,;(U) = DOWNSET ™ (1 ;(U))
= DOWNSET 7/ (1,_1 j_1 (T*(DOWNSET!(1)))))
= p1g_1,5-1(T*(DOWNSET!(U))).

We also need

Lemma 135 (Basic properties of the maps v, ; and yi, ;) The following conditions hold for the maps v and
w defined above:

(1) forevery t € [L] and every 0 < j < { the maps vy j and p ; are injective;
(2) every 0,0 € [L] every0 < j <, 0<j <V, one has
ve (T \ T Nwp o (TE\NTY) = 0
unless ¢ = ¢ and j = j'.
(3) every £,0' € [L] every0 < j < ¢,0 < j' </, one has
peg (TN TE) O o (TENTE) = 0
unless { = ¢ and j = j'.

Proof: (1) follows since 7 is injective by Claim [I26] and DOWNSET is injective by construction (Defini-
tion [87).

We now show (2). First note that v ; (T \ T¢) € T*9 and vy j(T* \ T¥) C T*~7", and hence the two
sets are disjoint if £ — j # ¢/ — j'. Now suppose that £ — j = ¢/ — 5/ and assume without loss of generality
that £ < ¢’. Furthermore, we can assume that £ < ¢, since if £ = ', one must have j = ;' as otherwise the
sets are disjoint by the previous argument. Now note that

l/glxl,g(TE, \Tf/) = ’7'£+1(DOWNSETZ-H(V@/’g/,g,l(Tzl \Tf/)) - Tf,
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since the range of 7/*1 is T (see Definition [125). This means that

v g (T \NTE) = v (ver o —o(TY\TY))
and we get that
e (TE\ T Nwp o (TY\TE) C v (TN T Mg (T = 0
since vy ; is injective by (1).
We now prove (3). First note that by Definition [I30]
peg(TE\TY) € 87
and ‘
po g (TENT) € 8777,

and hence similarly to above the two sets are disjoint unless £ — j = ¢/ — j'. (3) now follows by noting that,
again using Definition (130} we get, since £ — j = ¢ — j' and DOWNSET is injective,

peg (TN T O pgr o (T \ TE) = DOWNSET ™ (1,(T* \ T)) N DOWNSET 7' (v ;o (T \ TY'))
= DOWNSET 7 (v ; (T \ T) N v jo (T \ TY))
— 9,

where we used (2) in the last transition. [ ]
While for a given ¢ the terminal subcube 7% is almost entirely covered by the range of 7¢*1, it will be
useful to know that almost all of T can be covered by the image of the non-terminal part of 7"/ under

Vot j,j

Lemma 136 For every { € [L] there exists Z* C T* such that

—1-—
Tf — Z@ U v \L—1— Z TL 1 U €+],j Tf‘i’] \TE‘FJ

and | Z¢| < KL§l/4 - |P).
Proof: We prove by induction on £ = L — 1,. .., 0 that there exists sets Z° C T such that

1
T' =20 | vpo1p1-4(T, U Vg j g (T \ TEH) (143)

and |Z¢| < KL—£61/4]P|.

Base: / = L — 1. One has T = vy, O(TL 1), since v,_1 is the identity map by definition (see Defini-
thIl- We let ZL=1 =, sothat T/~ = Zf Uy 10(TL b.

Inductive step: ¢ — ¢ — 1. Let

Z' =TI\ vi1,n-1-o(TE UV12+JJ (THINTH) |
j>1
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and note that
T = 2" 0 [ vy pm—o(TE) U | veg s (TN TET) ) (144)
j>1
Applying 7¢(DOWNSET(-)) to both sides of (T44), we get, letting Q = v,_1.1,_1_¢(TL™") and
7' = r*(DOWNSET!(Z)) (145)

to simplify notation,

T (DOWNSET!(TY)) = Z' U7 | DowNSET | QU U Vey . (TOH N\ TE)
j>1
=Z'urt <DOWNSET£ (Q)) ulJ <DOWNSET€ (ugﬂ-,j(T‘“ \Tf“)))
j=1

= Z/ U VL,LL,g(T*L_l) U U Vptj,+1 (Tf-‘rj \Tf—‘rj) (146)
j>1

=2Z'U VL—1,L_z(T*L71) U U V(@*1)+(j+1),j+1(T(Eil)ﬂjﬂ) \T£5*1)+(J’+1))
j>1

=Z' Vv pa—e-n(TFHu Y Yo—1ypj;(TEDTI \ T DH,
Jj=2

where the third transition is by Claim[T34] (1). At the same time we also have
PHDOWNSET (T \ T4)) = vy (T \ TE) = w1y 1.1 (T\ TY). (147)
Let Z” = T/~1\ 7¢(S%). We have
T = 27U (s
= 7" Ut (DOWNSET!(T*)) (148)
= Z" U Y (DowNSET (T \ TY)) U 7°(DOWNSET!(TY))
Substituting (146)) and (147) into (148)), we get

T =2 Uvp oMY U vy (TN ), (149)
i>1

where we let Z¢~1 ;= Z' U Z”, so that by (T43)
Z'71 = 7' U 2" = 75 (DowNSET! (Z%)) U (T2 74(9Y)).

Thus, in order to complete the proof of the inductive claim, we need to show that | Z €_1| <K L-1-(-1)§1/4 .
|P|.
We have | 2| < 6'/4|Ty| by Lemma 128] and hence
1Z¢| < |7Y(DowNSET!(Z))| + | 2"
< (K/2)|Z"| +|2"|
< (K/2) - KE45 4 Pl 4 644 P
< KL—l—(€—1)61/4’P|’

(150)
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The second inequality is due to the fact that DOWNSET? maps every vertex to at most K /2 vertices, and 7 is a
one-to-one map. The third inequality uses the inductive hypothesis and the bound | Z”| < §'/4|Ty| < §'/4|P).
This completes the proof of the inductive step.
Finally, to obtain the result of the lemma, we extend the union on the right hand side of to include
j =0, getting
T =Z""Uvp g o(TFHU U verj (TN TH),
J20

as required. This completes the proof of the inductive step. [ |

6.2 Image of non-terminal subsets 7 \ T under ;. (proof of Lemma[132)

In this section we prove Lemma|[I32] We start with two auxiliary lemmas, and a definition:

Definition 137 (Vector consistent with the terminal subcube) For every ¢ € [L], if J = W(BY), we say
that a vector £ € A -7ZnN10,1]7 is consistent with the terminal subcube T7 if for every k € [K /2] one has
£, €[0,1— %)

The first lemma bounds the size of the image of a rectangle F' consistent with the terminal subcube under
the predecessor map v:

Lemma 138 There exists an absolute constant C' > 0 such that for every { € [L], every j = 0,...,¢, if
I = U(BY) and H C ¥ (B>*), the following conditions hold.

Forevery f € A-7ZN|0, 1]1 consistent with the terminal subcube T (as per Definition and every
c,de A-ZN[0,1]",c<d if F=RecT(IUH,(f,c), (f + A -1,d)), then

(In2 — C/KY|F| < |vg;(F)| < (In2+ C/K)’|F|
for an absolute constant C' > Q.

Proof: The proof is by induction on j. The inductive claim is that for every ¢ € [L],if I = U(B¢) and H C
W(B2*1), the following conditions hold. For every f € A -Z N [0,1]" and every ¢,d € A -Z N [0,1]%, if
F=(IUH,(f,c),(f+A-1,d)), then

(In2 — C/KY|F| < vy (F)] < (n2+ C/KY|F|

where C' > 0 is the absolute constant.

Base: j = 0. We have |vy ;(F')| = | F| since v o(F') = F for every F.

Inductive step: j — j + 1. Fix k € [K/2], and let py be the (K — k, qj)-compressing map as per Def-
inition EI, where q; = qﬁ € F is the compression vector for the k-th phase of the graph G (see Defini-
tion[81). We let J' := J¢, J := J*~1, B/ := BY, B := B! to simplify notation. Similarly define 7" := T*,
T:=T"'and S' := S, S := S’ to simplify notation. Let r’ := r’ and r := r*~! denote the /-th and the
(¢ — 1)-th compression index respectively. We define

Z = {m € [m]" : wi(z) € [0, Kl_k> W (mod W)},

and let )
crt . — {x € F:(x,q;) (mod M) e {0, K—k:) M} (151)

to simplify notation. The proof of the inductive step proceeds in several steps. In Step 1 we show that for
every k € [K /2] the image of the k-th downset of F' under the compression map py, is essentially the entire set
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QP! (this is formally stated in (T33)) below). Then in Step 2 we bound |1 j_1 (IL}(Q$*"))| for k € [K /2]
using the inductive hypothesis. Finally, in Step 3 we put our bounds together to obtain the result of the lemma.

We start by establishing some basic bounds relating Qe‘”t] to | F’| that will be useful throughout the proof.
We let y = Alll. [L;ce(di — c;) and invoke Lemma - By Lemma (1), we get

(1= Ve)yy < |F[/m™ < (1+Ve)y, (152)
and by Lemma([102] (2),
1
1— ~<I|FNnZ < (1 - 1

(L= VO Y S IFNZil /m" < 1+ Ve) 7y (153)

Similarly, by Lemma 1),+ = ﬁ Al [Licu(di —ci) = %—k -y we get

1 ext
(L= VO g -7 < Q[ /m" < (1+ Vo)
The bounds above imply

(1-3Ve) 1 < (143V0) % (154)

for every k € [K/2]. Recalling that
DOWNSET,(F) < F N Zy

and putting the above bounds together, we get p, (DOWNSET(Ints(F))) € Q¢** and

| pie (DOWNSET,(F)) N Q™| > | pi (DOWNSET(Ints(F))) N Q™|
> |DOWNSET (Ints(F))|
> |DOWNSET,(F)| — | F' \ Ints(F)|
= |F N Zg| — |F \ Ints(F)]

> (1= Ve) e 7 m" = ViIF|
(1—2K\f 3v/0)|Q5™).

The first transition uses the fact that by Lemma [[16|one has that

Pk (Intg(F) N Zk) C Qezt

and py, is injective on Ints(F') N Zj. The transition from line 4 to line 5 is by Lemma and (I33). The
transition from line 5 to line 6 is by (154). Similarly, we get

|pr. (DOWNSETy(F))| = | pr (DOWNSET,(F)) N Q5| + | px (DOWNSET,(F)) \ Q™|
< |QF'| + |px (DOWNSETL(F)) \ p (DOWNSET},(Ints(F)))]
< |QF| + [F \ Ints(F)|
< Q| + V5 |F|
< (1—2KV9)|Q5".

The second transition uses the fact that by Lemma [116] (2), one has py, (Ints(F) N Zx) C Q¢ and py, is
injective by Lemma[T16] (1). The transition from line 3 to line 4 is by Lemma[TI06] The transition from line 4

to line 5 is by (154).
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Noting that 2K/ + 2y/e < § 1/4 by and , we record the above in the simpler form
(1= 8"MIQ5™] < |pr (DOWNSETL(F)) N Q™| < (14 6)|Q¢™. (155)
Step 1. By Claim[134] (1), we have
ve;(F) = vp_1 j_1 (7" (DOWNSET!(F))

U ve-1,j-1(7f(DOWNSET}(F))
ke[K/2]

U ve-1-1(7(DOWNSETL(F)),
ke[K/2]

where we dropped the superscipt ¢ in the last line to simplify notation. For every k € [K/2] we have
using and the fact that 7, = II} o py,

[ve—1,j—1(Tk(DOWNSET,(F)))| = [vp—1,j—1 (I (o (F N Z)))|
> ‘Vg,lyjfl (Hk ext )| — max ’VEfl,jfl (HZ(S))‘

SCQp (156)
151<61 /4@

> ‘VZ L1 (sz(Qext))‘ - Kj7151/4 . |ngzvt’7

since for every S one has |41 j_1(S)| < K771|S|. For the upper bound we have for every k € [K /2]

ve—1,j-1(Te(DOWNSET,(F)))| = [ve—1,j-1 (I (pr(F N Z)))|
< et o1 IRQEN) | + [ve—1,5-1 (Wi(pk(F N Z) \ QF)) | (157)
< ‘VZ L1 (Hk Qext )‘ +K] 151/4 ’Qeact|
We used the second inequality in (I53) in the last transition, together with the fact that IT; maps every vertex
to at most one vertex.

Step 2. We now apply the inductive hypothesis to bound the first term in (I56) (which coincides with the first
term on the rhs of (I57))). Define

6 = J/<k: U Eth U {qk}

(158)
I =J,, U{r} UH,
where we let Exty, := Extk to simplify notation. Let f; denote the restriction of f to coordinates in J’_;, and
let f; denote the restriction of f to coordinates in ¥(Bf) \ J__, = J. S UA{r'}. We also let
In=JuU{r
b=3Ufr) 150

Now note that the definition of If; in (I38) coincided with the definition of I/, in (I30), and the definition
of Iy in (1539) coincides with the definition of I in (129). Thus, by Deﬁnitionmthe map 75, : S, — Ty is
defined by letting

i (2) = I (pr(2)),

where II} is defined as follows. For z = p(x) € [m]™ (leave 7, undefined if p(z) is not defined) one lets
ag € Dy, R'(ag) := (I, ap, a9 + A - 1) be such that

z € Ints(R/(ag)) (160)
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if such an ay € Dy, exists (otherwise I1*(z) is left undefined). Then one lets
R(ag) := (Inp,M(ag),M(ag) + A - 1), (161)
where M is as in (135)), and sets, as per Definition [124]

I0}(2) := Hp(ag)—R(ag) (2)- (162)

We now show that 75, (Q¢*") can be approximated by a union of rectangles consistent with the terminal
subcube T, to which we can apply the inductive hypothesis. Recall that by (I51)) one has

Q' = {xeF (z, qi) (modM)e[O,Kl_k)-M}

where
F =RecT(IUH, (f,c),(f+A-1,d)).

For ag € (A - Z N [0,1])% we define the extended rectangles
R,ext(ao) = (16 U I/17 (a07 (flv C))7 (aO +A-1, (fl +A-1, d)))
and
Rext(aO) = (IO U Ila (M(aO)a (f17 C)), (M(ao) +A- 1, (fl +A- 1, d)))

We now recall the deﬁnition of Dy, (see Deﬁnition . Indeed, letuy, = 0,vj =1 — = for s € [k],
letug, =0,vq, = K %> and u; = 0,v; = 1 for i € Ext,. Then, noting that Ij, as per (I58) is equal to I’ as

per (I30) one has as per (I32)
D = (A-ZN[0,1))% N ] [, vi). (163)
ielj

We start by noting that Q¢*" is a rectangle in I, U I}. Indeed, let

ug) —fJS,VJ/ f;, + A fors € [k]
1

=0va, =

u°
Ug,,
and

uw) =0,v) =1 foric Ext,
so that u®, v% € (A - Z N [0,1))% (note that u® = fy and v¥ = fy + A - 1). Also let

w, =fi,vj =fj, +A  forse{kk+1,... ,K/2—1},
uik:O,Vr;ﬁ:L
and

1 1 .
u; =ci, vy =d; forie H,

so that u', v! € (A-ZN10,1])1. We have Q5** = RECT(I, UT}, (u’,u'), (v, v!)) by Claim
= U Ruulao), (164)

ext
aoEDk
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where

Dt = (A-Zn[0,1))% N [ [uf
iel
C(A-zn[o,1)% N [ vi)
iel
- Dkza

as required. The first transition is by Claim (I0I). The second transition is due to the fact that Q¢** C T7
since F is consistent with 77 by assumption, and hence Qewt C Ty. The last transition is by definition of Dy,.

We let v = Allol . Hlelll( i —¢;) = Allol. [Ticr, (di — i) and invoke Lemma. By Lemma. (1)
we get

(1—Ve)y < |Rl(a0)| /m™ < (1+Ve)y, (165)
and

(1 — Ve)y < |Rezt(ag)] /m™ < (1 + Ve)y. (166)

Fix some ag € Dy. We write R.,, and R, to denote R, ,(ag) and Res(ag), and write R’ and R
to denote R'(ap) and R(ap), omitting the dependence on ag to simplify notation, when ag is fixed. By
Lemma [120] (1) we have

1T, (Int5 (Rext)) C Rext- (167)
At the same time by Lemma [106] we have

Ints(RLy)| > (1 — V)| Rlyl, (168)

and by Lemma[102]one has | Reyt| < (1+34/€)|R.,,|. Putting these bounds together with and using the
fact that e is smaller than ¢ by a large enough absolute constant by |(p6), we get, writing Dom(IT}) to denote
the domain of II},,

|R6€Et \ HZ(Int(S( ext))| < |R€$t| ‘Rézt| + |R:i$t \ Il’ltg( ext)| + ’Rezt \Dom(H2)|
< 3Vl Regy| + [Regy \ Tt (Regy)| + [ Reqy \ Dom(II))| (169)
< (3\/E—|— \/S)|R/ea:t| + |Rext \ DOI‘I’I(HZ”
We now bound | R, \ Dom(II})|. By Lemma|120] (2) we have

| Rege \ Dom(IL;)| < [R"\ Dom(IL})|
< 8VelR|

_9K2
é 8\/EA 2K |R,ea:t’?

ext

where we used the fact that |R.,| > A%E * . |R'| by Lemma , (1), together with the fact that |¥(B?)| <
KL < K?2. Substituting this into (T69), we get

| Rear \ I}, (Ints (RL,y))| < (3v/e + V3 + 8v/eA ) |RL,|

(170)
< 2\[|Remt|
by [(p5)|and[(p6)] At the same time, we have by Lemma [106] and
|Hlt( ext) \Rt%t‘ < ’Rext \Int5( ext)‘ < f‘Rext" (171)
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We now note that Iy = W(B¥) as per (T59) and M(ay) is consistent with T} by definition of the map M
(see (T33) and (134)). Thus, the inductive hypothesis applies to the rectangle R, (the rhs of (I67)), and we
get A }

(In2 — C/K)]_1|Rext| < |V€—1,j—1(Rext)| < (In2+ C/K)J_1|Rext|a (172)

and hence, using the first inequality above together with (T70),

o1, 1 (I (Reg))l 2 o151 (Rewt)| — [Ve—1,j-1(Rear \ T (Ints (Ryy)))|
> [Vp-1,j-1(Reat)| — K771 2V5 - |RL,|
> (In2 = C/K)Y ™" - |Rewt| = 6Y/* - | Ryl
> ((In2— C/K)Y (1= 3Ve) = 6%) - RL,,|,

(173)

where the transition from the first line to the second is because for every ¢ the map 7° v maps no vertex in S’
to more than K'/2 vertices in T, and in particular v,_; j_; maps no vertex in S*~1 to more than (K /2)7~!

vertices in 77 (note that we are using the looser bound of K7 on the product of these two bounds to simplify
notation). The transition to the second to last line uses the fact that K7—121/5 < §'/4 by The transition
to the last line uses (I63) and (I66). Using the second inequality in (T72) together with (I71]), we similarly
get
Vo1, 1 (M (Rege))| < [ve—1j-1(Reat)| + [ve-1,j-1 (T} (Regp) \ Reat)|
< [Ve-1,j-1(Reat)| + K771 - 2V5 - |RL,, .
< (In2+ C/K)7™" | Regt| + 6%/ - |RL,|
< ((n2+C/K)™H (14 3ve) + 04 - [Riyl,

(174)

where the transition from the first line to the second is because for any ¢’ the map ¢ maps no vertex in S’
to more than K/2 vertices in 7, and in particular v4_1 j_; maps no vertex in S*~! to more than (K /2)7~1

vertices in T% 7, as well as the fact that IT} 5 (Reze) \ Rear C I (R, \ Ints(R,;)) by (I67). The transition
to the second to last line uses the fact that K7-12/5 < §1/4 by (95)l The transition to the last line uses (163))
and (T66).

Putting (T73) together with (I64) and (I53)), and recalling that R.,, = R._,(ag), we get for the lower
bound

e (F)) = D [ve-1,;-1((DOWNSET,(F)))|

ke[K/2]

= > |ve—1,-1(IT} (o (DOWNSET,(F)))|
ke[K/2]

>(1=6"Y D7 v (THQF™)]

ke[K/2]

— 6Y4 Z Z [ve—1,j—1 (I (Ript(a0)))]

ke[K/2] ageDst

(175)

> Y (n2-C/K) N (1=3Ve) =6 D |Riy(a0)]
ke[K/2) apeDgt
> ((In2 - C/K) (1 -3ve) —36%) 3 Q5.

kE[K /2]
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The first transition uses the fact that 7 is injective by Claim @ Vp—_1,-1 18 injective by Lemma @ (1),
and DOWNSETy(F) N DOWNSETy (F) = () for k # k’. The second transition uses the definition of 7 (see
Definition[125). The third transition uses (I33)) and the last transition uses (I64)). For the upper bound we get
using

ves(F) = [ve-1,-1(7(DOWNSET,(F)))]

ke[K/2]

= > [ve-1, 1T (pr(DOWNSETL(F)))|
ke[K/2]

<A+ D e (THQE)]

ke[K/2]

=@+ D > 1 (TMi(R(a0))))|

ke[ K /2] ageDsat

< (n2+C/K)Y 1 +3ve) +307Y) 3 N |R(a0)]

ke[K /2] agebgt

= ((In2+ C/K)77H(1+3Ve) + 3574 > 1@,
ke[K/2]

(176)

where the third transition uses (I53)) and the last transition uses (164).

Step 3: putting it together. For the lower bound we have by (I73) and the fact that |Q¢| > (1 —
3V/0) 7 1F| by

Ve (F)| = (In2 = C/KY (1 =3ve) = 6%) 37 10"

ke[K/2]
> (n2 - C/KY (138~ S0 (1 -3yt - |F]
ke[K /2]
| . (177)
— (02— C/K)Y (1 - 3ve) — 6V - (1= 3v&) - [F]- )
ke[K/2]

(n2 = C/KY (1 —3ye) = 6Y1) - (1 =3/ (In2 — 1/K)|F|

>
> (In2 - C/K)’|F|.

The second to last transition is by Claim The last transition used the fact that ) ~, €[k /2] ﬁ >In2-1/K

by Claim [25|and our choice of C' as a sufficiently large absolute constant, as well as the fact that § < K10

and e < K19 by and together with the fact that A < 1/K by and the fact that K is larger than
an absolute constant.
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For the upper bound we get using (T74) and the fact that |Q{"| < (1 4 3\/€) == |F| by

Ve (F) < (In2+C/K) 1 (1 +3Ve) +6Y%) Y Q¢

ke[K/2]
< ((n2+C/EY 1 +3Ve)+6M%) > (1 +3\/E)Ki o1
ke[K/2]
— (024 C/KY (1430 + 8YY (1 +3v) - |F - S ——
ke[K/2]

< ((In2+ C/KY Y1+ 3ve) + Y4 (1 + 3Ve)(In2) - |F|
= (In2+C/K)’ -|F|

The second to last transition is by Claim The last transition used the fact that ) kei K/2] ﬁ < In2 by

Claim [25|and our choice of C, as well as the fact that § < K0 and e < K10 by and together
with the fact that A < 1/K by and the fact that K is larger than an absolute constant. This completes
the proof of the inductive step, and establishes the claim of the lemma. |

Corollary 139 There exists an absolute constant C' > 0 such that for every £ € [L], every j = 0,...,¢, if
I = U (B and H C U(B>Y), the following conditions hold.
Foreveryc,d € A-ZN[0,1]"8 ¢ < d, such that REcT(I, ¢y, dy) C TY the rectangle F = RECT(IU
H, c,d) satisfies
(In2 — C/KY|F| < |vg;(F)| < (In2+ C/K)’|F|

for an absolute constant C' > 0.

Proof: One has by Claim 101
F=RecTIUH,c,d) = | F(a), (178)
acqQ

where Q = (A - Z N[0, 1])! N RECT(I, c1,dy) and
F(a) =REcT(IUH, (a,cq), (a+ A-1,dn)).

Since RECT(I, c1, dy) C T by assumption, we get that every f € @ is consistent with 7. Thus, Lemma
applies, and we get

(In2 — C/KY|F(a)] < |vey(F(a))] < (n2+ C/KY|F(a)]

Substituting the above into (I78), using the fact that F'(a) N F'(a’) = () for a # a’ as well as the fact that v ;

is injective by Lemma[61] (1), gives the result. [ |
Finally, we give

Proof of Lemma [I132; We start by noting that by Definition [I30]

Vi1 (T TE) = 7 (DOWNSET ™ (g5 (T \ T))) = 773 (g (T \ TY)).
This means, using injectivity of 7¢~7, that
105 (T\ T = e (TN T < [y € 877577 () = LY

< 51/4|T|

96



by Lemma [128°] We have § < K 100K py and |(p5)| and therefore §1/4 < K~25K* < |g—100 (1n2)L,
as L < VK by This means that the above contributes a low order term to the final bound, and it suffices
to prove that for every ¢ € [L],every j = 1,...,¢+ 1, one has

%(1 Cn2)(In2 — C/K) N Ty| < ve (T TH)| < %(1 Cn2)(In2 4+ C/K) T (179)

for an absolute constant C' > 0. Note the power of j — 1 as opposed to j (this comes from the fact that we are
using vy ; as a proxy for py j_1, as per the argument above).

We let J/ := J¢ J := J©1, B’ := BY, B := B’ to simplify notation. Similarly define T’ := T,
T :=T1and 8 := S, S := S*! to simplify notation. Let r’ := r’, r := r’~! denote the ¢-th and the
(¢ — 1)-th compression indices respectively. We write

K/2-1
T\T.= |J Ti\Tips,
k=0
and note that
K/2-1
veg(T\T) = | v (Ti\ Tig)-
k=0
We now fix k& € [K/2] and note that
Ve i(Ti \ Thi1) = U ve_1j-1(TY(DOWNSETY (T \ Tr11))), (180)
where we used Definition [87) and Remark Also note that the sets on the rhs are disjoint since vp_1 ;1

is injective by Lemma , (1), 7* is injective by Claim and DOWNSETﬁ is injective by construction
(Definition[87)). In what follows we bound the cardinality of

ve_1j-1(T'(DOWNSET!(T \ T2))

for fixed k € [K/2] and s € {0,1,...,k}, and then put these bounds together to achieve the final result of
the lemma.

Step 1. Define
1

K—s

Zs = {x € [m]" : wt(x) € [0,

Also recall that by

>-W (mod W)}. (181)

1
T,;\T,;H:{xecr,;:@,m (modM)e[l—Kk 1) M}

1
:{xe[m}”:<x,j;> (modM)E[O,l— ,)-Mforallé:O,...,k—l (182)

—1

and (z,3,) (mod M) e [1 - %—k 1> ~M}

We let
/ /
Qr:=Ti\ T} (183)
®Note that for convenience of notation in the corner case j = £ we imagine adding a pair of sets (7', S™') and a corresponding
map 7% : S® — T, so that we can talk about v ;1 forall j = 0,...,£.
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and, writing ¢, := qﬁ fors =0,1,...,k, to simplify notation, let

1
Qk,s = {xGQk:<x,q’S> (mod M) € [O’K—s> M} (184)
Let ps be the (K — s, q),)-densifying map as per Definition Now by Lemma we have

Ps (Inté (Qk N Zs)) - Qk,s- (185)

We start by noting that

Ve—1,j—1(T(DOWNSET, (Qk)))| = [ve—1,j-1(7(Qr N Zs))|
= |ve—1,j—1 (I (ps(Qk N Z5)))| (156)
> e, j 1 (5 (Qrs )| — [ve-1,-1 (T (Qks \ ps(Qr N Z5)))]
> w11 (5 (Qrs))| = K77 Qus \ ps(Q1 N Zs)-

The first transition above is by Definition[87} the second transition is by Definition[I25] and the forth transition
uses the fact that I maps every vertex to at most one vertex, as well as the fact that vy_ ;_; maps every
vertex to at most K7 ~! vertices. Similarly,

[Ve-1,j-1(T(DOWNSET(Qr)))| = [ve-1,j-1(T(Qr N Z5))|
= [ve—1,j-1 (I3 (ps(Qr N Z5)))|
< 1,1 (g (@) 4 [ve—1,5-1 (I (ps(Qr 1 Z5) \ Qi)
< o1, (I (Qrs ) + K77 ps(Qu N Zs) \ Qs
The first transition above is by Definition[87} the second transition is by Definition[I23] and the forth transition
uses the fact that II; maps every vertex to at most one vertex, as well as the fact that vy_; ;_; maps every
vertex to at most K71 vertices.

Step 1. We now upper bound Qs \ ps(Qr N Zs) and ps(Qr N Zs) \ Qk,s, Which allows us to upper bound the
error terms in (186) and respectively. We first apply Lemma[102] (1), to @}, and Q) , and Lemma[T02]

(2), to Q N Zy, with
k—1
1 1 1
= 1-— = —.
7 (g( K—i))K—k K

Qulfm" = (1% ey <1iﬁ>%
Qual /" = (1 Vo) oy = (1 Vo)
QN Zolfm™ = (1 Oy = (14 V)

(187)

The resulting bounds are

e (188)
1
K

We thus get, using (183)) together with the fact that p, is injective,

|Qk.s \ ps(Qr N Zs)| < |Qk,s| — |Ints(Qr) N Zs|
< |Qr,s| — |Qk N Zs| + |Q \ Ints(Qr)|

< (14+3Ve) o |Qk] — (1 Vo) o
< (4v/e + KV5)|Qps]

(189)
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Similarly, since p; is injective,
s (Qk N Zs) \ Qr.s < |ps(Qr \ Ints(Qx))]
< V6|Qul (190)
< KV0|Qksl,

where we used Lemma[106]in the second transition.
Substituting the two bounds above into (186) and respectively and noting that K7 - /§ < §%/4
by together with and the fact that K is larger than an absolute constant, we get

|ve—1,j—1(T(DOWNSET(Qr)| > |ve—1,j—1(IT5(Qr.s))| — 64| Qs (191)

and
|ve—1,j-1(T(DOWNSETS(Q1))| < |Ve—1,j—1 (I (Qu.s))| + 64| Qr.s]. (192)

Step 2. Define
b = U, U {a})
1=J5,u{r’}
and I’ = Ij U T}, as well as
Ip=Ju{r}
I =1
and I = Iy UT;. Recall that by Definition [121] together with (I30) and Definition [121for k € [K/2] the set
D, is a subset of (A - Z N [0, 1])% such that

{m €T} : (z,qr) (mod M) e [0, K1_k> -M} = dgk RECT(I), d).

(193)

We now recall the definition of Dy, (see Definition . Indeed, let uy, =0, vy, =1 — ﬁ for s € [k],

letug, = 0,vq, = ﬁ, and u; = 0,v; = 1 for i € Exty. Then, noting that Ifj as per (I58) is equal to I as
per (I30) one has as per (132)
Dy = (A-Zn[0,1))% N ][ [ui, vi). (194)
iel)

We now note that @y, , is a rectangle in I, U I/. Indeed, let

1
0«0 _ ;
uj;—O,vj;—l—K_Z fori € [s]
1
0 0 _
uOls O’v% K —k
and

u? = O,V? =1 forie Extl,

so that u®, v% € (A-Zn[0,1])%. Also let

1
1 _ 1 _ ‘ _
uj;—O,ng—l—K_i forie {s,s+1,...,k—1},
1
L — 1:

ujlg :0,v}£ =1 foric{kk+1,...,K/2}

11,/ = O,Vll = 1,

u
k T
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so that u', v! € (A-ZnN0,1))%. We have Q) = RECT(I{ U T}, (u’ u'), (v% v!)), and hence using
Claim [I01] we get
Qo= U ot (2). (195)

a=(ap,ay)
a9€Dy, s,a1 D"

We have
s=(A-zno,1)% N [T v)
iel)
C(A-zn[o,1)% N ] vi) (196)
iely
= Dk7
and

Dt = (A-Zn[0,1)% N [][uf
iel]

The first transition in (T96) is by Claim (I0T). The second transition is due to the fact that Qs C T},
by and (184)). The last transition is by definition of Dy.

For a € (@ we write ay to denote the restriction of a to I'O, a; to denote the restriction of a to I}.
Let M : Dy — A denote the map that defines 7 (see Definition [I25] Definition [I24] and (I35)). For
ag € A-ZnNJ0, 1]Olet

R/(ap) = RECT(I}),a9,a0 + A - 1)
and
R(ao) = RECT(I(), M(ao), M(ao) + A - 1).

We also define extended rectangles by letting fora = (ag,a;) € (A-ZN[0,1))Y = (A -Zn0,1])%h

R;xt( ) RECT(I6 U Ill: ((3073—1)7 (aO +A- 1,31 + A - 1)))
and 197)
Rext(a) = RECT(IO uly, ((M(ao),al), (M(ao) +A- 1,a; + A - 1)))

By Lemma|[I120} (1) we have, omitting the dependence on a to simplify notation while a is fixed,
IT; (Ints (Rl11)) C Rear. (198)
At the same time by Lemma [106] we have
[Ints ()| = (1= V)| Rigyl, (199)
and by Lemma[102|one has | Reyt| < (1 + 3v/€)|RL,,|.

‘RE&Bt \ H:(Inté( ext))’ < ‘Reil?t‘ ‘Rext’ + ’Rext \ Il’ltg( ea:t)‘ + ’Reazt \DOI‘I](H:)’
S 3\/>‘Rext‘ + ’Rext \Il’lt(;( ext)| + ‘Rext \ DOH’I(H:)‘ (200)

< (3Ve + V)| Ripy| + |Riyy \ Dom(IL)|
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We now bound |R., \ Dom(II*)|. By Lemma|l20} (2) we have
| Rt \ Dom(IT})| < |R"\ Dom(II7)]
< 8Ve|R'|
< 8VeATHCRL, |,

where we used the fact that |R!,,| > A25” . |R’| by Lemma|102] (1). Substituting this into (200), we get

ext
Regr \ IT*(Ints (R._,))| < (3v/e + V6 + 8v/e A7) R. | < 2V/5|R.,,|, (201)
s ext ext ext
where we used the fact that
BVeATH < B5ATEY (by[[p6)
<8SATH by [PI)
< 8598/100 (by@,

and therefore, since /¢ < § by|(p6),
3Ve + V0 + 8yeATH < 35 4 /5 + 86910 < 21/5

since K is larger than an absolute constant and § < A100K* < [100K? by together with
At the same time, we have by Lemma [T06]

T2 (Rlpt) \ Reat| < [RL \ Ints(RL,,)| < VO|RL,,|. (202)
We summarize these bounds in
| Reat \ I3 (RL,)| < 2V6| R, |
and (203)
T3 (RLpt) \ Reat| < 2V6|R.,,|
We also note that
(1 =3Ve)|Reye| < Rear < (14 3Ve)|Reyyl- (204)
Indeed, to obtain the bound above we apply Lemma (102} (1) to R, and R._,. This gives

ext*
|[Riyl/m™ = (14 Vo)Al

205
Rl = (1 £ o)A, 20

Taking the ratio of the two bounds above and using the fact that |I'| = [I| yields (204)), as required.
We now note that Iy = ¥(B) as per (I93) and M(ay) is consistent with T}, by definition of the map M

(see (I33) and (134)). Thus, by Lemma[138]applied to the rectangle R, from we get
(In2 — C/K)? " Regt| < |ve—1,j-1(Reat)| < (24 C/K) 7 Regu. (206)
Using the first inequality above together with the first bound in (203)), we get
1 1 TR 2 g1 R = [ g (Rese \ T Ints (R )
> |ve-1j-1(Reat)| — K771 2V/5 - | Ry
> (In2 = C/K)Y ™" [Rewt| = 814+ [ Ryl
> (In2 - C/K) (1= 3v/e) = 6) - R,

(207)
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where the transition from the first line to the second is because for every ¢’ the map i maps no vertex in S’
to more than K/2 vertices in 7T, and in particular v;_1 j_; maps no vertex in S*~! to more than (K /2)7~1
vertices in 77 (note that we are using the looser bound of K7 on the product of these two bounds to simplify
notation). The penultimate transition uses the fact that K7—12v/§ < § 1/4 by and the transition to the last
line uses (204). Using the second inequality in (206) together with the second bound in (203), we similarly
get

o1 1 (5 (Re))| < [ve—1,j—1(Reat)| 4 [ve—1,j—1 (I3 (Rept) \ Reat)]
<|ve—1j-1(Reat)| + K7t 2v/5 - |Repel,
< (In2+4C/K)™1 - |Reytl +ol/4. |Re
< ((n2+ C/KY (1 +3v/e) + 6Y4) - |RL,|

(208)

where the transition from the first line to the second is because for any ¢ the map 7¢ maps no vertex in S’
to more than K/2 vertices in 7T}, and in particular v4_1 j_; maps no vertex in S*~! to more than (K/2)7~1

vertices in T 7, as well as the fact that II* (R.,,) \ Regt C IT*(R.,; \ Ints(R.,,)) by (T67). The transition to
the last line uses the fact that K7~12v/8 < 6%/4 by/|(p5)

Substituting (207) and (208) respectively into (195)), we get

[e—1,j-1 (I (Qk,s)) | = > ve—1,j-1 (T (Regi(a))]

a=(ap,a1)
ag€Dy, 5,1 €EDF”!

> ) (n2-C/KY7H(1-3Ve) =6 |Riy(a)l

a=(agp,a1)
aOGID)k,S,al E]D)zI; (209)

= ((m2-C/Ky~' =25 3" |Riy(a)

a=(ap,a1)
ap€Dy 5,21 E]D)i”“'st

= ((In2 — C/K) " = 26"/%)|Qu.].

and

‘Vﬁ—l,j—l(H:(Qk,S)” = Z |Re:ct( )|

a=(ao,a1)
ao €Dy, 5,a1 D!

< Y ((n2-C/KYTNA+3Ve) + 6V R, (a))

a=(ap,a1)
aOGDk,syaIGngf; (210)

= ((m2+C/K)7 P +25YY > |RL,(a)

a=(ag,a1)
agEDg s,a1 G]D)fo

= (In2+ C/K)Y 1 4 264)|Qp.s).
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Step 3. Substituting (209) and (210) into (I91) and 2TTI) respectively, and using (203)), we get

|ve—1,j—1 (T(DOWNSET(Qr))| > [ve—1,j—1 (L5 (Qr,s))| — 64| Q5]
> ((In2— C/KY ™ = 26Y4)|Qp.sl

> ((In2 — C/K)— —251/4 — 2\@)%_8@161
> (02— O/KP~ — 48" |yl

and

Ve—1,j—1(T(DOWNSET(Qp))| < [ve—1,j-1 (T2 (Qrs))| + 64| Qo]
< ((In2+ C/KY ™ + 2674 Qp.]
1 @11)
7

) 1
< ((In2+C/KY '+ 451/4)m|Qk|‘

< (024 C/KY ™1+ 254 +2\/e)

We now get by (T80)
e, (T \ Tht1)| = [ve,(Qr)]
k
> |ve-1,-1(7 (DOWNSET(Q4)))|
S;O

> ((n2-C/K)y~" - 451/4)%_8|le

S=

(212)

[e=]

k

> ((In2 - C/K) =" —45Y4)|Qu| <Z Kl_ S)

s=0

and

Ve (Ti \ Tht1)] = |ve,;(Qr)|
K
<Y 1,1 (T (DOWNSETS(Q4))))|

(213)

k

< ((In2+C/K)Y 1+ 4544 Qx| (Z Kl_ > :

S
s=0
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We now recall that by (203) one has |Qx|/m™ = (1 £ \/€) . At the same time

K/2—-1 k
Ly oy bl
— s K —
keK/2]s =0 k=0 s=0
1K§:1K2—s
gt K —s
1K K2 K s
K - K—s
B | 1< —K/2>
= K —s
_1 1K/2—1 1
2 2 & K-s
and hence by Claim 25]
1 1 1 L 11
) Y R < - _Z(n2+1/K).
2 =g ZK—S_2 p(In2+1/K)
ke[K /2] s=0

Substituting these bounds into (212)) and (213)), we get

e (Te \ Tis1)| > (In2 = C/K)7~ 451/4)!Qk< K — )

> (N2 — C/KY— — 4574 (2 L 2>
1

2(1—11[12)(1112—0/[() m"
and
k
g (Ti\ Ticen)| < ((n2 4+ C/K)" + 45Y4]Q (Z g )
s=0
1 1
< ((n2+C/KY =1 + 454 (1 + 3/K) <2 ;I -m"
1
§2(1—ln2)(ln2—|—C/K) -m'
This establishes and completes the proof of the lemma. [ |

6.3 Key lemma: insensitivity of » and ;. to bounded near orthogonal shifts

Outlier vertices. We define sets of outlier vertices recursively for every £ € [L]. First define 2% = () for
convenience. Then for every ¢ € [L] we define Z° in terms of = 0" > ( as follows. First let

' =J'u{r'yand I}, = J°, UExt, U {q}} (214)
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for simplicity of notation. Intuitively, the outlier vertices are simply vertices that are too close to boundaries
of cubes in coordinates I¢ and I¢, for all k& € [K/2], or vertices in T that are not in the range of 7¢*1. Tt is
convenient to define, fora H C Fand d € (A -Z N[0, 1)), the boundary of a cube as

ORECT(H,d) := RECT(H, d) \ Ints;(RECT(H, d)).

First let, denoting I = 11 and I, = Iﬁfl for convenience,

L1, U  orecr@ad) |u| {J U  oRecr(I;,4) |, (215)
de(A-ZN[0,1))k ke[K/2] de(A-ZN[0,1))%

and then for every ¢ € [L],¢ < L — 1, let, denoting I = I and I;, = If; for convenience,

=iy EFH U@ s aReer(Ld)
de(A-zn[o,1))t
(216)
ul U U ORECT(I}, d)
ke[K/2] de(A-zn[0,1))k
Finally, let
E=J = (217)
Ce[L]
Remark 140 Abusing notation somewhat, we will think of the set Z as the set of labels in [m|"™, and in

particular will write z € = for a vertex x € T, as well as sometimes write y € Z for a vertex y € S for
some { € [L].

This set of outlier vertices is quite small, as the following claim shows:
Claim 141 |Z| < §'/8|T9|.

Proof: By Lemmawe have for every ¢ € [L],¢ < L — 1, that [T\ 7%+ (S%1))| < §Y/4|T*], and
therefore the total contribution of T \ 7¢*1(S**!) due to recursive application of 1441 in the first line
of (2T6) contributes a set of size at most Y_+_ K6'/*|T*|, since v ; maps every point to at most K points,
for every ¢/ € [L].

Now note that for every H C F with [H| < K2 one has using Lemma|[106]

U ORECT(H,d) N T*| = > |ORECT(H,d) N T
de(A-ZN[o,1))H de(A-Zn[o,1))H
< > VORECT(H,d)NTY  (by Lemma[I06)
de(A-Zn[o,1))H
=v6 > [RECT(H,d)NT"
de(A-ZN[0,1))H

= Vo|TY).

Applying this to (216), and using the fact that for every ¢ and j the map vy ; does not map any point to
more than K points, we get that the contribution of the set in (218) after all recursive applications of v ; in

(218)
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the first line of contributes at most Zf:o KW/6§|T* |. Summing these contributions over H = I and
H =1,k € [K/2], we get for every ¢ € [L]

2| <2K - L-K*. Y4710 (219)

and 2] < ey [EY] < 2K - L? - KE - 6Y/4T°). Finally, it remains to note that

2K - L2 KL . g% < (K. 51/8) . 61/8 (since L < K by |[(p4)
< (KK . g~ (/8)100K%) 51/8  (since § < K 100K by |(p3)|and|(p3))
<%,
where the last transition uses the fact that K is larger than an absolute constant. |

Lemma 142 For every { € L], every x € T*\Z* (where =’ is as in 216)) such that © € vy, (T \T5H#)
for some z € {0,1,...,L—1—/{} the following conditions hold for every y € T*\ Z* satisfyingy = x+\-u
for some u € B\ U(BY), |A| < 2M /w.

Foreveryj =0,...,z there exists k € [K /2] such that

(1) there exist unique x,y € T,f+j such that
T € vpy;,i(%) and y € voyj;(Y)
(2) there exists a collection of vectors

j—1
1 < (357 VB U a7} u [ BB, (220)
s=0

with |T7| = j(K + 1) together with integer coefficients t;,i € 177 satisfying |t;| < 20M /w for
i € B and || < 10M/w for i € B such that

T=F+A-u+ Zti-i. (221)

icIé+i
(3) for I = J' U {r"*7} there exists a rectangle R = RECT(I,d), d € (A -ZN[0,1))Y, such that

T € Ints(R) and y € Ints(R).

Proof: We first note that the choice of z is unique by Lemma (2). We establish properties (1), (2) and (3)
above by induction on j € {0,1,...,z2}.
Base: j = 0. Note that vy is the identity map, so we can take = = z,y = y. Property (1) follows by
construction. Property (2) follows taking I = (). Property (3) follows since y € T* \ = by assumption and
=¢ includes all points that are too close to boundaries of rectangles in J* U {r’} by construction (see (216)).
Inductive step: j — 1 — j. We write J = J**/~1 and write r = r7~! to denote the (¢ + j — 1)-th
compression index. We write J' = J*7 and write Ext;, = Extiﬂ and q; = qiﬂ to denote the extension
and compression indices of phase k at stage £ + j. We let v’ = r’*7 denote the (¢ + j)-th compression index.
We define

I.=Ju{r} (222)
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to simplify notation. By the inductive hypothesis for x,y € T\ Z* there exist u,v € Tt/ =1 such that
T € vpyjo1,5-1(u)
and
Y € Verj-1,-1(v)

together with d’ € (A - Z N[0, 1))! such that

u € Intg(RECT(I,d’)) and v € Ints(RECT(I,d)), (223)
and
v=ut 3 hei (224)
ieltti—1

for integer coefficients ¢ with [t;| < 20M /w fori € B<*7~1 and |t;| < 10M/w fori € B/ —1,

We assume that j — 1 < z, as otherwise there is nothing to prove. Otherwise, since j — 1 < z, we have
RecT(I,d) C TS as RECT(I, d) cannot intersect both TS and T+I-1 \ T and the choice of
z is unique (by Lemma (2), as noted above). Since

B D vy (T 711 (851)),

there exist 2,3/ € S“*7 such that 79 (2') = u, 7 (y/) = v. By (223) together with Lemma 129} (1) and
(2), there exists k € [K/2] such that 2/, 3/ € S}/ and d’ € I’ such that

pr(z") € REcT(I',d') and pi(y') € RECT(T,d’). (225)

We will use the above fact shortly.
By Lemma there exist integer coefficients ¢, ¢! such that

o =u+ Y i with ([t < 5M/w

ier'ul
and
y=v+ Y #-i with [[t¥]e < 5M/w,
icl’'ul
where we define
I = J/<k U Ext, U {qk} (226)
to simplify notation. Combining this with (224)), we get
y =2+ > si-i, (227)

icIt+y
where we let I+ .= T+~ U T’ U T and let
si =t +t] —tf,
extending t; to be zero for i ¢ It 1, t¥ to be zero for i ¢ I’ UT and ¢ to be zero for i ¢ I' U I. Note that

I =11y T uI)
. . . j_2
C ((J@;f_l UExt, 7 {qiﬂ_l}) U U \I/(B”S)) U((I'UI) (by the inductive hypothesis)
s=0

j—1
c (ij,g UExtH U {qﬁﬂ}) uJeB).
s=0
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The last transition uses the fact that

0+5 l+5 {+7
T =J., UExt, U {qi} = J57 UExtS U {¢t™})

<k
by (226) and N ,
I=JUu{r} cyBHT
by (222).

We now upper bound the magnitude of the coefficients s;. First, for I't/\B<J C J @j UExtiﬂ U{qf;ﬂ }

one has
sl = [t — 6] < ] + || < 5M/w + 5M/w < 10M/uw

as required. Now consider i € 19 N B<¢*J. First note that if i € B<**/~! then one has ¥ = ¢/ = 0 since
B<i=1n(IUT) = (), and thus one has |s;| = |t;| < 20M /w by the inductive hypothesis. Now consider

ieI™ B!

In that case one has |¢;| < 10M /w by the inductive hypothesis, so

|si] = [t + ] — | < |t| + [t} + |tf] < 10M/w + 5M/w + 5M/w = 20M /w
as required, establishing properties (1) and (2). We now turn to property (3). Define

T—Ju{) (228)

to simplify notation, and leta,b € (A -Z N [0, 1))i be such that 2/ € RECT(L, a) and 4/ € RECT(L, b), i.e.

(x',i) (mod M) € [aj,a;+A)- M and (y,i) (mod M) € [by,b; +A)- M. (229)

We now show that in fact a = b. We start by noting that

INIY = (Ju{r)nIt
CIu{rhH)n BT U, UExt, U{a}) (230)
C I

By we have for everyi € INTHI C J/
(p(2"),i)  (mod M) € [d},d; + A)- M and {(pi(y’),i) (mod M) € [d},d}+ A) - M. (231)
At the same time by Lemma|[I16] (3),
pe(x') = 2"+ Xy - qgp and pp(y) =y + Ay - Qi

for some integers A, A, bounded by M /w in absolute value, which implies, since for every i € NI C
one has (qy, i) < € - w, that for every such i

[{pr(a”), 1) = (2, 1) < eM and [(pr(y), ) — (¢, 1)] < eM. (232)

Finally, since z,y € T\ Z¢ by assumption, we have 2’ ¢ ORECT(T,c) and 3/ ¢ ORECT(I', c) for any c,
(231) and (232) above, together with the fact that e < by , imply that for every i € TN T C J/

(') (mod M) € [di,d; + A)- M and (y,i) (mod M) € [dj,d; +A)- M.
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Thus, for a and b from (229) we have a; = b; foralli € INTI. At the same time for everyie f\ I+ one

has by

(@ 1) = (/D)) = | D sn-(hi)
heltti

< |179] . (20M /w) - Jnax (h,i) (233)

< I°9] - (20M Jw) - € - w
< 40K3e- M
<d-M.

The second transition above uses the fact that ||s||oc < 20M /w, The forth transition uses the fact that
‘I”j’ <2K?.L < 2K3,

as

c | [Iu{rFu [ Extuia})
Le[L] ke[K]

The fifth transition in (233)) uses the fact

40K3e < (40K35) - 6 (by [P&))
< (40K3 - K~190K*) .5 (by[(p3) and [(p3))
<6

since K is larger than a constant.
Now recall that z, y € T* \ Z¢, and in particular by (216)

ry¢ |J  ORecr(Id).
de(A-Zn[o,1])T
Combining this with (229) and (233)) yields a; = b;, as required. Thus, we get
2y € RECT(T, a),
which establishes property (3) and completes the proof of the inductive step. [ |

Lemma 143 For every £ € [L], every x € T\ 2%, y € T\ Z¢ (where =* is defined in (Z16))) the following
conditions hold. If ‘ ‘
2 € vy (TN Exts(TH7)),

andy = 4+ X\ - u, |A| < 2M /w, for some u € B\ U(BY), then
y € vey (TN T,

Proof: We invoke Lemma[142| with z = 7, and let Z and ¥ denote the resulting points (we use z = j in what
follows), and let k € [K /2] be such that

T € (T \ Exts(TI)) N T = T \ Exts (TF2). (234)
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Also recall that

+5,1—5] -Mforsomese[K/2+1]},

— S

T\ Exty (TEH) = {y € [m]": (o) (mod M) e <1 _ Kl

where we let J := J“** to simplify notation. Since

1
-5

T = {y € [m]" : (y,js) (mod M) € [0, 1- ) - M forall s € [k]} ,

we have

— S

1
T2\ Exts(TF) = {y €T (y,js) (mod M) € (1 e 5] M
forsome s € {k,k+1,...,K/2}}.

Since ¥ € T} \ Exts(T+#) by (234), there exists s € {k,k + 1,..., K/2} such that

(Z,js) (mod M) € (1—1{1—%5,1—5} - M.

— S

At the same time using (220) and (221) we have for every j € J£}* and in particular for j = j,

[@3) — @D = A (wi+ Y (1))
ielt+=
<XAe-w+ Z tyre-w
ielt+=
<e - M+e€|too |I|-w
<e¢(l+L-K)-M
< oM.

(235)

In the derivation above we first used the fact that u # j since j € J** ¢ U(B/*2) and u € B’\ ¥(BY) (note
that the two sets are disjoint regardless of the value of z). We also used the fact that j & I**tZ since j € J e;kz

(note the crucial subindex > k) and by Lemma (2) one has
21
I nJgr c ((J@;j UExt,™ U {qurZ}) Ul \TJ(B”S)> nJgye
5=0
- J@f U Exti“ U {qi“}) N Jgj
= 0.
We then used the fact that

e(l1+L-K)<e(l+K?) (by [(pH)
< 61+ K?) (by [&))
<A1+ K?) (by[pS)
< 5K—100K2(1 —|—K2) (by

<34,
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where the last transition is due to the fact that K is larger than a constant. Then we have by (235)) that

(¥,js) (mod M) € <1— K1_571] M.

Thus, since § € T}, by assumption, we have § € T \ T4+ C T2 \ T2 and therefore
y =453 (§) € ver (TN TIH), (236)
as required. E] [ |

Corollary 144 For every { € [L], every k € [K/2], x € T{ \ 2%, y € Si \ ¢ (where Z* is defined in (216))
the following conditions hold. If ' 4
& € vpajg (T \ Exts(TSH)),

andy =z + X -, |\ < 2M/w, for some u € BY\ U(BY), then
Y € puyi (T NTH).

Proof: Let y € T be such that y/ < y — such a ¢/’ exists by definition of Sy, (see (TOT))).Then by Lemma
we have /' € gy (T \ TE). Since

fuo4j (T \ TEH) = DOWNSET! (v j (T \ TEH))

by Definition , we get, again using the fact that y' < y, that y € iy ; (T4 \ T ), as required. [ |

7 Proof of main theorem (Theorem [I))

We prove the main theorem (Theorem|[I)) in this section. First we define a hard distribution D on input graphs
G in Section We then prove a lower bound on the size of the maximum matching in G and design a good
upper bound on the size of the matching constructed by a small space algorithm in Section Finally, we
prove the main theorem in Section

7.1 Input distribution on graphs

We now define the hard distribution D on input graphs. First for £ € [L] and k € [K /2] select the compression
vector qf; arbitrarily from Bf; and select the extension indices Exti arbitrarily from Bi. Recall that for
k € [K/2] we define

By, = B \ ({a;} UExt)
and let .
Bi/y = Bl \ {r'}.
Input distribution D. For every ¢ € [L] and every k € [K/2 + 1] sample
J' ~ UNIF (Bf x Bf x ... x Bl ) |
i.e. foreach k € [K/2+1] sample ji independently and uniformly at random from ]O3f; Let Gf = (S84, T, EY)
be basic gadget graphs as defined in Section and for every ¢ € [L],¢ > 0, let
8t o Tffl

be the ¢-th glueing map as defined in Section[5.10}

"We note that the stronger implication that § € Ty \ T as opposed to just § € T\ T is not needed to conclude ([236).
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Subsamplings G* of individual gadgets G'.  We now fix ¢ € [L] and write S = S¢ and T' = T* to simplify
notation. For every k € [K/2], j € B and y € S} let

X} ;(y) = Bernoulli(1 — 1/K) (237)

denote independent Bernoulli random variables conditioned on 3, . X f:’j (y) = [(1—+)|Sk|] forall k and

j. We use these variables to sample edges of the graphs G* as follows. Define

By = {u € Tinej(y) N Ints(S3) = X[ 5(u) = 1} x (linej(y) N (T} \ T3)),
yeCj

where Cj is a minimal j-line cover, and let

e 04
B = U Biy
[}
jEBY,

Comparing this to the definition of the edge set of G¥ in (108), one observes that we subsample edges of G%in
a somewhat dependent way — the set E£ contains, for every direction j € Bi and y € Cj, a complete bipartite
graph between vertices u in line;(y) N Int(;(S}];) that were sampled by X,ij (u) and line;(y) N (T \ T,i) The
fact that randomness is provided by the vertices u € Sy as opposed to edges themselves will not be a problem
since we are interested in concentration of matching size in G* and do not need to reason about arbitrary edge
sets — see proof of Lemma [I45]|below. Let

G' = (S, T' EY.

As discussed above, G is  aslightly subsampled version of G*. This operation has the desired effect of making
it hard to store edges of G* (since the algorithm intuitively must remember which edge of G* was included
and which was not), but at the same time barely changes matching size in G, as we now show.

Lemma 145 (Large matchings in subsampled gadgets GY With probability at least 1 — 1/N for every £ €
[L], £ > 0, there exists a matching of S* to T* \ T of size at least (1 — O(1/K))|S"|.

Proof: Fix ¢ € [L] (we will apply a union bound over all £ € [L] later). We write G = G S = ST =
T' E = E*,G = G*, E = E* to simplify notation. For every edge e € E define the random variable

Ze:{ 1 ifeeE (238)
0 o.w.

Note that for every matching M C E random variables { Z. }.c s are negatively dependent, since a matching
M touches every vertex at most once.

By Lemma [114]applied to G = (S, T, E) there exists a matching of a (1 — O(1/K)) fraction of vertices
in S to T\ T, — denote this matching by M. Let

M:=MNE={eceM:Z =1}

denote the subset of the edges of M that are included in E. Note that M is a matching between a subset of .S
and a subset of 7"\ T, and we have

E[[M|| =Y Prlec E|= Y E[Z]=(1-1/K)|M|
eeM eeM
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by definition of Z, in (238)) and the fact that every edge in E is included in E with probability 1 — 1/K
by (237). Since the random variables {Z. }.cs are negatively dependent, we have by an application to the
Chernoff bound (for negatively associated random variables)

Pr{|M| < (1 -2/K)[M]] < exp(=Q(|M|/K)).
Since M matches at least a constant fraction of S, we get that | M| = Q(N/(K L)), and therefore
Pr(|M] < (1 -2/K)|M|] < exp(—Q(N/(KL))) < N2,

where NV is the number of vertices in our graph instance. Thus, for every fixed £ € [L], £ > 0, with probability
at least 1 — N2 there exists a matching of at least a 1 — O(1/K) fraction of S* to T* \ T in G*. The result
of the lemma follows by a union bound over /. [ |

Defining the input graph G. We now define the graph G = (P,Q, E) arriving in the stream and specify
the order of arrival. We have

P= U 7)) uTouw (239)
even ¢€[L]
and
Q=50 |J T°| UTewen, (240)
odd ¢e[L]
where
Yeven = U {s € St TE(S) is not defined }
even £€[L],£>0
and (241)
Yodq = U {s € 8 : 7%(s) is not defined}
odd ¢€[L)

We will show below that | Y cyen, U Yoqq| = o|P)).

Edge set E of G. Before defining the edge set E, it is useful to define a natural extension of the glueing
maps 7%, £ € [L], ¢ > 0, from vertices in S* to edges in E*. For an edge (s,t) € E*,s € S*,t € T* we define

(s if 7¢(s
Tz(e):{( (5).0) if7(s) # L

(s,t) 0.W.

Note that 7¢ is injective on edges since it is injective on vertices in S* (by Claim . The edge set Eof G

is defined as R N
= U U U E (242)
Le[L]),£>0 ke[K /2] jeﬁﬁ

where R B
Ef;,j = Tf(Ef;’j). (243)

In other words, for every edge (s,t) € Eﬁj where s € S®and t € T, £ > 0:
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1. if 7%(s) is not defined, add the edge (s, t) to Ef;j;

2. if 7¢(s) is defined, then add the edge (7(s), 1) to E,ﬁj.

0

Note that we do not include the edges from S to T for convenience (since 7° is not defined, this would

complicate notation somewhat).

Ordering of edges of G in the stream. The graph G is presented in the stream over L rounds and K /2
phases as follows. For every £ € {0,1,...,L — 1}, forevery k € [K /2], the edges in 7.(E}) are presented in
the stream; the ordering within 7¢(EY) is arbitrary.

Definition 146 (Ordering on (¢, k) pairs) For( € [L]and k € [K/2+ 1| we write (¢', k') < (¢, k) iff ¢/ < ¢
orl' =lbut k' <k.

Definition 147 For ¢ € [L] and k € [K /2] we write
é(@,k) = (PaQaEIE-)a

and define CA;(&K/Q) = (P, Q,0), for convenience. We define

é3<(€,/€) = Pan U Ekl/
Ue[L],k €[K/2]
(k") < (4,k)

Definition 148 For every { € [L], k € [K /2] define Ay as follows. For k € [K /2] let Ay 1) = (X}, 3%). For

k=K/2let Ny /= (ji(/z). We write A (g ) = (Af’vk/)(e/,k')qz,k)'

Remark 149 Note that GS(M) is fully determined by A1) and Xﬁ, and jf;, is uniformly random in ]?’:f;
conditioned on Ay ,y and X ﬁ It is important to note here that the restriction of the glueing map 1 to Sg k
(which we need to fully determine CA;S(NC) ) is, crucially, determined by J €< . — see Remark@

7.2 Upper and lower bounds on matchings in G
We first prove

Lemma 150 (Large matching in @) With probability at least 1 — 1/N there exists a matching in G of size
at least (1 — O(1/L))|P|.

Proof: By Lemma with probability at least 1 — N ~1 for every ¢ € [L], £ > 0, there exists a matching of
al— O(1/K) fraction of S¢ to T* \ T in G*. We condition on this event.

Denote the corresponding matching in G! by M. Now recall that by construction of the graph G for
every (s,t) € M* s € St € T*\ T! one of the following two cases holds:

1. if 7¢(s) is not defined, and (s,t) € E;

2. if 7%(s) is defined, and (7¢(s),t) € E.
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Since 7 is injective, TZ(MZ) is a matching for every ¢ € [L], ¢ > 0. Now recall that M* matches S° to T\T..
At the same time 7¢ and maps S¢ to T, and whenever 7¢(s) is not defined, an edge (s,t) € S¢ x T* is
mapped to a separate set of vertices (see Yeyen, and Yoqq in (239) and (240)) in G. so the union of these
matchings still forms a matching in g .

We thus get that Uye(r) 40 7¢(M?*) is a matching of size at least

(1-O0(/K)) Y |I81=(1—-O0Q/K)(L~1)-(N/2)=(1-O(1/L))(L/2) N.

te[L],6>0

In the above we used the fact that |S?| > > kel — VO)|Tol/K > (1 — \/e)N/2 by Lemma , (2),

together with and[(p6)] as well as the fact that L < K by
We now upper bound |P|. By (239)

|P| = U T | U U {s € §°: 7%(s) is not defined}
even ¢€[L] odd ¢€[L],£>0
= Z T + Z [{s € 8¢ : 7%(s) is not defined}|
even (€[L] odd ¢€[L],>0
< (1+ YA (L/2)N + Z [{s € §*: 7%(s) is not defined}|
odd ¢e[L],£>0
< (14 €Y?)(L/2)N +6Y4N
<(14+O(1/K))(L/2)N.

The third transition is by Lemma [85] the forth transition is by Lemma [128] and the final transition is by [(p3)]
and|(p6)| Putting the two bounds together, we get that there exists a matching of size atleast (1-O(1/L))(L/2)-
N > (1 - O(1/L))|P| with probability at least 1 — N1, as required. ]

We now turn to upper bounding the performance of a small space streaming algorithm on our input
distribution D. Since the input is sampled from a distribution, we may assume by Yao’s minimax principle
that the streaming algorithm ALG is deterministic. Let ALG denote a deterministic streaming algorithm that
uses s bits of space and at the end of the stream outputs a matching M4y in G such that

Pro [|MALG| > ( + n) |MOPT|] > 3/4

1+1In2

for some positive n € (0, 1), where Mopr is a maximum matching in G. Note that we are assuming that with
probability at least 3/4 both M 41, is a matching in G (i.e., in particular, the algorithm does not output edges
that are not in (7) and the size of M 41, is large as above. At the same time by Lemma one has

Prs o [[Mopr| < (1—O(1/L))|P]] < N7'.

Putting the two bounds above together, we get

Prz o, |:|MALG‘ > < +n— O(l/L)> ]P|] >1/2. (244)

1+1In2

In what follows we show that any algorithm that achieves (244) must essentially remember, for many edges
of G*, ¢ € [L], whether they were included in G and therefore in G.
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Upper bounding [Marc|. Letsets ¢ C T of ‘outlier’ vertices as defined in (216), and let = = | J tel] =t

as in (217). Define

‘We define intermediate sets

and then let

We have

U (T \ Bty (7)) | \ 2
Le[L]
¢ even
U v (T \ Exts(T1)) | \ =
Le(L]
£ odd

— | U meer\ 1 | UE

Le[L]
/ even

= | U pe(1\TY) | UE,
Le[L]
£ odd

Bo= |J 7(BynsY
Le(L]
£ even

Bp= | J m(BpnSh.
Le(L]
£ odd

Claim 151 ApN Bp = (DandAQ OBQ = (.

Proof: We prove the first claim (the proof of the second is analogous). One has by (245

Ap=| |J wa(@\T)) | \E

Le[L]
/ even

¢
= U U w,@\1) [ \=

telL] j=0
£ even ] even
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and by (247) and
Bp = U (Bp N S

Le[L)
£ odd

= U U /MJ Tg\TZ)) U=
Le[L] j=0

£odd J CVCU

(249)

¢
U U v (™\TH | UE

e[L] j=0
£ odd J even

N

Disjointness now follows by Lemma |133] (2), since the range of (¢, j) pairs in (86) is disjoint from the range
in (87). [ |

Lemma 152 (Almost partition of P and ()) One has
[P\ (Ap U Bp)| = O(N)

and
!Q\ (AQU Bg)| = O(N)
for sets Ap, Ag, Bp, Bq defined in (245) and (247).

The proof of the lemma is given in Appendix [C.3]
The following lemma is key to bounding the size of the vertex cover that we construct in Lemma to
upper bound the size of M 41q.

Lemma 153 One has

L N 1
<= . 1 1
1Bol= 5 -5 1+1n2< + O(1/K))
and
L N
< Z.1.
|Bp] 5 1—|—ln2(1+0(1/K))
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Proof: We prove the bound for B (the proof for Bp is analogous). By and (246) we have

1Bl =| |J (BN S
e[l
£ even

IN

) Bpn st
Le[L]
£ even

= |Bp|

IN

U pen(T\TH | UE
Le(L]
¢ even
21+ D e (TN TY))
Le[L]
£ even
<SSP+ ) e (TN TY)],

Le(L)
£ even

IA

where the last transition is by Claim Thus, it suffices to upper bound |p (T \ T?)| for ¢ € [L].
Using Lemma[132]one has for every ¢ € [L]

pes (TN TY)

=| U mes(1\TY)
0<j<t
7 even

= U ‘ M}j(TZ \ Tf) (since /J,g’j(Té \ T%) are disjoint for different j by Lemma , 3)

0<j<t
J even

<> (1n2+C/K)j%(1—ln2)]T€] (by Lemma[T32)

0<j<t
J even

1 _ 4 2j
5 (1 —In2)[T"] ;(mz +C/K)

IN

1—In2
= n |Tf’.
2

1
1— (In2+ C/K)?
1

= m(l +O(1/K))|T"|

We now note that |T¢| = N for all £ € [L]. Summing the above over all even ¢ between 0 and L — 1 gives
the required upper bound. [ |

Lemma 154 For every matching M C E one has

[M[ < [M N (Ap x (Q\ B))| + [Pl +O(P|/L).

1+1n2
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Proof: We exhibit a vertex cover of appropriate size for M. Specifically, we add to the vertex cover one

endpoint of every edge in
M (Ap x (Q\ Bq)),

as well as all vertices in P\ Ap ~ Bp and Bg. Note that this is indeed a vertex cover: every edge of M
either has an endpoint in P\ Ap, or belongs to Ap x (Q \ Bg), or belongs to Ap x B, in which case it has

an endpoint in Bg.
The size of the vertex cover is

(M0 (Ap x (Q\ Bo))|l+ P\ Ap| + [Bq|
<IM 0 (Ap x (@\ Bg))| + [Bp| + [Bg| + O(N),

where we used Lemma[I532] to conclude that

|P\ Ap| < |Bp|+|P\ (Ap U Bp)| = |Bp| + O(N).

By Lemma[I53| we have
L N 1
Bp| < —.— 1 1/K
|Brl <5 5 1ma (L T OW/E))
and
L N 1
Bol <= — 1 1/K)).
1Bol < 5+ 5 7t + OW/E))

Putting the above together with (250) and recalling that . < /K by and that

Pl=| |J T =L N/2

even £€[L]

gives the result.
We now prove

Lemma 155 For every matching M C E one has

Mn(Apx (@\Bgoh < |J TZ(E;;%).
Le[L],ke[K /2]

(250)

Proof: Suppose that u € Ap,v € Q \ Bg and (u,v) € M. Let £ € [L] be an even integer such that u € T*.

Such an / exists because by (243) one has

Ap = | |J v (T \Exts(T))) | \ 2

Le[L]
/ even

and by Definition [130|one has

¢
v (T \ Exts(TY)) = U vp; (T \ Exts(TY)),



so that
v T\ Ex(T) € () T
even £€[L]

Uniqueness of ¢ follows by Lemma (2). Furthermore, we get that
u € vey (T \ Exts(T1)) \ 2 (251)

for some even ¢ € [L] and even j.
We now consider two cases: depending on whether v € T (case 1) or v € T!*! (case 2).

Case 1. In this case there exists a unique y € S* such that 7°(y) = v. Indeed, otherwise the edge (u,v)
would not be in the graph G as per (#42) and (243)); uniqueness follows from injectivity of 7t Letting z = u,
we now show using Corollary [144{ that y € g4 (T \ T ), which in turn by together with the
definition of /i, (Definition|130) implies that v = 7¢(y) € By, as required. We now provide the details.

Let k € [K/2] be the unique index such that x € T, ,f and y € Sf;. Uniqueness follows since the edge sets
in are disjoint by Lemma 98] Note that z ¢ = since we excluded this set in (243). If y € Z, we have
y € Bg and there is nothing to prove. Thus, it suffices to consider the case y & =.

We thus have x € T \ Zand y € S{ \ =. Furthermore, since (u,v) = 7°((y,z)), the assumption that

u,v) € E implies that z,y) € EY, and therefore
(u,v) p y

y=z+A-u

for some u € BY. Furthermore, it follows by Lemmathat |A| < 2M /w. We assume towards a contradic-
tion that u # jﬁ. Since

U(BY) N B = {ii),
this means that u ¢ \II(BZ ) (see for the definition of U). This means, since B! c B, that the precondi-
tions of Corollary [T44]are satisfied and we get that

& € vpagg (T \ Exts (T,1),
implies ‘ ‘
Y € g (TN\TH).
At the same time by Definition [130] for every ¢ € [L]

¢

pex(TNTE) = | pes(TO\TY),
=0
j even

which means that y € . (T \ TY) C B, as per (246). Therefore, v = 7¢(y) € Bg, as required.

Case 2. In this case there exists a unique 2’ € S**! such that 7*!(2') = u. Indeed, otherwise the edge
(u,v) would not be in the graph G as per (242) and (243); uniqueness follows from injectivity of 71, Let
x € T be such that z < z’. Lety = v. Let k € [K/2] be the unique index such that y € T,f“ and
x e Sﬁ“. Uniqueness follows since the edge sets in are disjoint by Lemma Note that = ¢ = since
we excluded this set in (243). If y € =, we have y € Bg and there is nothing to prove. Thus, it suffices to
consider the case y ¢ =. We thus have y € T,f“ \Zand 2’ € Sﬁ“ \ E.
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Since (u,v) = 77((2,y)), the assumption that (u,v) € E implies that (2/,y) € E*!, and therefore,
since x =< 7/,
y=x+A-u

for some u € ]O3£+1. Furthermore, it follows by Lemma (92| that |A\| < 2M/w. We assume towards a
contradiction that u # jf;“. Since

O(mé+1 B (+1 0+1

(BT NBT = {5}

this means that u ¢ \TI(BZH), and therefore, since 1034+1 C B, the preconditions of Lemma are
satisfied for x, y and ¢ + 1. Furthermore, by (Z51) we have

w =772
€ Ve, (T \ Exts(T1H))
C 7 (551 (T \ Ext(TE)) )
and therefore 2’ € pipy;j_1(T*H \ Exts (X)), Since
pet -1 (T \ Exts(TEH)) = DOWNSET™ (v 51 (T \ Exts(T1H))),
we have, since = = 1/,
j ; i— 1) +(j—1
2 € Vi1 (T \ Bxt(TE)) = vy o)y (TFD U0\ Bxtp (1D TU7D)),
This means that the preconditions of Lemma are satisfied, and we havelﬂ
j— 0—1)+(j—1 ; .
y € V(€+1)+(j—1),j—1(T(Z—HH—(] 1) \T£ )+0 )) = Upyj o1 (THH N\ TH)
= 72 (e -2 (TH N\ TH)).

At the same time by Deﬁnitionfor every £ € [L]

L

e (TN TE) = | ea(T\TY),

i=0
7 even

which means that y € 7042 (g4 ;. (T¢I \ TE) 1 S442) C By as per (246), as required. [

7.3 Proof of Theorem/I]

We now give
Proof of Theorem [T} Now putting (244)) together with Lemma[154] we get

Masa 0 (4 @\ Bl = Mzl ~ (1511 +0UPYD))
> (g +1- OWK) ) 1P (gl + 0UPYD))
> (- 0(1/L))P|

> (n/2)|P],

8When ¢ + 1 = L — 1, we have £ + 2 = L, which does not technically correspond to a gadget in our input graph. However, we
think of artifically adding such a gadget here to handle this corner case for simplicity.
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where we used in the third transition and the fact that L < v K by in the forth transition, and
assumed that . = v/ K is larger than an absolute constant that depends on 7 in the last transition. Thus,

Prep [ Maza N (Ap x (Q\ Bo))| = (n/4)|P|and Mara € E| = 1/2. (252)

Note that the second condition above, namely Mg C E enforces the constraint that the algorithm does not
output non—edgeﬂ We do not add this condition explicitly in calculations below to simplify notation (one can
think of |M 41| as being defined as zero when M 41 contains non-edges). Now recall that by Lemma
we have

MargN(Apx @\ Bo)) S |J (B, ge) = U & 3¢
Le[L],ke[K/2) Le[L],ke[K/2)

Thus, there exist £* € [L], k* € [K/2] such that

—L|P|| > L (253)

Pr [’MALGmEk* i 2 9KT KL

Indeed, otherwise one would have
Pr[|Marc N (Ap x (Q\ Bg))| = (n/4)|P]
<Pr [exist ¢ € [L]and k € [K/2] such that [Mazc N E

%21 ke%(:/Z Pr{|Maso 0 B y| 2 2KL‘P@

<X Y

Le[L]) ke[K /2]

kJ“' 2LK’P’

— (KL/2)-
=1/2,

KL

a contradiction with (252)).
To 51mphfy notation, we let £ = ¢* k = k*. Let that by Definition we write G<(£ k) to denote the

subgraph of G that arrives up to the k-th phase of the (-th round. Also recall that (a) G <(¢,k) 1s fully determined

by A and Xk (see Definition and (b) conditioned on A, ;) and Xk, one has j Jk ~ UNIF(Bi).
For simplicity of notation we write

B=B. B=B{ and j=j..
Recall that ]%i = B{ \ Ext; U {qg, r’}. We also let

Sy =Sf and X := X}.

The analysis generalizes easily to the setting where the algorithm is allowed to output a small fraction of non-edges, but this is a
rather non-standard assumption, and we prefer to operate under the more standard model where M 41, must be a subset of £ with a
good probability.
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Lower bounding the space usage of ALG. In what follows we show that since M4 often returns many
edges from G(g k) as per (253), the conditional entropy of X} given IT and A< (s is low, which gives the

desired lower bound on s. Let IT € {0, 1}* denote the state of ALG after it has been presented with éﬁ(f,k)-

Then finish running ALG on @>(M) starting with state II. Let M4 denote the matching output by ALG.
We have

s = [T1] > H(T)
> H(I[A<op)
> I(IG X [Ac g py)

> ZI(H;Xi!Aqe,k))

B (254)
= I X[ Acgery, 4 = 13)

icB
> I(Mare; XilAcqp, {J = i})

icB

The second transition uses the fact that conditioning does not increase entropy, the forth transition uses the
fact that X;’s are independent conditioned on A (4 1), the forth transition uses the fact that j is independent of
IT and X; conditioned on Ay ;). The final transition is by the data processing inequality:

Lemma 156 (Data Processing Inequality) For any random variables (X,Y, Z) such that X — Y — Z forms
a Markov chain, we have 1(X;7Z) < I(X;Y).

Recall that we let £ = ¢* and & = k*, where £* and k* satisfy (253)), and let j = jf;, to simplify notation.
We now lower bound

S I(Mare; XilAc@ry, 4 =1 = > H(Xi|Ac ), {i = 1}) — H(Xi|Mara, Acep. (i =1})
icB §

ieB (255)
= ZH H(Xi|Mara, Acory. {§ = 1}).
16B
We now upper bound H (X;|Mara, A<(ex), {J = i}) on the rhs of 255). Let
= -
&= {|MALG NEL| > 2KL|P| and Mac E} (256)

and let Z denote the indicator of €. Note that E[Z] = Pr[€] > Z; by (253). We have

H(Xi‘MALG7A<(£,k)a {i=1}) < H(X;, Z’MALG,A<(4’]€), {j=1i})
< H(Z)+ H(Xi|Mara, Ac (o), {i = i}, Z) (257)
<1+ H(Xi|[Marc, Aoy, 13 =1}, 2),

where we used the fact that H(Z) < 1, as Z is a binary variable. At the same time, since E[Z] =

EiNUNIF(ﬁ) [Z|{j=1i}] > & by @53), and j ~ UNIF(]%), there exists a subset 7 C B such that

|T| > ﬁ\]oﬂ and for every i € 7 one has E[Z|{j = i}] > ;. For every i € J one has
H(X;|MaraAc iy, 1 =1}, 2)
= H(Xi‘MALG',A<(g7k), {J =iNZ = 1}) -PI’[Z = 1|{J = 1}] (258)
+ H(X;|Mara, Ao p): { =1iNZ =0}) - Pr[Z = 0{j = i}]
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We now bound both terms on the rhs in (258)). For the second term we have

H(Xi|Marc, Acopy, {i=1NZ =0}) <Epr_, . [|9[] - H2(1 - 1/K)
1 (259)
< (1+ ﬁ)E’T\ “Hy(1-1/K)

where the first transition is because »_ ¢ Xi(y) = [(1 — +)|Sk[] by definition of X; and the second
transition is by Lemma 5] (2). R

For the first term on the rhs in (238) we note that since M4 C E as we are conditioning on the event
& (by conditioning on {Z = 1}) for every y € Sj that is matched by M4 one has X;(y) = 1. By

conditioning on {Z = 1 A j = i}, we get by \MarcNEL ;| > %, and hence

Marc N EL
_ Mare 0Byl alP| T

= >n/8.
VSIS S akms S aKgsd
For every fixing A of A, 1) one has,
1
H(X;|Mara, {A = i—iAZ=11)<(1— Hy(1——— ),
(Xl Masc (e = AT =1AZ =1D) < (1= )IsulFe (1= 5= )

since conditioned on M4z, A,j = i and the success event Z = 1 there are exactly (1 — )| S| values of
y € Sk \ Marc such that X;(y) = 1, and hence the conditional entropy of Xj is bounded by

. 1Sk \ Marel ) _ (1 —)|Sk|
o2 <<1 L —ry)\sm) = log; << L —wrsk)
. (1=)ISk]
~ o <<1 — xiy)( —fmsu)

< (1 —79)|Sk|H2 (1 - K(ll—fy)> )

where the last transition is by subadditivity of entropy. Recalling that v > 1/8 and > 0 is a small constant
we bound the rhs above by

(1 — )| Sk Ha (1 - K(ll_w> < (1 —n/8)[Sk|Hz <1 - M)

< (U VAE T (= (1= et

where in the second transition we also used the fact that by Lemma 85| (2), we have |Sy| < (1 + v/€)%|T.
At this point we also note that

(260)

1 1 1 1 1
1-n/8)Hy(1—- ——— ) = —logg K+ —— — —log—— + O(1/K?
(= n/9tta (1= ot ) = o lom K+ s = e log -+ O(U/K?)

(1 —n/8)
1 g+ O(1/K?).

1
< Hy(1-1/K)— KIOgil—n/

since Hy(1 — 1/K) = #logy K + 71— + O(1/K?) and K is larger than a constant. Putting the above
bounds together, we get, assuming that K is larger than 1/7 by a large constant factor,

H(XiIMara, Acqny, 1 = 1A Z = 1)) < (14 VO o [T] - Ha(1 = 1/K) - Qn/K)T],
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for every i € J, which by implies fori € J
.. 1
H(Xi|Mara:Acery), {i =1} 2) < (1 + \@)E\T! "Hy(1-1/K) -« (K2L2> 1P| (261)
Finally, fori € f’; \ J we have the bound

- 1
H(Xi|Mara, Acery (i =11 2) < (1+ Ve 1T - Ha(1 = 1/K), (262)

since the number of nonzeros in Xj is exactly [(1 — 1/K)|Sy]. Putting 261)) and (262)) together with
and using (257)), we get

H(XTL, A gpy) <> H(Xi|Mara, Acep), {i =1})
icB
< Z(l + H(Xi|Marc, Acex), i =1}, Z))

icB
<> (H(Xi|A<(€7k)) —Q (K2L2> |P|) Z H(Xi[Ac(o)

ieg ieB\J

=" HXilA ) ~ 712 (57253 1P
icB

On the other hand, since |Sg| > (1 — \/€) |7 for all choices of Ay by Lemma (2), we get, since the
nonzeros of Xj are a uniformly random set of size [(1 — 1/K)|S]|], that

H(XAce) > (1 = VO IT] [B]- (1 — on(1) a1 — 1/K).

Substituting this into (253)), we get

5= 2 0 (L) 171+ 1P~ O T B Ha(1 ~ 1/K)
>0 (g ) 71 1P (since e < K190 by [p6)] [ps fanafp3)
>0 (s ) [BI- 1Pl (since |7| > [BI/(K L))
> Qx(|B| - |P)).

Now note that |103| > (1/2)|B| since |Exty| < K and n is sufficiently large as a function of K. Finally, recall

that by [(p0)]
20n

N =m" =n"",

and therefore
B| > |F|/(KL) = 2 = N$(1/loglog ),

To summarize, since |P| = O(L)N and L is an absolute constant, we get a lower bound of
s — QK(‘B‘ . ‘P’) _ ’P’1+Q(l/loglog|P|)’

as required.
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A Proof of Lemma 4

Proof of Lemma@: Fix ¢ € [L], and let G* = (S, T*, E') denote the ¢-th gadget graph. Let (£')* denote a
subset of E* that contains every edge independently with probability C'/(€2n) for an absolute constant C' > 0.
We show that with high probability over the choice of (E’)¢ the edge set (E )‘] contains a matching of at least
a1 — e fraction of S* to T* \ T'. We drop the superscript £ to simplify notation.

Now note that for every subset A C S and B C T'\ T} such that |A| > |B| — en one has

|IEN (A x (T\ (T, UB)))| > (en/2)>. (263)

Indeed, sort elements of A = {ay,...,a,},r = |A], sothat m(a1) < 7(a2) < ..., w(a,). We have for every

i=1,...,rthatw(a;) > n/2 —r+1i. Since a; has an edge to every j € T such that j > 7(a;), we have that
the degree of a; in F is lower bounded by n/2 + r —i. At most [T, U B| = |Ty| + |B| < n/2+ (r — en)
of these edges go to 7% U B (this is where we use that |B| < |A| + en), and therefore the i-th vertex in A
contributes at least (n/2+r —i) — (n/2+ (r —en)) > en — i. Thus, the first en/2 vertices in A have degree
at least en /2 outside of T, U B, which proves (263)). The probability that none of these edges are included in
the sample E’ is bounded by

(577,/2)2 627'L2/4
(1 _ C) _ (1 - C) < exp(—Cn/4) < 2747,

e2n €2n

Taking a union bound over all choices of A C S, B C T \ T (at most 22" choices), we get that with high
probability for every A C S, every B C T'\ T such that |A| > |B| + en one has

E'N(Ax (T\ (T, UB))) % 0.

This precludes the existence of a vertex cover in E/ N (S x (T \ 1)) of size smaller than |S| — en, and thus
there exists a matching of all but en vertices in .S to 7'\ T, as required. Combining these matchings over all
gadgets gives a 1 — O(e)-approximation to the maximum matching in G = (P, Q, E). [ ]

B Proofs omitted from Section

B.1 Proof of Lemma
Proof: We start by proving (1). Due to the assumption that y € T}, we have
linej(y) = {y/ € [m]™ : (¥ —y)s = Oforall s # j}
={y e[m]":(y —y)s=0foralls #j}.

Since there are exactly m possible values for y; one has [line;(y)| = m. Also note that j ¢ J<, since
Jj € By, Jop, € Bog and B, N By = (0. Thus, every y' € line;(y) coincides with y on all coordinates

s € Jap, s0y; /m € {0, 1-— ﬁ) forall s € {0,1,...,k — 1} per (28), and hence we have y' € T}, and
line;(y) C Ty.
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For (2), we note that since (K — s)|m for every s € [K/2] by and |(p1)} there are exactly m /(K — k)
values for y/, namely {m/(K —k),m/(K — k) +1,...,m — 1}, that result in ¢’ ¢ T}/, by definition of T},

(see (BI)).

For (3), we recall that by (30)

S — {x €Ty : wilz) € [0, Kl_k> W (mod W)}.

For every « € T}, one has

1

linej(z) NSy = {x’ €m]":a’; =x_jand wt(z') € [0, K—k) - W (mod W)}

Write 2/ = (2_;7}), where #/_; € [m]["/\7}. Note that by definition of wt(2") (Definition [24)
wt(z') = wt(z ;) + .

We thus get

lline;(x) N Sk| = j 7

{x/ €[m":a"; =x_;and wt(2') € [0, 1) W (med W)H

1
{x’ €m": 2’ ; =z jand wt(z’ ;) + 2} € [0, K—k) W (mod W)H

where the last equality uses the fact that since W | m and (K — k) | W by and , exactly a =
fraction of settings of x; € [m] result in

1
t(z') = wt(a! e |0, ——
wt(z') = wt(x )—I—:EE[,K

L)+ _k>-W (mod W).

This establishes (3).
For (4), we first recall that by (31))

; 1
Thus for every x € S,‘Z; one has

line;(z) N Si‘ = j %

{x/ €m: o = a_; and wie) € [0, 1) W (mod W)

and

dmefor- i)

{x/ € [m]": x’_j =x_j and x;/m € [0,1 — K—k> H
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where the last equality uses the fact that exactly ﬁ fraction of settings of x; € {0, 1,...,(1— A )m — 1}
lead to

1
since (K — k) |mand W | m/(K — k) by and|(p1)l We now note that since K — k | m, we get

. 1 1 _
{a:' €m]":a’; =x_jandz}/m € [0,1 - K—k)} = (1 - K—k) [line;(x)|.

Putting the two bounds together yields the result. [ |

B.2 Proof of Lemma [32]
Proof of Lemma [32; We start by proving (1):

1
‘Tk| = |T0| . PryNUNIF([m]") |:yjs/m € |:O, 1-— [(-5) for every s — 0, N k— 1:|

k-1
1
= |Tp| - H Pr, uN1F(mn) |:yjs/m € [07 1= 3>]
5=0

k—1
1
= |Tp| - H (1 - ) (since K — s divides m for all s € [K /2] by assumption)

iy K —s
T Mg s
= 0 _—
0 K —s
K—-—(k—-1)-1
— Ty -
T -
= [To| - (1 — k/K),

as required.

We now prove (2). Pick any coordinate » € By, and recall that T}, does not depend on r, i.e. for every
z_, € [m]M\} such that (z,,z_,) € T}, for some z, € [m] one has (z,,z_,) for every x, € [m]. This is
because by ([28)) 7} only depends on coordinates in B_j. This means that

1
Skl = Prounir(m,) Z Ts € [0, K—k:) - W (mod W)
s€[n]

(264)
=E,  ~unirm) |Pre,~UNIF(im]) ZZES [ s k> W (mod W)| |,
s€n]

where we used the fact that T}, is independent of 7 to conclude that z,, ~ UNIF([m]) in the inner probability
regardless of the choice of x_,.. For the inner probability we get

Pr,, uNIF(m] sz [ K k:) W (mod W)

s€[n]

1
= PrzTNUNIF([m]) Ty € |:O “> - W= e[z]\:{ }l‘s (I’IlOd W)
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where the last line uses the assumption that K — k | W and W | m. Substituting this into (264)), we get
|Sk| = 72%|T%|. Since by (1) one has |T}| = |Ty| - (1 — k/K), this implies that

1 1 1
|Sk| = m|Tk| =K (1 —k/K)|To| = ?|T0|7

as required.

C Proofs omitted from Section 3

C.1 Construction of the set F

Lemma 157 For any € € (0, 1), any integers m > 1 and w = (€/2)m, there exists a collection F, . C
{0,1}™ of vectors of Hamming weight w with 10g | Fnw.e| = Q(€2>m) such that for all u # u' € F,,
(u,u) < ew.

Proof: The proof is via the probabilistic method. Partition [m] into w subsets Iy, ..., I, with |I5] = m/w
for s = 1,...,w. We pick uy,...,uy independently as follows. For every j = 1,..., N, the vector u;
includes exactly one random element of I for each s = 1, ..., w. This ensures that the Hamming weight of

each u; is exactly w.

We now show that the vectors have small intersection size with high probability. Fix i # j € [N]. Imagine
u; being fixed and picking the w elements of u; one by one. Let X denote the indicator random variable
for the event that the sth element of u; (picked from I;) is also in S;. Then (u;,u;) = >_. ; X}, and we
set 41 := E[(u;,u;)]. Note that ¢ = (w/m) - w, since for every s = 1,...,w the vector u; has exactly one
nonzero coordinate in I, and the probability that u; chooses the same coordinate is 1/|/s| = w/m. We have
Pr[(u;,u;) > ew] = Pr[>_; | Xy > 2u] The random variables X, are independent and thus the Chernoff
bound yields

2

Pr{(u;, ;) > 2u) < (Z)“ < e~ Uw/mw) < —ctm

for a constant ¢ > 0. Setting N = 2(In2 €)ee’m/2 o that (g) < N2 = (lmze)ec®m _ cee?m by a union bound
with positive probability [u; N u;| < ew for all 7 # j, simultaneously, as desired. Note for this choice of N,
we have log | Fpu.c| = log N = O(e*m). [ |

C.2 Proofs of Lemma [102 and Lemma 113

Claim 158 For every x € [m|", every j € F, every pair of integers c,d, ¢ < d such that (W/w) | (d — ¢), if
A divides W /w,

He<t<d:wt(x+t-j) (mod W)el[0,1/N)- W} =—-(d—c).

> =

Proof: First, we write
t=u-(W/w)+wv,

where u = |t/(W/w)| and v = ¢t (mod W/w), so that
wt(z +¢-j) (mod W)= (wt(x)+t-w) (mod W)

= (wt(z) + (u- (W/w) +v)-w) (mod W) (265)
= (wt(z) (mod W)+wv-w) (mod W).

129



Similarly, write

f-(Wjw) +e
g-

d (W/w) + e,

where f = |c¢/(W/w)], g = |¢/(W/w)] and e = ¢ (mod W/w) = d (mod W/w) (the last equality is
justified by the assumption that (WW/w) | (d — ¢)). With this notation in place, using (263), we can express
the set in question conveniently as

{c<t<d:wt(x+t-j) (mod W)el[0,1/N)-W}
={f-Ww)+e<t<g-(W/w)+e:

(wt(z) (mod W)+wv-w) (mod W)e[0,1/X)- W} (266)
{7 (W) < (W) 40— < g (W)

(wt(z) (mod W)+ wv-w) (mod W) e [0,1/)\)- W}

Note that for every u such that
f+1<u<g (267)

one has
- Ww) <u-(W/w)+v—e<g-(W/w) (268)

forall v € [W/w] = {0,1,...,W/w — 1}, since e € [W/w] = {0,1,...,W/w — 1} by definition of e.
Now since A | W/w by assumption, using (263) we get that for every u that satisfies exactly 1 - (W/w)
choices for v € [W/w] lead to

(wt(x) (mod W) +wv-w) (mod W) el[0,1/\)-W. (269)

It remains to note that for u = f the condition in is satisfied if and only if e < v < W/w, and
for u = g the condition in (268) is satisfied if and only if 0 < v < e . Since {e,e + 1,...,W/w — 1} U
{0,1,...,e — 1} = [W/w], we again get that overall exactly 3 - (W/w) choices of v satisfy (269). This
establishes the claim. [ ]

Lemma 159 (Intersection of a cube with a subspace) ForeveryI,J C F,|I|,|J| < K% everyac A-ZN[0,1)7,
if R = RECT(J, a), the following conditions hold.

(1) Forevery x € [m]™ \ B one has
(1 — €23y . AL G < |subspacey () N R| < (1 +€2/3) . A"l G,
where G = (M /w).
(2) For every positive integer A < K, if
R ={z € R:wt(z) (mod W)e[0,1/\) - W},
one has for every x € [m|" \ B

(1—€¥3y. % AN G < ’subspacel(m) N R" < (14 €¥3). % AN G

where G = (M Jw).
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Proof: For ¢t € Z! with ||t||o, < 2M /w consider

o =x+ >t (270)
iel

and note that every vertex in subspacey(x) can be written in this form by Definition Since z is not a
boundary point, i.e. € [m]" \ B (see Definition [78), one has 2’/ € [m]" for every such ¢. Thus, it suffices
to bound the number of choices of such coefficients ¢ that result in both blocky(z’) = blocky(x) and 2’ € R
to prove (1) and similarly bound the number of choices of ¢ that result in both blocky(z") = blocky(x) and
2’ € R’ to prove (2). We do this in what follows.

Notation and basic properties of 2/. We start by noting some basic properties of z’. First note that for
everyk eINJ

(2, k) — (2, k) + trc - w)| = [{@+ > _t;-1,K) — ((,K) + ts - w)
icl

= Z ti'<iak>

icT\{k} 271)
> i |(i,K)|

iel\{k}

elT] - [[t]foo - w

(2€|1]) - M.

IN

IN A

and forevery k € J\ 1

(2 k) = (2, k)| = [(+ D _ti-1,k) - (2,k)

iel

Zti ’ <17k>

(272)

< el [[t]]oo - w

For every k € I define
1
gk = LU ({(z,k) (mod M))J (273)

for convenience, and note that
1
0<{(zr,k) (mod M)-—w { ({(x,k) (mod M))J < w. (274)
w

Fix nn € (0,1/10), and assume that 7 satisfies

n > 2w/M and n > 5¢I]. (275)
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Lower bound. We now prove that any ¢ such that

M M
—at () Ste< —aek (At A=) (276)
forallk € INJ and M M
et — <t <-—get+—-(1-1n) 277)
w w
fork € I\ J satisfies
(@) 2’ =2+ ) ;cti- i € subspacer(z) N R as long as 7 is not too small (recall that gy is defined in (273));
(b) blocky(z') = blocky (z).

The two bounds above show that any ¢ that satisfies both and (277) leads to 2’ € subspacey(x) N R.
Counting the number of settings of ¢ that satisfy these constraints, we get

|subspacey(z) N R| > (M/w)m(l — 417)‘I\J|(A — 477)|m‘]|

(278)
> (M/w)N AT (1 — 45/ M),
where we used the fact that since > 2w /M by assumption, we have [nM /w] < 2nM /w.
We start with (a). We verify that the dot product of every " as above with k € I N J satisfies
(z',k) (mod M) € [ag,ar + A)- M. (279)

First, for kK € I N J, using (271, it suffices to show that
(x,k) (mod M) +tx-w € [ag,ar + A) - M,

as well as show that the quantity on the lhs above does not fall too close to the boundary of the interval on the
rhs (to ensure that the error terms in (271)) can be absorbed).
We have using the upper bound on ¢ from as well as (274)

(r,k) (mod M)+t -w<{(x,k) (mod M)—w-qx+ (ax+A—n)-M (by (276))
= ((z,k) (mod M)—w-qx)+ (axk+A—1n)- M
<w+(axk+A—n)- M (by 274))
:(ak+A+%—n)~M.

We also have using the lower bound on ¢y from (276)as well as (274)

(x,k) (mod M) +tx-w > (x,k) (mod M)—w-qx+ (ax+17n) - M (by 276))
= ((z,k) (mod M)—w-qx)+ (ax +17n) - M
> (ax +1) - M. (by 274))

The two bounds together imply that for all ¢ satisfying one has
(asc+m) - M < ({0, k) +tic-w)  (mod M) < (ai+ A+ = —1) - M.

We also note that qx € [0, M /w), implying that one has |ty | < 2M /w for all k € I for every ¢ satisfying
and (277) as long as n < 1. Combining this with (271]), we get that for every ¢ satisfying (276)) the point
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' = x4+ Y gt - isatisfies 279) for t € IN J by (275). Similarly, we get using (272) that for every ¢

satisfying and (277) the point 2’ = = + >,y t; - i satisfies fort € J\ Iaslong as holds.
We now establish (b). Note that for every ¢ satisfying and (277) and every k € I one has, using (271))

and (272) that
—qk - w+nM — (2e[I)M < (', k) — (2, k) < —qic - w + (1 — )M + (2¢I) M.

Indeed, this follows directly from (277) for k € I\ J, and follows from for k € I N J by recalling that
ax € A-ZNJ0,1) C[0,1 — A]. Rearranging the terms and using (275)) , we get

(k) — g - w < (2, k) < (z,k) — g - w + M.

By definition of ¢y (see (273) we have 0 < ¢ - w < ({(z,k) (mod M)). Thus, the above implies

1, 1
— K| = —(xk
{M@ ’ >J {M@’ >J
for all k € I, and therefore blocky(2’) = blocky(x). Since ||t||co < 2M /w, we get that 2’ € subspacey(x).

Upper bound. We now upper bound the number of choices for ¢ such that 2’ as in (270) belongs to
subspacey(z) N R. We first note that every such ¢ that leads to 2/ € subspacey(x) N R must satisfy

(a) forallk €1

M M
_Qk_nEStkS_Qk‘i‘(l"f‘n) (280)

w
(b) forallkeINJ

M M M M
tx & —Qk+77$,—(ﬂ<+; : (ak—ﬁ)) U <_Qk+w : (ak+A+n)a_Qk+(1_n)E (281)

M
w

We start by proving (a). Suppose that (280) is not true for some k € I. We assume that ¢, < —qx — 7
(the other case is analogous). Then one has

(@ k) < (z.k) —aqu—nM+ Y |t ik
iel\{k}
< (w/M — 5+ (2€¢]1])) M,

where we upper bounded the difference of the first two terms on the rhs by w as per (274)), and used the fact
that ||¢||cc < 2M /w to upper bound the last term. Since n > 2w/M and n > 5¢(I|, we get | (z', k) /M| <
| (x,k)/M |, and hence blocky(z’) # blocky(x).

We now prove (b). We consider two cases.
Case 1: Suppose that —qy + 77% <tkx < —qg + % - (ax — 7). Since

(oK) (mod M) —w-au+ (ax— ) - M < (a5, —m)- M (by CTH)

and
(x,k) (mod M)—w-qx+n-M=>n-M,

we get, using (271) and together with the assumption that » < 1/10 and the fact that A < 1/2 by|(p3)}
that (2, k) (mod M) ¢ [ay,ax + A) - M.
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Case 2: Suppose that —qi + 2L - (ax + A + 1) < tx < —qi + (1 — n)2L. Then we have

(x,k) (mod M) —w-qx+ (axk +A+n)-M > (ax + A+n)M (by @74))
and
(,k) (mod M) —w-qx+(1+n)-M<(1+w/M-n)-M,

and hence using (271)) and together with the assumption that n < 1/10 we get (z/, k) & [ax,ax + A) -
M.

Counting the number of settings for ¢ that satisfy both (a) and (b), we get

|subspacey (z) N R| < (M/w)(1 + 4n)TIN(A 4 4)I < (M /w) T AN Q1 4 an/A)H . (282)

Gathering bounds and setting the parameter . We now let

n=c- K3, (283)
so that
(1 + 4n/A)U < (1 + 4n/A)K° (since |I| < K?)
<1+ 46[(3/A)K2 (by setting of 1)
< (1—1—45[{3-KK)K2 (sinceAZK_Kby (284)
<14 8K KHS (since 4eK® - KX < 1 by|(p6)} [(p5)and|(p3))
<1+ 2BRBKKED)
<1+€/3/3 (by [(P&).
The last transition uses the fact that
el /BRK+D < g52/3 g K+5 (by [P3)
< QI OO0K? [ K+5 (by [(p3)]and [p3))

<1/3,

since K is larger than an absolute constant. Similarly we have (1 — 4n/A)1 > 1 — ¢2/3/3. We also verify
that our setting of 7 in satisfies conditions in (273)). First, we have n = K3 > 5¢|I| since |I| < K? by
assumption and K is larger than an absolute constant. We also have n > 2w/M by This completes the
proof of (1).

We now prove (2), the second bound of the lemma. We consider two cases, depending on whether INJ #

0.

Case 1: INJ # (. Consider any choice of ¢ that satisfies and (277), which by our analysis above
leads to 2’ € subspacey(z). Now select k, € I'N J arbitrarily, and let ¢y, vary in the range

M M
gt —ak Sk, < —ge+ — - (ak + A). (285)
w w
We have per (270) together with the fact that |u| = w for all u € F that

wt(z') = wt(z) + Z w - b

kel
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Letting z = 2 + > cp (.1 K - tk, we get by Claim

M
H—ax, + ax, - o Sl <T@t (ak, +A) -

RIS

1 M

SN —,

A w

Note that the preconditions of Claim are satisfied since % | A - % by and A | % since A\ < Kisa
positive integer by assumption of the lemma as well as|(p1)

Since our analysis above shows that every ¢ that satisfies and[277|leads to 2’ € R, we get

wi(z +t-ky) (mod W) €[0,1/A) - W} =

1
|subspacey(z) N R'| > (/\A - 477) (M Jw)T (1 = an)™I(A + 4p) I (286)
where the 1 - A — 47 term above is due to the fact that by (286) one has

M
|{—Qk*+(ak*+77)'zétk* <—Qk*+(ak*+A—77)'Ei
wt(z +t-ki) (mod W) e [0,1/))- W}
M M
>{—qx, +ax, - o Stk < @t (ak, +4) - p

wt(z +t-ky) (mod W) e [0,1/N) - W} —4nM/w

> (1.A_477>.M’
A w

as the assumption 7 > 2w /M implies that [nM /w] < 2nM /w. Similarly, we get

1

|subspacey(z) N R'| < <)\

A+ 477) (M Jw)M (1 4 45)INA 4 4g)E0II=L

Similarly to (284)) we get
1
A

since A is a positive integer bounded by K by assumption. Thus,

At+dan<(i +e2/3/4)§ and % A (1- 62/3/4%

(1— 62/3)§ - (M /w)M AT < |subspacey (x) N R'| < (1 + 62/3)§ (M Jw)T AN

as required.

Case 2: INJ = (. The proof is similar to Case 1 above. Consider any choice of ¢ that satisfies
and (277)), which by our analysis above leads to 2’ € subspacej(x). Now select k. € I arbitrarily, and let ¢,
vary in the range

M
— gk < tk, < —qk + o (287)

We have per (270) that wt(z') = wt(z) + 3y g w-ti. Letting 2 = 2+ 37y o1 .y k- fic, we getby Claim

M
H—aqx, <tx, < —qu, +—:
w
1

wt(z +t-ky) (mod W) € [0,1/X) - W}| = 1

SE
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Note that the preconditions of Claim are satisfied since % | % by and \ | % since A < K is a
positive integer by assumption of the lemma as well as[(p)}
Similarly to Case 1, we now get

|subspacey(z) N R'| < (1\ + 477> (M Jw)M (1 + 4n/A)H

|subspacey(z) N R'| > (1\ — 417> (M Jw)M (1 = an/A)1
and
(1- 62/3& (M) < [subspacey(z) N R| < (1 + 62/3& (M w)V

as required. |
We now give a proof of Lemma [I13] restated here for convenience of the reader:
Lemma [113|(Restated)
For every 1,J C F,[1,|3| < K2, everya,b € A-ZN1[0,17,a < b, if R = REcT(J,a,b) is a
rectangle such that v := [ ;.13 (bi — aj), the following conditions hold.

(1) Forevery x € [m]™ \ B one has
(1—€/%) -y -G < |subspacey(x) N R| < (1+€*) v - G,
where G = (M Jw),
(2) For every positive integer A < K such that \ | W /w, if
R ={z € R:wit(z) (mod W)e€|[0,1/))- W},
one has for every x € [m|" \ B

1
(1—€e¥/3). X~7~G < |subspacey(x) N R'| < (1+€e3) .~ .4.G,

>| =

where G = (M Jw),

Proof: We have R = RECT(I,a,b) = U, RECT(I, q) for a subset Q of A - Z N [0, 1)! by Claim [101]
and hence by Lemma[I59| one has

|IRECT(I, a,b) N subspacey(x)| = U RECT(I, q) N subspacey(x)
qeq
= Z |IRECT(I, q) N subspacey(z)|.

qe@

The result now follows by Lemma|[I59] |
We now give a proof of Lemma (102} restated here for convenience of the reader:
Lemma (Bounds on sizes of rectangles) For every I C F such that |I| < K2, for every c,d €
(A-zZNn[0,1),ce<d v:= [Lici(di — ci), R = RECT(I, ¢, d), for every positive integer X < K such that
A | W/w, if
R ={x e R:wt(xr) (mod W)e€[0,1/\) - W},

the following conditions hold:
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(1) the cardinality of R is bounded as
(1 =Ve)y < [Rl/m" < (1+Ve) v

(2) the cardinality of R' is bounded as

(L4 Ve)y

>| =

(L= Vey < |R|/m" <

>| =

Proof: Let C' C [m]" denote a minimial I-subspace cover as per Definition [[12] i.e. a collection of
such that | J, . subspacey(x) = [m]™ and subspacey(x) N subspacey(z’) = () for z, 2’ € C, x # x’. We have

IRECT(I, c,d)| = Z IRECT(I, c,d) N subspacey(x)|

zeC
(288)
= Z |IRECT(I, c,d) N subspacey(x)| + Z |IRECT(I, c,d) N subspacey(x)|
z€C\B r€B
First note that the second term above is upper bounded by
1
(Bl (5M/w)! < —5 m" - (5M/w)" < %y m™, (289)

where we used that fact that for every « € [m]"™ and every I C F one has |subspacey(z)| < (5M/w)!! due to
the fact that the integer vector ¢ of coefficients in the definition of subspace(z) is constrained to be bounded
by 2M /w coordinatewise, as well as the fact that n is sufficiently large as a function of M, W, K, L, A, § and
€.

For z € C'\ B we have by Lemma|[113]
G - (1 — €¥/3) < |subspace;(z) NRECT(L, ¢, d)| < G - (1 + €2/3),

where G = (M /w) [];.1(d; — ¢;). Summing over all z € C as per (288) and using the upper bound on the
second term of (288)) provided by (289) gives the result. [ |

C.3 Proof of Lemma [152|
Proof of Lemma [I52; We start by noting that by (239) and (240)

PuQ==5"U|JT"| UTeren U Youa. (290)
£2>0

For every / € [L] let Z be as in Lemma|136] so that

L—-1-7¢
Ti =270 lvpap oMU | v (THNTE) | (291)
j=1
where
L—1-/¢ ‘ ‘
Z' =TI\ | vpc1pa-o T U | ey (TN TE)
j=1
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and
|Z£| S KL51/4 . |P|

(292)

by Lemma Adding the j = 0 term to the rhs of (291) and 7 \ T to the lhs, we get, recalling that v is

the identity map,

—1-—
T@ _ ZKU v LL-1- K TL 1 U Z-i—j T€+] \T£+])

(293)

Putting (290) and (293) together and letting D = Uf;ol vi—1.1-1-e(TE™1) to simplify notation, we get

PUQ:SOU U Te UTevenUYOdd
Le[L]

l
=S"UDU | | v @I | U [ | Z2° | UTeven U Youa
¢€[L] j=0 te[L]

l
=S'uDu | | Uws@\TH | u| U 2" UTeven U Toua
¢e[L] j=0 te[L]

¢
=s°uDu UUWJTf\T’f Ul U U@ \TH U U 2°| UTeven

¢e[L] §=0 ¢e[L] 3=0 Ce[L)
¢ even £ odd

U Y odd-

(294)

We first upper bound | Y cyep| and |Ypqq/- By Lemmanwe have that for every ¢ € [L],£ > 0, |Tf71\

(8| < 51/4|T€| §'/4N. At the same time, 7 is injective by Clalmand

1S 1="D" ISkl = (1+e/)N/2
ke[K/2]

Lemma , (2), and [T = (1 £ €"/2)N/2 by Lemma E (1), together with the fact that T =
Definition[83| Putting these bounds together, we get

{s e 8" 7%(s) is not deﬁned}’ = O(e"/* + 6Y/*)N.
Thus,
’Teven U Todd’ = O(L : (61/4 + 61/4))N = O(N>7
since
L(V* 4 614y < L5/ (by[B6))
< L- AUOAES by )
<L[.K 2K (since A < 1/K by|(p4))

<K- K 25K? (since L < K by|[(p3))
<1,
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where the last transition uses the fact that K is larger than an absolute constant. Using Corollary [I39|we have

L-1
|D| = U vi—1,-1-e(TE)
=0
L—1
< Z lvp—1,n-1-o(TEY)|
=0
L1 (296)
(In2+ C/K) - T (by Corollary[T39)
/=0
< TP (In2+0.0001)
/=0
= O(N)

so since |S°| = N/2 by definition, it suffices to show that the union of the third and the forth terms on the last
line of (294)) above equals Ap U Ag U Bp U Bg.

To that effect we recall that by Definition for every/ =0,...,L—1landj =0,...,¢ Vg’j+1(Te\Tf) =
79 (DOWNSET ™ (1 ;(T* \ TY))). Thus the union of the first and the second terms on the last line of
can be rewritten as

U U v (T \ TY)

Le[L] j=0
£ even

y4
- U U (ug,j(Tf\Tf) U 77 (DOWNSET! 7 (1 ; (T \Tf))))
te[L] j=0 (297)

£ even] €ven

-1 U U ve(TE\TY) | U U U J(DOWNSET ™ (1 ;(T* \ TY))))
Lel[L] j=0
fevenJj even Z even ] even
= ApUBg U Ay,
where the last transition is by (243]) and and we let
Ao = | v (Exts(T)\ T2).

Le[L)
£ even

By Lemma[106] one has
[Exts(T)) \ T¢| < Vo|TY),

which implies, since vy , maps every vertex to at most K L+l < KK vertices, that
|Ao| < 2L - K* - V5|TY| < 6N, (298)

where we used to conclude that 2L - K . /5 < §1/4,
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Similarly, we get

¢
U Uwes(r\ )

¢e[L] j=0
£ odd
¢ ¢ (299)
= U U w,@\1H|U U ve (T \ TY)
¢e[L] j=0
€odd J even
= AQ UBpUA;,
where we used (243)) and (247), and let
Ay = | vou(Bxts(TH\ TY).
Le(L]
£ odd
As before, by Lemma[I06] one has
[Exts(T5) \ TY| < VOITY],
which implies, since vy, maps every vertex to at most K L+l < KK vertices, that
A < 2L - K% V65| < 6Y4N, (300)

where we used to conclude that 2L - KX .1/ < §'/4. Putting (292), (298] and (300) together with (296)
gives the result. [ |

D Lower bound of 1 — ¢! using basic gadgets

We now outline how the 1 — e~! + (1) hardness result of [Kap13]] can be obtained using our basic gadgets
above. The bound is somewhat weaker in that it does not prove, for every K > 2, hardness of (1 — (1 —
1/K)% + Q(1))-approximation when the input graph is shared by K parties, as the bound of [Kap13] does.
Our construction is a slight simplification, and gets (1 —e~! 4+ O(1/K))-hardness when the number of parties
is K, which still converges to 1 —e~! with K getting large. One also notes that the sets Sp, S, . . . in [Kap13]]
have geometrically decreasing size, whereas in our case they are all of size about |T'|/K - this is due to a
reparameterization, which is more convenient for our main result, i.e. the ﬁ lower bound.
First, we partition J into disjoint subsets of equal size, letting

.F:B()UBlU...UBf{,

where B; N B; = () if ¢ # j, and K:=[(1-e K] Welet

JeBox...xBg_ |, (301)
ie, jr € By fork € [~] We extend the definition of T} and Sy, for k € [f(] (as opposed to just k €
[K/2 + 1]). Let Ty = T, and for every k € [K] let

1
Tyy1 = {y €Ty : (y,jx) (mod M) € [0,1 - K—k:> M} (302)
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Note that, as above, Ty D17 O ... DT % form a nested sequence, and for every k € [[N( + 1] one has

1
Ty = {y€T0:<y,js> (mod M) € [0,1—K> -Mforallse{0,1,...,k—1}}. (303)

The innermost set in this sequence is again a central object of our construction:
Definition 160 (Terminal subcube) We refer to T\ := T}; as the terminal subcube.

Define

1
Sk =< {:B € Ty : wt(x) € [0, K—k) - W (mod W)} , (304)

The above stands for Sy being a set of vertices such that Sy, < fk, where

Tjy = {x €Ty wi(z) € [0, Kl—l<:> ‘W (mod W)}

is the set of vertices in T}, whose weight modulo W belongs to a certain range. We stress here that unlike the
collection of sets T}, the sets Sy, are disjoint. We also let, for every k € [K] and i € By,

1= {yeTii ) modane 01— 1)
(305)

sg;z{xesk:<x,j> (mod M) € [0,1[(1_16)-1\4}.

First, we note that size bounds in Lemma and Lemma extend forallk = 0,1, ..., K,ie. apply to
the sets defined above (the changes to the proof amount to extending the range of k appropriately). We state
them here for convenience of the reader.

Lemma 161 One has

(1) Forevery k € [K + 1] one has |Tj,| = (1 £ \/€) - |To|(1 — k/K);

(2) Forevery k € [K] one has |Si| = (14 /) - |To|/K;

(3) Foreveryk € [IN(], every i € By, one has |S}€| =(1++e)(1—- ﬁ)|TO|/K.

() Forevery k € [K], every i € By, one has |T,g| =(1++e)(1- %)\Tg\.
Lemma 162 There exists a matching of a (1 — O(1/K)) fraction of vertices in S to T \ T.

We now define the edges of G = (S, T, E) incident on S, for every k € [I~(] For every i € By, let
¢, C [m]” (306)

be a minimal j-line cover as per Definition For every y € C, we include a complete bipartite graph
between line;j(y) N Ints(S3) and line;(y) N (Ty \ 13): let

E,= | Ewj, (307)
ieBy,
where . .
Eyy = U (linej(y) N Ints(S1)) x (linej(y) N (Tx \ T2)). (308)

yECj
We let £ = Uke[f{] Ey.
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Remark 163 Note that the edge set Ey, is fully defined by the prefix J .

Remark 164 We note that the edge set defined in (308)) does not depend on the specific choice of a cover Cj
used, i.e. any minimal j-line cover produces the same edge set as per (308).

Input distribution D. For every k € [f( | sample ji, the k-th element of J, independently and uniformly
from By, so that

J ~ UNIF (By x ... x B, ).
For every k € [I?] ieBpandy € S let
X 3(y) = Bernoulli(1 — 1/K) (309)

denote independent Bernoulli random variables conditioned on }_, ¢, Xp5(y) = [(1— +)|Sk|] for all k and
Jj. We use these variables to sample edges of the graph G as follows. Define

Evy= {u € line; (y) N Ints(S1) « X 5(u) = 1} x (linej(y) N (T} \ T3)),
yeCj

where Cj is a minimal j-line cover, and let

E) = U Epj.
i€By,
Comparing this to the definition of the edge set of G in (307), one observes that we subsample edges of G in
a somewhat dependent way — the set Ek contains, for every direction i € By, and y € Cj, a complete bipartite
graph between vertices u in line;(y) N Intg(Sf;) that were sampled by X, j(u) and line;(y) N (T} \ T;';). The
fact that randomness is provided by the vertices u € S, as opposed to edges themselves will not be a problem
since we are interested in concentration of matching size in G and do not need to reason about arbitrary edge
sets — see proof of Lemma [I63] below. Let

G=(SUS,,T,EUDM,),

where S, is a disjoint set of nodes of size equal to the size of T}, and M, is a perfect matching between 7T
and S.. Note that the subsampling operation used to produce E' from E has the effect of making it hard to
store edges of G (since the algorithm intuitively must remember which edge of G was included and which
was not), but at the same time ensures that G contains a nearly perfect matching.

Lemma 165 (Large matching in G) With probability at least 1 — 1/N there exists a matching of S U Sy to
T of size at least (1 — O(1/K))|T.

Proof: For every edge e € E define the random variable

Ze—{ 1 ifecE (310)
0 ow

Note that for every matching M C E random variables { Z. }.cas are negatively dependent, since a matching
M touches every vertex at most once.

By Lemma [162] applied to G = (S, T, E) there exists a matching of a (1 — O(1/K)) fraction of vertices
in S to T\ T, — denote this matching by M. Let

M:=MNE={eceM:Z =1}
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denote the subset of the edges of M that are included in E. Note that M is a matching between a subset of .S
and a subset of 7"\ T, and we have

E[[M[]=> Prlec E|= Y E[Z]=(1-1/K)|M|
eeM ec M

by definition of Z, in (310) and the fact that every edge in E is included in E with probability 1 — 1/K
by (309). Since the random variables {Z. }.cs are negatively dependent, we have by an application to the
Chernoff bound (for negatively dependent random variables)

Pr{| M| < (1 - 2/K)|M|] < exp(—Q(|M|/K)).
Since M matches at least a constant fraction of .S, we get that | M| = Q(NV), and therefore
Pr[[ﬁ\ < (1-2/K)|M|] < exp(—Q(N/K)) < N72,
where IV is the number of vertices in our graph instance. [ |
Ordering of edges of G in the stream. _The graph G is presented in the stream over K+1 phases as
follows. For every k € [K |, the edges in Ek = E N Ej are presented in the stream (the ordering of edges

within a phase is arbitrary). Finally a perfect matching between 7T and a disjoint set of nodes .S, is presented
in the stream.

Definition 166 For k € [K ] we write G<k =(T,SyU...USk_1, E<k) where E<k = Use[k} E..
Definition 167 For every k € [K] let A, = (Xj, J3,). We write Ay, = (As)o<s<k

Remark 168 Note that égk is fully determined by A and Xy, and ji, is uniformly random in By condi-
tioned on A ., and X.

D.1 Upper and lower bounds on matchings in G
We first prove

Lemma 169 (Large matching in é) With probability at least 1 — 1/N there exists a matching in G of size
at least (1 — O(1/K))|T.

Proof: By Lemma|165|with probability at least 1 — N ! there exists a matching of a 1 — O(1/K) fraction of
StoT\ T in G. Since G also contains a perfect matching of 7 to a disjoint set of vertices S, this gives the
result. [ |

We now turn to upper bounding the performance of a small space streaming algorithm on our input
distribution D. Since the input is sampled from a distribution, we may assume by Yao’s minimax principle
that the streaming algorithm ALG is deterministic. Let ALG denote a deterministic streaming algorithm that
uses s bits of space and at the end of the stream outputs a matching M4y in G such that

Pre o [[Marcl > (1—e " +n) [Mopr|] > 3/4

for some positive n € (0, 1), where Mo pr is a maximum matching in G. Note that we are assuming that with
probability at least 3 /4 both M4 is a matching in G (i.e., in particular, the algorithm does not output edges
that are not in G) and the size of M 41 is large as above. At the same time by Lemma one has

Prz ., [|[Mopr| < (1—O(1/K)T|]< N~
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Putting the two bounds above together, we get
Prs o [[Marcl > (1—e ' +n—O0(1/K))|T|] > 1/2. (311)

In what follows we show that any algorithm that achieves (311) must essentially remember, for many edges
of G = (S, T, FE) whether they were included in G.

Upper bounding |M ;|-
Lemma 170 For every matching M C E one has
|M| < |M N ((T\ Exts(Ty)) x DOWNSET(T,))| + (1 — e H|T| + O(|T|/K).

Proof: We exhibit a vertex cover of appropriate size for M. Specifically, we add to the vertex cover one

endpoint of every edge in
M N ((T\ Exts(Ty)) x DOWNSET(T%)),

as well as all vertices in S \ DOWNSET(T}) and Extg(T,). Note that this is indeed a vertex cover for G. The
size of the vertex cover is

|M N ((T\ Exts(T%)) x DOWNSET(7%))| + |S \ DOWNSET(T%)| + |[Exts(7%)|. (312)
We now bound the second and third terms above. First, by Lemma (2), we have

1S]= > ISk < (1+Ve) K- |T|/K < (1+O0(1/K))(1 — e )T,
ke[K]

since K = [(1 — e 1)K | < (1 — e 1)K and /e = O(1/K) by|(p3)l [(p5)|and|(p6)l At the same time we
have

IDOWNSET(T,)| = | | ] DOWNSET4(T,)| = ) [DOWNSET,(T.)].
kelK] ke[K]
For every k € [K] we now apply Lemma , (2), to lower bound [DOWNSET(7)| (noting, crucially, that
T, C Ty for all k& € [K]). For that note that 7, = RECT(I,c,d), where I = {jk}ke[f(]’ ¢j, = 0 and
d;, =1- ﬁ for k € [K]. We thus apply Lemma , (2) with A = K — k and

K-1 K-1 ~
1 K-k-1 K-K _
’Y—H(di—Ci)—H<1—>— == =¢ ' +0(/K),
iel k=0

since K = [ (1 — e 1)K |. We thus get, since /e = O(1/K) by |(p3)l [(p5)|and|(p6)| that

1

IDOWNSET(T%)[ > % (L= VenIT| > e (1 - O1/K)) 7— - 171
Summing over k € [K], we get
1
-1
IDOWNSET(T)| > ) |DOWNSET,(T%)| > e~ (1 — O(1/K)) Z]H 7.

ke[K] ke[K
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Since
[(1—e HK]|

1 1 l—e—l—O(l/K)
I - |

< K —k K-k 0 1—=2x
ke[K]

dr =1 - O(1/K),

b
Il
_

we get
IDOWNSET(T,)| > e (1 - O(1/K)) - |T|.

Finally, we have by Lemmathat |Exts(T}) \ Ti| < V/6|T|, and by Lemma (1), using the calculation
for v above, we have |T,| = (1+O(1/K))e!-|T), and therefore |Exts(T%)| = (1++v/4)(1+O(1/K))e™"-
IT| = (14+O(1/K))e~! - |T| by |(p3)|and|(p5)} Putting these bounds together, we get
|5\ DOWNSET(T})| 4 [Exts(T,)| < (14+ O(1/K))(1 — e H|T| —e (1 — O(1/K)) - |T|
+(1+O0(1/K))e " - |T|
< (1+O0(1/K) (1 —e T,

as required. This together with (312) gives the result of the lemma. [ |
We now prove

Lemma 171 For every matching M C E one has

M N (T \ Exts(T.)) x DOWNSET(T..)) € | ] By, -
ke[K]

Proof: Fix k € [K]. Consider (z,y) € Ej, where z € Ty, y € S, such that (x,y) € EN ((T \ Exts(T%)) %
DOWNSET(7%)). Since z € T}, N (T'\ Exts(T%)) = T \ Exts(T%) (see Definition [105)), there exists s €
{k,..., K — 1} such that

(x,js) (mod M) e 1—K1+5,1—5>-M. (313)

— S

Since (z,y) € Ej, one has y = x+ A-u for some u € By, and integer A satisfying || < 2M /w. Suppose
towards a contradiction that u # ji. In that case one has

‘<y7js> - <$7Js>‘ = ’<5L‘ +A- u,j5> - <xv.]s>’
= [l (u, js)
<|Al-e-w
<2-M
<

where we used the fact that u # js, since u € By, By N J = {ji} and u # ji by assumption. The last
transition is by [(p6)] We thus get by combining the above with (313)) that

(,3s)  (mod M) ¢ [0, - K1_> M,

and therefore y ¢ DOWNSET(T%). Thus, we have u = ji, and therefore (x,y) € E} j,, as required. [ |
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D.2 Proof of Theorem[l

We now give
Proof of Theorem I Now putting (311)) together with Lemmal[I70] we get

M A (T \ Exts(T.)) x DOWNSET(T3))| > | Maze| — (1 — e )| T| + O(|T|/K))
> (1—e +n—001/K))|T| - (1 - e IT| + O(IT|/K))
> (n—O1/K))[T]
> (n/2)|T],

with probability at least 1/2, where we assumed that K is larger than an absolute constant that depends on 7
in the last transition. Thus,

Prs [[MALG N (T \ Exts(T.)) x DOWNSET(T}))| > (1/2)|T] and Marc C E] >1/2.  (314)

Note that the second condition above, namely Mg C E enforces the constraint that the algorithm does
not output non—edgeﬂ We do not add this condition explicitly in calculations below to simplify notation

(one can think of | M| as being defined as zero when M 41 contains non-edges). Now recall that by
Lemma we have

Mare 0 (T \ Bxts(T.)) x DOWNSET(T,)) € | ) Eg,
ke[K]

Thus, there exists k* € [K] such that

> L)) > (315)

Pr [’MALG N By 2K 2K

Jx
Indeed, otherwise one would have

Pr(|[Mare N (T \ Exts(Ty)) x DOWNSET(TY))| > (n/2)|T|]

<Pr [exists k € [K] such that [Marc N Egj,| > %]T\]

n
< 2 Pr [!MALG N Bl = ﬁ‘P‘]
ke[K]

1
<2 ag
kE[K]

1
< K.—
- 2K

=1/2,

a contradiction with (314). N

To simplify notation, we let & = k*. Recall that (a) G<y, is fully determined by A.j; and X}, (see
Definition and (b) conditioned on A, and X}, one has ji ~ UNIF(By). For simplicity of notation we
write B = B, j = jir and X = X

!0The analysis generalizes easily to the setting where the algorithm is allowed to output a small fraction of non-edges, but this is a
rather non-standard assumption, and we prefer to operate under the more standard model where M 41, must be a subset of £ with a
good probability.
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Lower bounding the space usage of ALG. In what follows we show that since M 41, often returns many
edges from Ek as per (313), the conditional entropy of X}, given IT and A<y, is low, which gives the desired
lower bound on s. Let IT € {0, 1}® denote the state of ALG after it has been presented with G <k~ Then finish
running ALG on G >k starting with state II. Let M 41, denote the matching output by ALG. We have

s = [II] = H(II)
> H(I|A<y)
> I(IL X [Ack)
>y I(IT; Xi[Acy)
icB
= I(IL; Xi[Ack, {j = i})
icB

> ZI(MALG;Xi\A<k, {i=1i})
icB

(316)

The second transition uses the fact that conditioning does not increase entropy, the forth transition uses the
fact that Xj;’s are independent conditioned on A g, the forth transition uses the fact that J is independent of
IT and Xj conditioned on A . The final transition is by the data processing inequality:

Lemma 172 (Data Processing Inequality) For any random variables (X,Y, Z) such that X — Y — Z forms
a Markov chain, we have 1(X;7Z) < I(X;Y).

We now lower bound

Do I(Mare; XilAcy, { =1}) = Y H(Xi|Ack, {j = 1}) — H(Xs|Mare, Ay, {§ = 1})

icB icB (317)
=Y H(Xi) — H(Xi|Marg, Ay, {j = 1}).
icB
We now upper bound H (X;|Marc, A<k, {j = i}) on the rhs of (317). Let
5::{\MALGmEk,jy > %\P[ and Marc gE} (318)

and let Z denote the indicator of €. Note that E[Z] = Pr[€] > i by (3I3). We have
H(Xi|Mare, A<k, 4§ =1}) < H(X;, Z|Mare, A<k, {§ = 1})
< H(Z) + H(Xi|Marc, A<, {i = 1}, Z) (319)
<14+ H(Xi|Mara, A<k, {j = i}, Z),
where we used the fact that H(Z) < 1, as Z is a binary variable. At the same time, since E[Z] =
Eivnirm) [ZHj =1} > 57z by BI5), and J ~ UNIF(B), there exists a subset 7 C B such that
|| > f|B| and for every i € 7 one has E[Z|{j = i}] > ;. For every j € J one has
H(Xi|Mare: A<k, {j =i}, Z)
= H(Xi|Marc, A<, {i=1AZ =1}) - Pr[Z = 1|{j = i}] (320)
+ H(Xi|Mara, A<k, {i = 1A Z =0}) - Pr[Z = O[{j = i}]
We now bound both terms on the rhs in (320). For the second term we have

H(Xi|Marg, Aci, i =1NZ =0}) <Ep_,[|Sk]] - H2(1 - 1/K)

1 (321)
< (L+ VO [T] - Ha(1 = 1/K)
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where the first transition is because »_ ¢ Xi(y) = [(1 — +)|Sk[] by definition of X; and the second
transition is by Lemma|161] (2). B

For the first term on the rhs in (320) we note that since M4 C E as we are conditioning on the event
& (by conditioning on {Z = 1}) for every y € Sj that is matched by M4 one has X;(y) = 1. By

conditioning on {Z = 1 A j = i}, we get by 3I8) |Marc N Er | > %, and hence

_ Marc N Byl o 0P| T
| Skl T 2KSk| T 4K Sk

>n/8.
For every fixing A of A~ one has,

. . 1
H(Xi|Mare, {Ack = AN j=1AZ =1}) < (1—7)|Sk|Hy (1 - M) ’

since conditioned on M4z, A,j = i and the success event Z = 1 there are exactly (1 — )| S| values of
y € Sk \ M4 such that X;(y) = 1, and hence the conditional entropy of Xj is bounded by

ISk \ Maral '\ _ o (1 —)|Sk|
o8 ((1 . v>|sk|> = logz <<1 1 v>|sk>

. (1 - IS
~ o <<1—K(f_7)><1—v>|sk|>

< (1= 7)[Sk[He (1 - K(ll_,y)) :

where the last transition is by subadditivity of entropy. Recalling that v > 7/8 and > 0 is a small constant
we bound the rhs above by

(1 —)|Sk|Ho (1 —~ M) < (1—n/8)|Sk|Hz <1 - M)

< (VAT =0y (1= et

(322)

where in the second transition we also used the fact that by Lemma 161} (2), we have |Sy| < (14 /€)% |T].
At this point we also note that

1 1 1 1 1
1_ H(1—-——mMm | = —1 K+ ——F——log—F 1K2
( 77/8)2( K(l—n/8)> K8 K T g T R gy T O
1 1
< Hy(1 - 1/K) — = log ——— 1/K?).
< Hy( /K) KOgl—n/8+O(/ )

since Hy(1 — 1/K) = #logy K + 715 + O(1/K?) and K is larger than a constant. Putting the above
bounds together, we get, assuming that K is larger than 1/7 by a large constant factor,

.. 1
H(Xi|Marg: A<\l = 1A Z = 1}) < (1+Ve) (T - H2(1 = 1/K) = Q(n/K)|T].
for every i € 7, which by (320) implies fori € J

1
H(Xi|MasaAars (5 =1}, 2) < (14 VO IT] - Hy(1 = 1/K) - (5 ) IT) (323)
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Finally, for i € B \ J we have the bound

1
H(Xi|Mara, A<k, {i =1}, 2) < (1 + ﬁ)g’ﬂ - Hy(1-1/K), (324)

since the number of nonzeros in Xj is exactly [(1 — 1/K)|Sy]. Putting (323)) and (324)) together with (317))
and using (319), we get

H(XT,Ac) <) H(Xi|Maga, Ack {j = i})

i€eB
< Z(l + H(Xi|Marg, Ak, {§ =i}, Z))
icB
< Z (HXilAw) =@ (55 1T1) + D2 H(XilA<)
ieB\J
- ZH(Xi|A<k) -171-9 () 7!
icB

On the other hand, since |Sy| > (1 — v/€) 7|7 for all choices of A, by Lemma (161} (2), we get, since the

nonzeros of X; are a uniformly random set of size [(1 — 1/K)

|, that

H(X|Aci) > (1= V&) 2 [T] [B]- (1 — on(1) a1 — 1/K).

Substituting this into (317)), we get

s =111 > Q (25 ) 171+ 7]~ O(Ve) I - [B] - Hx(1 — 1/K)
> Q (L) 171+ 1T] Gsince e < K71 by [ip6) [ps)]and[ip3))
> Q () [Bl-IT|  (since || > |BI/(4K)
> Qi (B |T1).

Finally, recall that by

and therefore

IB| > |F|/K = 2% = NQe(1/loglog N)

To summarize, we get a lower bound of

as required.

s = QK(’B’ . |T’) — ‘T|1+Q(1/1oglog\T|)’
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