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Linear regression
Input:

» a sequence of d-dimensional data points aj, ..., an € R?
> values b;=f(a;),j=1,...,n

Output: linear approximation to f
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Linear regression
Input:

» a sequence of d-dimensional data points aj, ..., an € R?
> values b;=f(a;),j=1,...,n

Output: linear approximation to f

Solve least squares problem:

n
; 2 2
min ) (ajx — b;)= + Allxll5
XE[Rdj:1
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Think n> d, i.e. big data: lots of noisy samples

d
A -=b
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d

A‘zb

Exact solution: »
X* = (ATA+)\I) ATb

Takes nd? time to solve naively, a bit faster with fast matrix
multiplication
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d

A -zb

Nearly linear time in size of Awhen n> d?
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d

A -=b

Nearly linear time in size of Awhen n> d?
Approximately optimal quality of fit: find x’ such that
IAX = bl2 + AlIxX'12 < (1 +€) (1 Ax* = blI% + A x*[|?)
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Linear regression
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Linear regression

d
A‘zb

Reduce # of rows in A down to poly(d/e) while preserving
solution cost, in time linear in size of A

6/74



Linear regression

d
A‘zb

Reduce # of rows in A down to poly(d/e) while preserving
solution cost, in time linear in size of A

min |S-Ax = S- b1 + AlIxII3

xeRd
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Linear regression

Q

Reduce # of rows in A down to poly(d/e) while preserving
solution cost.

min |S-Ax — S bl + AllxII3

xeRd

Assume A =0 for simplicity now
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Linear regression

Q

Reduce # of rows in A down to poly(d/e) while preserving
solution cost.

min |S-Ax - S- b2

xeRd
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Linear regression

Q

Reduce # of rows in A down to poly(d/e) while preserving
solution cost.

min |S-Ax - S- b2

xeRd
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Linear regression

d
poly(d/e) ﬁ . ) ﬂ

Reduce # of rows in A down to poly(d/e) while preserving
solution cost.

min |S-Ax - S- b2

xeRd
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Subspace embeddings

A random matrix Sis a (d,€,8)-subspace embedding if for
every subspace P cR" of dimension d one has

Ps[|ISyl° - 1y12|<elyi® forall ye P =1-5
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Ex.1 Identity map S=1/,
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Subspace embeddings

A random matrix Sis a (d,€,8)-subspace embedding if for
every subspace P cR" of dimension d one has

Ps H||Sy||2— ||y||2| <elyl®forall ye P|=1-5
Ex.1 Identity map S=1/,
Ex.2 Matrix with = d/e? rows independent Gaussians
Ex.3 Subsampled randomized Hadamard transform
Ex.4 COUNTSKETCH

Ex.5...

Why are subspace embeddings useful? Solve the (smaller)
sketched problem!

min ||S~AX—S~b||2
xeR9
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Prove that ||S-Ax - S-b]|? is close to [|Ax — b][2?
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Prove that ||S-Ax - S-b]|? is close to [|Ax — b][2?
Let S be (d+1,¢,1/100)-subspace embedding

Subspace P is the column span of Aand b

By subspace embedding property whp over S
| SAx — Sb|| = |Ax - b|| for all xeRY
So
IAX" = bll <¢ |SAX' — Sb| < [|SAx™ — Sb| < |Ax* - b]
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Theorem (Clarkson-Woodruff’13)

Foreveryd=1,¢€(0,1), COUNTSKETCH with B buckets is a
(d,e,0(d?/(e?B)))-subspace embedding.
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Theorem (Clarkson-Woodruff’13)

Foreveryd=1,¢€(0,1), COUNTSKETCH with B buckets is a
(d,e,0(d?/(e?B)))-subspace embedding.

Sketching matrix S with B rows (buckets) and n columns:

+1 0 -1 0 0 0 0 0 0 0 +1 0
0 0 0 0 +1 0 0 0 0 -1 0 0
0 -1 0 0 0 0 0 +1 0 0 0 0
0 0 0 0 0 -1 0 0 +1 0 0 -1
0 0 0 +1 0 0 +1 0 0 0 0 0

Reduce # of rows in A down to about a2 /¢
Find (1 +¢)-approximate fit in nnz(A) + poly(d/e) time
Will show proof from Avron, Nguyen, Woodruff’19
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Subspace embedding property: for every subspace P of
dimension d

Pg [|||Sx||2 — x| <elx|®forall xe P|=1-5
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Subspace embedding property: for every subspace P of
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Subspace embedding property:

Ps [|||SUy||2 - ||y||2| <ellyl? forall yeRY) =1-35

S UozU.
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Subspace embedding property:

Ps[|||SUy||2—||y||2 <elyleforall yeRY| =1-5
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Subspace embedding property:

P3[|||8Uy||2—||y||2 <elyleforall yeRY| =1-5

For all y e RY

ISUyI2-1lyl12=y"UTSTsuy-yTy
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Subspace embedding property:
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For all y e RY

ISUyI2-1lyl12=y"UTSTsuy-yTy
=yT(UTSTSU- Iy

17/74



Subspace embedding property:

P3[|||8Uy||2—||y||2 <elyleforall yeRY| =1-5

For all y e RY

ISUyI2-1lyl12=y"UTSTsuy-yTy
=yT(UTSTSU- Iy
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Subspace embedding property:

P3[|||8Uy||2—||y||2 <elyleforall yeRY| =1-5

For all y e RY
ISUyI2-1lyl12=y"UTSTsuy-yTy
=yT(UTSTSU- )y
Subspace embedding property
|yT(UTsTSU— /)y| <elyl? forall y eR?

equivalent to
||UTSTSU— ’dH2 <e
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For every nx d matrix U with orthonormal rows
|uTsTsu-14|,<e

whp as long as B > d?/e2?
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For every nx d matrix U with orthonormal rows
||UTSTSU— lde <e

whp as long as B> d?/e2?

Will show the stronger bound:
2
|uTsTsu-1y| _<e

whp.
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Hashing almost preserves dot products?

For all x,y e R"
(Sx)TSy~xTy?

(X1 X2 X3 Xa X5 Xg X7 Xg) * (V1 Y2 Y3 Ya Y5 Y6 Y7 V)
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Dot products vs dot products over buckets

(X1 X2 X3 Xa X5 Xg X7 Xg) * (V1 Y2 Y3 Ya Y5 Y6 Y7 V)
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Dot products vs dot products over buckets

X1 Xo X3 X4 X5 Xg X7 Xg

* (V1 Yo Y3 Ya V5 Y6 Y7 ¥8)

A XX

For x,y € R8
Sy X4
SgXg
Sx= S1X1 + SgXp
SoXo + S3X3
S5X5 + S7X7

Sa Y4
Sgys

and Sy=| siy1+5Ss¥e6
SoY2+S3)3
S5Y5+ 577
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Sx

Sy X4
Sg X8
S1X1 + SgXp
SoXo + S3X3
S5X5 + S7X7

and Sy =

Saya
Sg¥s
S1Y1+Se)e
Soy2+S3)3
S5Y5+5S7)7
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Sy X4

Sg X8
Sx=| siXqy+SgXg

SoXo + S3X3

S5X5 + S7X7

Dot product:

-
X Y=Xiy1tXoY2+X3Y3+X4Y4+X5)5+ XY+ X7Y7 + XgV8

and Sy =

Saya
Sg¥s
S1Y1+Se)e
Soy2+S3)3
S5Y5+5S7)7
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Sy X4
Sg X8

Sx=| siXqy+SgXg
SoXo + S3X3
S5X5 + S7X7

Dot product:

and Sy =

Saya
Sg¥s
S1Y1+Se)e
Soy2+S3)3
S5Y5+5S7)7

-
X Y=Xiy1tXoY2+X3Y3+X4Y4+X5)5+ XY+ X7Y7 + XgV8

Dot product of hashes:

(Sx)7(Sy) = 54®Xays
+ 582X8}’8
+(S1X1 +S6X6)(S1Y1+ Se¥6)
+(S2X2 + S3X3)(S2)2 + S3¥3)
+(S5X5 + S7X7)(S5)5 + S7Y7)
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SaXy SaYa

SgXg SgVs

Sx=| s1Xq+5S5Xg and Sy=| s1¥1+5SsV¥s
SoXo +S3X3 SoYo + S3)3
S5X5 + S7X7 S5)5+S7)7

Dot product of hashes:

(Sx)T(Sy) = 542 xay4
+ 582X8}’8
+(S1X1 +S6X6)(S1Y1 + Se¥6)
+(S2X2 + S3X3)(S2)2 + S3¥3)
+(S5X5 + S7X7)(S5)5 + S7Y7)
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SaXy SaYa

SgXg SgVs

Sx=| s1Xq+5S5Xg and Sy=| s1¥1+5SsV¥s
SoXo +S3X3 SoYo + S3)3
S5X5 + S7X7 S5)5+S7)7

Dot product of hashes:

(Sx)T(Sy) = s4%XaY4
+ 582X8}’8
+(S1X1 +S6X6)(S1Y1 + Se¥6)
+(S2X2 + S3X3)(S2)2 + S3¥3)
+(S5X5 + S7X7)(S5)5 + S7Y7)
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SaXy SaYa

SgX8 SgYs

Sx=| s1X1+SsXg | and Sy =] S1y1+Ss¥s
SoX2+53X3 SeY2+S53Y3
S5X5 + S7X7 S5yY5+S7y7

Dot product after hashing:

(Sx)T(Sy) = xay4
+ 382)(8}’8
+(S1X1 +S6X6)(S1Y1 + Se¥6)
+(S2X2 + S3X3)(S2)2 + S3¥3)
+(S5X5+ 57X7)(S5)5+ S7Y7)
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SaXy SaYa

SgXg SgVs

Sx=| s1Xq+5S5Xg and Sy=| s1¥1+5SsV¥s
SoXo +S3X3 SoYo + S3)3
S5X5 + S7X7 S5)5+S7)7

Dot product after hashing:

(Sx)T(Sy) = xay4
+ 582XSYS
+(S1X1 +S6X6)(S1Y1 + Se¥6)
+(S2X2 + S3X3)(S2)2 + S3¥3)
+(S5X5+ 57X7)(S5)5 + S7Y7)
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SaXy SaYa

SgXg SgVs

Sx=| s1Xq+5S5Xg and Sy=| s1¥1+5SsV¥s
SoXo +S3X3 SoYo + S3)3
S5X5 + S7X7 S5)5+S7)7

Dot product after hashing:

(Sx)7(Sy) = xays
+XgVs
+(S1X1 +56X6)(S1Y1 +S6Ye)
+(S2X2 + S3X3)(S2)2 + S3Y3)
+(85X5 +57X7)(S5Y5 + S7Y7)
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SaXy SaYa

SgXg SgVs

Sx=| s1Xq+5S5Xg and Sy=| s1¥1+5SsV¥s
SoXo +S3X3 SoYo + S3)3
S5X5 + S7X7 S5)5+S7)7

Dot product after hashing:

(Sx)7(Sy) = xays
+ XgVs
+X1Y1+ X Y6 + 5156 (X1 Y6 + Y1 X6)
+(S2X2 + S3X3)(S2)2 + S3Y3)
+(85X5 +57X7)(S5Y5 + S7¥7)
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Sy X4

SgXs
Sx=| S1Xy+SpXg

SoXo + S3X3

S5X5 + S7X7

Dot product after hashing:

(Sx)T(Sy) = Xaya
+Xg)s

and Sy =

Say4
Sg)¥s
S1Y1+S6)6
SoY2+S3)3
S5Y5+S7)7

+X1Y1+XsY6 + 5156 (X1Y6 + Y1X5)
+XoYo + X3Y3 + 5253+ (Xo)3 + Y3X2)
+X5Y5+ X7Y7 + 5557 - (X75+ X5 Y/7)
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(X1 X2 X3 X4 X5 Xg X7 Xg) * (V1Yo Y3 Va5 Ve Y7 ¥3)

(Sx)T(Sy)=x"Ty+ > Y. SISt XY
be[B] i,je[n], l;é/
h(i)=h(j)=b

33/74



(X1 X2 X3 X4 X5 Xg X7 Xg) * (V1Yo Y3 Va5 Ve Y7 ¥3)

(ST (Sy)=xTy+ ¥ ¥ sisxy
be[B] i,je[n], l;é/
h(i)=h(j)=b

An unbiased estimator!
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(X1 X2 X3 Xa X5 Xg X7 Xg) * (V1 Y2 Y3 Ya Y5 Y6 Y7 V)

(ST (Sy)=xTy+ ¥ ¥ sisxy
be[B] i,je[n], l;é/
h(i)=h(j)=b

An unbiased estimator!

E[(S07(sy)|=xTy+ ¥ ¥ Esislxy
be[B] ije[n],i#],
h(i)=h(j)=b

::)(7:y
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(X1 X2 X3 Xa X5 Xg X7 Xg) * (V1 Y2 Y3 Ya Y5 Y6 Y7 V)

(ST (Sy)=xTy+ ¥ ¥ sisxy
be[B] i,je[n], l;é/
h(i)=h(j)=b

An unbiased estimator!

E[(S07(sy)|=xTy+ ¥ ¥ Esislxy
be[B] ije[n],i#],
h(i)=h(j)=b
:XTy
Variance?
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(X1 X2 X3 X4 X5 Xg X7 Xg) ®

(S)T(Sy)=xTy+ Y Y sispixy
belB] ije[n.iz),
h(i)=h(j)=b

An unbiased estimator!
E[(SX)T(Sy)] =x"y+ Y Y Esis]-xy

be[B] ijeln]i#j,

h(i)=h(j)=b

Variance?
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(X1 Xo X3 X4 X5 Xg X7 Xg)

2
E|(S0T(sy)-xTy) | =E|| & T siseny
be[B] ije[n].i%),
h(i)=h(j)=b
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(]
2
y Z . SiSiXiyj| = Z Z SiSjSirSjr - XiYiXit Yy
be[B] ije[n),i#), b,b'e[B] i, j,j €[n],i#,i'#]
jeln],i LI Eln) iz 1]
h(i)=h(j)=b h(i)=h(j)=b
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2 B Z SiSiXij| = > > SiSjSiiSjr+ XiYj XYy
be[B] ije[n],i#), b,b'e[Bliij,j€[n],i#j,i' %]
A L €N i#) 1 #]
h(i)=h(j)=b h(i)=h(j)=b

h(i)=h(j")=b'
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YooY sisxy| = ) > SiSjSiSji - XiYjXi ¥y
belB) ijelnliz), bEBY i) €lnl i#].i' 4,
h(i)=h(j)=b h(i)=h(j)=b

h(i)=h(})=b

i J
12345678
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> oY sisxyl= Y 2. SiS|SiSj - XiyXiYy
belB] ije(m.iz), bre[B]i,i jjeln]i#)i'#],
h(i)=h(j)=b h(i)=h(j)=b

h(i")=h(j")=b'

b b

If b#b', the [{i,/,1',j'}| =4, s0 E[s;s;s;15/] =0
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B Z . SiSjXyj =F Z Z SiSjSitSp XiYjXinYjr
bel[B] ije[n].i%), be[B]i,i' j,j e[, %!
N L €ln)i#)i'#]
h(i)=h(j)=b h(i)=h(j)=b,

h(i")=h(j")=b
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Z SiSjXyj =E Z Z SiSjSitSp XiYjXinYjr
belB] ijeinl,iz, belBl il . €l i %
h(=h(j)=b h(i)=h(j)=b,

h(i")=h(j")=b

i=i j=7
123456738
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Z SiSjXjyj =F Z Z SiSiSiSp XiYjXinYjr
be[B] ije[n],i#, be[Blii" jpj elnl.i#).i'#]',
h(i)=h(j)=b h(i)=h(j)=b,

h(i\=h(j")=b

I‘:j'l ':I'/

123456738
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Z SiSjXjyj =F Z Z SiSiSiSp XiYjXinYjr
be[B] ije[n],i#), be[BLi,i",jj elnli#j,i" #]'
h(i)=h(j)=b h(1)=h(j)=b,

h(i\=h(j")=b

i=f j=i

123456738

b

Summand zero in expectation over s unless i =i" and j =/ or
i=j"andj=1/".
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i=j =1

=
12345678

b
N
1
EIlY Y sisxay| | =X g X (K0 +xxy)
belB) ije{r it bet) B el iz
h(i)=h(j)=b
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i=J j=1
1 2 3 45 6 7 8

1
El| X X sisxy| | =g X (¥ +xyy)
be[B] i,je[n],i#), ije[n],i#j
h(i)=h(j)=b
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i=J j=1
1 2 3 45 6 7 8

1
Y Y ssxy| =5 X OF¥+xixyy)
be[B] ije[n],i#), ije[n],i#j

h(i)=h(j)=b

Y (FyPxixyiyp)s Y (Y7 +xixyiy))
hjelrl iz hjelr]
= X122 + (xTy)?
=2 xI2|ly|?
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Theorem
For every x,y eR", every B> 1

L2

< glx 21y112.

[E[((SX)TSy—xTy)2
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Theorem
For every x,y eR", every B> 1

L2

[E[((SX)TSy—xTy)2 =5

So with constant probability

(Sx)TSy=xTy+ %nxn Iyl

Ix121y12.
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Need
|| uTsTsu- /de <e
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Need
|| uTsTsu- /de <e

Enough to prove
2
|| uTsTsu- /d”F <¢?
with high(?) probability
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Need
|uTsTsu-14], <e

Enough to prove
2
|| uTsTsu- /d”F <¢?
with high(?) probability

e[JorsTsu-ule]= 5 (swTsy-uruf
/e[d Jeld]
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Need
|uTsTsu-14], <e

Enough to prove
2
”UTSTSU—QMFSEZ
with high(?) probability

e[JorsTsu-ule]= 5 (swTsy-uruf
/e[d Jeld]

2
=g X IUIFIGIP
e[ je[d]
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Need
|uTsTsu-14], <e

Enough to prove
2
|| uTsTsu- /d”F <¢?
with high(?) probability

e[JorsTsu-ule]= 5 (swTsy-uruf
/e[d Jeld]

2
=g X IUIFIGIP
ie[d] je[d]

2[5 e

ie[d]
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Need
|uTsTsu-14], <e

Enough to prove
2
|| uTsTsu- /d”F <¢?
with high(?) probability

e[JorsTsu-ule]= 5 (swTsy-uruf
/e[d Jeld]

2
=g X IUIFIGIP
ie[d] je[d]

2[5 e

ie[d]
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Need
|| uTsTsu- /de <e

Enough to prove
”UTSTSU—Id”i_sez
with high(?) probability
[”UTSTSU /d|| ] /e[d - ((SU")TSU/‘U,-TU,-)2
<2 % uru

ie[d],je[d]

[

ie[d]

=

mml

<ZjUlt

u:
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Need
|| uTsTsu- /de <e

Enough to prove
”UTSTSU—Id”i_sez
with high(?) probability
[”UTSTSU /d|| ] /e[d - ((SU")TSU/‘U,-TU,-)2
<2 % uru

ie[d],je[d]

[

ie[d]

=

mml

<ZjUlt

u:

49/74



Need
|uTsTsu-14], <e

Enough to prove
2
|| uTsTsu- /d”F <¢?
with high(?) probability

e[JorsTsu-ule]= 5 (swTsy-uruf
/e[d Jeld]

2
=g X IUIFIGIP
ie[d] je[d]

(Z 1l )
ie[d]
SEIIUIIF
_2d?

" B
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Approximate least squares regression

Compute SA, Sb, let x’ be the minimizer of
ISAx — Sb|°.

Time to compute SA is O(nnz(A)), time to solve the resulting
system poly(d/e).
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Approximate least squares regression

Compute SA, Sb, let x’ be the minimizer of
ISAx — Sbl|?.
Time to compute SA is O(nnz(A)), time to solve the resulting
system poly(d/e).
Theorem

Can find a (1 +€)-approximate solution to

min | Ax — b||2

xeRd

in time O(nnz(A)) + poly(d/e).

51/74



Ridge regression?

min [|Ax — bl|Z + A||x||2
XeRY
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Ridge regression?
min [|Ax — bl|Z + A||x||2
XeRY

Sketching dimension smaller than d if A is approximately low
rank?
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Ridge regression?
min [|Ax — bl|Z + A||x||2
XeRY

Sketching dimension smaller than d if A is approximately low
rank?

Theorem
Can find a (1 +€)-approximate solution to

min [|Ax — bl|Z + AJ|x||2
XeRd

in time O(nnz(A)) + poly(sy/e)d, where s, is the statistical
dimension of A.
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Ridge regression?
min [IAX — bl|Z + Al x||2
XeRY

Sketching dimension smaller than d if A is approximately low
rank?

Theorem
Can find a (1 +€)-approximate solution to

min [|AX — b||Z + Al x |12
XeRd

in time O(nnz(A)) + poly(sy/e)d, where s, is the statistical
dimension of A.

Q

Aj
Aj%—A

s\(A) ::tr((ATA+)\I)+ATA) -
j

Il
-
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Statistical dimension

T™Ma
>~
<
+ [
>

s\(A):=tr((ATA+ A1) ATA) =
j
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Statistical dimension

Q

Aj
)\j+)\

s\(A):=tr((ATA+ A1) ATA) =
j

1l
-

Statistical dimension= # eigenvalues above A
+(sum of eigenvalues below A)/A
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Statistical dimension

d \;
sy (A):=tr[(ATA+ANTATA /
( ) /; Aj+A

Statistical dimension= # eigenvalues above A
+(sum of eigenvalues below A)/A

Recall: in COUNTSKETCH need B = |HEAD| and get estimation
error = || x7a. Il /VB.

head
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Ridge regression?

Theorem
Can find a (1 +€)-approximate solution to

min [|Ax — b|Z + AJ|x||2
XxXeRd

in time O(nnz(A)) + poly(sy/e)d, where s, is the statistical
dimension of A.
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Ridge regression?

Theorem
Can find a (1 +€)-approximate solution to

min [|Ax — b|Z + AJ|x||2
XxXeRd

in time O(nnz(A)) + poly(sy/e)d, where s, is the statistical
dimension of A.

(Roughly) U=A(ATA)~1/2 becomes U =A(ATA+Al)~1/2
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Ridge regression?

Theorem
Can find a (1 +€)-approximate solution to

min [|Ax — b|Z + AJ|x||2
XxXeRd

in time O(nnz(A)) + poly(sy/e)d, where s, is the statistical
dimension of A.

(Roughly) U=A(ATA)~1/2 becomes U =A(ATA+Al)~1/2

1UIZ =tr((ATA+ A1) 2AT A(AT A+ A1)71/2)
=tr(ATA+AI)TAT A)

54/74



Kernel ridge regression
Input:

» a sequence of d-dimensional data points xi,..., X, € R?
> values y;=f(x;),j=1,...,n

Output: approximation from class of ‘smooth’ functions on R?
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Kernel ridge regression
Input:

» a sequence of d-dimensional data points xi,..., X, € R?
> values y;=f(x;),j=1,...,n

Output: approximation from class of ‘smooth’ functions on R?

——True Function
+ Data |
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Kernel ridge regression

Main computational effort:

(K+AD) 1y
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Kernel ridge regression
Main computational effort:

(K+A)'y

The (i,j)-th entry of Gaussian kernel matrix K is

Kj = e i)’/

56/74



CountSketch for matrices?

Input:

Output:

r parties hold vectors xi,..., x, e R"
each party sends O(Blogn) bits to coordinator

(assume shared randomness)

find largest entries in A= X/_, xix/

I

more precisely, output approximation A

Aj- Aj| = \/E) IAIE.

Xq er”
Xo € R

X3 € R"———— Coordinator ——— A

5 7

Every party i sends COUNTSKETCH(x;X; ) into O(B) buckets

(SlOW) 57/74



CountSketch for matrices?
Input:  r parties hold vectors xq,..., x, € R"

each party sends O(Blogn) bits to coordinator

(assume shared randomness)

Output: find largest entries in A= X!_, x;x”

more precisely, output approximation A

Aj- Aj| = \/E) IAIE.

Xq er”
Xo € R

X3 € R"———— Coordinator ——— A

5 7

Every party i sends SOMESKETCH(x;) into B buckets?
(fast)
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Define

r
A= Z X,'X,'T e R™N,
i=1

Hash function
h:[n)x [n] — [B]

and random signs

s:[n] x[n]—{-1,+1}

(Sx)p= 3. s(ij)-xix;.
i, je[nl:-h(ij)=b

COUNTSKETCH(x;x.") takes n? time to compute...
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Define

r
A= Z X,'X,'T e R™N,
i=1

Hash function
h:[n] x[n] — [B]

and random signs

s:[n] x[n]—{-1,+1}

(Sx)p= 3. s(ij)-xix;.
i, je[nl:-h(ij)=b

COUNTSKETCH(x;x.") takes n? time to compute...

‘ Make hash functions ‘separable’?

59/74



(X1 X2 X3 X4 X5 Xg X7 Xg) (X1 X2 X3 X4 X5 Xg X7 Xg)

hy ho

S1X SZX

Take two independent instances of COUNTSKETCH: hash
functions
hi,hy : [n] — B,

random signs
S$1,82: [n] —{=1,+1}
Tensor COUNTSKETCH{ and COUNTSKETCH,!
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S1 X 82X

Define tensoring of COUNTSKETCH{ and COUNTSKETCHo:

h(ivj) = by (i) + ha(j) (mod B).

61/74



S1 X 82X

Define tensoring of COUNTSKETCH1 and COUNTSKETCHo:

h(ivj) = by (i) + ha(j) (mod B).

and s(i,j) = s1(i) - s2()).
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S1X 82X
Define tensoring of COUNTSKETCH1 and COUNTSKETCHo:
h(i.j) = hi (i) + ha(j) (mod B).
and s(i,j) = s1(i) - 52(j)-

(SX)p= Y s(i)-xix;
i je[nl:h(i j)=b

= > s1(7)-52()) - XiXj
i,jeln]: by (N +ha(j)=b
61/74



Convolution of Syx and Syx: for be [B]

(Sx)p= > s1(i)-s2(j) - Xix;
i,jeld]:h (D +ha(j)=b

= 2 (S1x)a(s2X)a

ade[Bl:a+a=b (mod B)

= ((S1x) * (S2x))(b)

=Sx
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Convolution of Syx and Syx: for be [B]
(Sx)p= )y s1(1) - s2(j) - XiXj
ijeld]:hi (7)+ha(j)=b

= 2 (S1x)a(s2X)a

ade[Bl:a+a=b (mod B)
= ((S1x) * (S2x))(b)

This is the TENSORSKETCH of Pagh and Pham’13

=Sx
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(Sx)p= 2 $1(1) - 52(/) - XiX-
hjelnl:y (D) +ha(j)=b

Variance of (Sx)7(Sy)? (exercise)
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Hash function h(i,j) = h1(i) + h2(j) is pairwise independent
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Hash function h(i,j) = h1(i) + h2(j) is pairwise independent

Sign function s(i,j) = s1(/) - s2(j) is not 4-wise independent
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Hash function h(i,j) = h1(i) + h2(j) is pairwise independent

Sign function s(i,j) = s1(/) - s2(j) is not 4-wise independent

A= Zx,-x,-T =
i

~1

+10
+5
+2
-1
-1

-1
+5
+1

~1
~1

~1

+2
+1
+2
-1
-1
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Hash function h(i,j) = h1(i) + h2(j) is pairwise independent

Sign function s(i,j) = s1(/) - s2(j) is not 4-wise independent

+1 -1 -1 -

-1 +1 -1 -1

-1 -1 +10 +5

A=Y xx'=| -1 -1 +5 5
I

-1 -1 +2 +1
-1 -1 -1
-1 -1 -1 -1

-1
-1
+2
+1
+2
-1
-1

Note: for every a,b,c,d € [n] one has

Sab*Shc*Scd*Sd,a=1
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Higher tensor powers?
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Define
;

®q nd
= A S .
/‘ }é; )9 ®
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Define
;

®q nd
= A S .
/‘ }é; )9 ®

Compute A such that for every i = (i, ip, ..., ig) € [d]

o()

’//Z\i—Ai’S \/B

1Al F

from sketches of x4, xo,..., Xx,?
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Tensorized version of COUNTSKETCH: hash functions
hy, ho, ..., hq: [n] —[B],
and
h(l) = h1 (I1 ) + hg(lg) +...+ hq(lq) (mod B)

Random signs

51,82,...,5q: [N — {=1,+1}
and

(i) = 51(f1) - S2(i2) -+ Sq(ig)
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Tensorized version of COUNTSKETCH: hash functions
hy, ho, ..., hq: [n] —[B],
and
h(l) = h1 (I1 ) + hg(lg) +...+ hq(lq) (mod B)

Random signs

51,82,...,5q: [N — {=1,+1}
and

(i) = 51(f1) - S2(i2) -+ Sq(ig)

’Can apply to x using g FFTs of length B!‘
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Tensorized version of COUNTSKETCH: hash functions
hy, hy,...,hq:[n]— [B],
and
h(i) = hy (i) + ho(i2) +...+ hg(ig) (mod B).
Random signs
51,52,...,8q: [N] = {-1,+1}

and
s(i) = s1(i1) - s2(i2) -+~ Sq(iq)

’Can apply to x using g FFTs of length B!‘

Theorem (Pagh and Pham’13)
With high probability for every i€ [n]9
o()

)//4\i_Ai|=ﬁ||A||F-
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TensorSketch as a subspace embedding?

Yes, but with an exponential dependence on degree q..

Theorem (Avron, Nguyen, Woodruff’19)
Hashing into ~ 3952 /€2 buckets suffices.

Polynomial dependence on q?
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S internal nodes:

/ \9 is TENSORSKETCH or TENSORSRHT
/ S S\
T T T T

leaves:
T is COUNTSKETCH or OSNAP

Result of Ahle, K., Knudsen, Pagh, Velingker, Woodruff and
Zandieh’20
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So internal nodes:
Sis TENSORSKETCH or TENSORSRHT

Si(vieva) So(vy @ V2)
Si S,
V1//////’ N\\\YQ V%///f K\\\\\\V4
T T T T

leaves:
T is COUNTSKETCH or OSNAP

Only tensor twice, so at a single node
32
4
t[1sx] - o[ G | e

Set B= 5,2q

Errors from < 2q independent repetitions do not accumulate
exponentially
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Gaussian kernel

Kj= e V172 = g1 /2= /24x]

Assume || x| =1 for all /.

Kj=e-e9%
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Gaussian kernel

iy O (P70

k=0 k! k=0 k!
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Gaussian kernel

xTxi _ i N
=) L KI

k=0

So
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Gaussian kernel

T_ ,"_
=) L Ki

k=0

So

Assume bounded dataset: | x> < R for all /.
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Gaussian kernel

T_ ,"_
=) L Ki

k=0

So

Assume bounded dataset: | x> < R for all /.

Truncate series after O(Rlog(1/¢)) terms, additive precision «.
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Gaussian kernel

T_ ,"_
=) L Ki

k=0

So

Assume bounded dataset: | x> < R for all /.

Truncate series after O(Rlog(1/¢)) terms, additive precision «.

Sketch all terms in truncated Taylor expansion

72/74



Theorem (Anle, K., Knudsen, Pagh, Velingker, Woodruff and
Zandieh’20)

Sketch with target dimension poly(R,logn,1/€)s=.

Remove dependence on R?

A high dimensional version of Fast Multipole Methods of
Greengard and Rokhlin’837?

Some recent progress in Charikar, K., Waingarten’??
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Statistical dimension?

Q: is s\ a good parameter for kernel matrices? Better bounds
using geometric information?
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