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1. Introduction

Consider the following scheduling setting, sometimes known
as the concurrent open shop model, or the order scheduling model.
We have a set of machines M = {1, ..., m}, with each machine
capable of processing one operation type. We have a set of jobs N =
{1, ..., n},witheach jobrequiring specific quantities of processing
for each of its m operation types. Each job j € N has a weight w; €
R, and the processing time of job j's operation on machine i is
Pij € Rxo. Operations are independent of each other: in particular,
operations from the same job can be processed in parallel. A job
is completed when all its operations are completed. In this paper,
we focus on minimizing the sum of weighted completion times in
a concurrent open shop. Following the notation of Leung et al. [ 12],
we denote this problem by PD || 3 w;C;. Note that whenm = 1,
or when each job consists of operations all with equal processing
time, PD || Y w;C; reduces to the classic problem of minimizing
the sum of weighted completion times on a single machine [18].

The concurrent open shop model can be considered as a variant
of the classical open shop model in which operations belonging
to the same job can be processed concurrently. This model has a
variety of applications in manufacturing, including automobile and
airplane maintenance and repair [23], and orders with multiple
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components in manufacturing environments [19]. This model also
has applications in distributed computing [6].

The problem PD | )" w;C was first studied by Ahmadi and
Bagchi [1]. A number of authors have since shown that various
special cases of this problem are NP-hard [1,19,4,12]; it turns out
this problem is strongly NP-hard, even when all jobs have unit
weight, and the number m of machines is 2 [16]. Garg et al. [6]
showed that PD || ) w;C; is APX-hard, even when all jobs have
unit weight and either zero or unit processing time.

Quite a bit of attention has been devoted to designing heuristics
for this problem. For example, Sung and Yoon [19], Wang and
Cheng [21], Ahmadi et al. [2] and Leung et al. [ 12] proposed various
heuristics for this problem; all of the heuristics they studied were
shown to either have a performance guarantee of m, or have
an unbounded performance guarantee. Inspired by techniques
in [7], Wang and Cheng [21] used an interval-indexed linear
programming (LP) relaxation of this problem to obtain a 16/3-
approximation algorithm. Finally, several groups of authors have
independently observed that a linear programming relaxation
of this problem in completion time variables with the parallel
inequalities of Wolsey [22] and Queyranne [14], combined with a
result of Schulz [17], yields a 2-approximation algorithm [4,6,13].

We begin in Section 2 by presenting some interesting properties
of various natural linear programming relaxations for PD ||
> w;G; in particular, we show that all these LP relaxations have an
integrality gap of 2. Then in Section 3, we present a combinatorial
approximation algorithm that has a performance guarantee of 2.
This algorithm can be seen either as a primal-dual algorithm,
or as a greedy algorithm that starts at the end of the schedule.
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Although the approximation algorithm independently proposed by
Chen and Hall [4], Garg et al. [6] and Leung et al. [13] achieves
the same performance guarantee, their algorithm requires solving
a linear program with an exponential number of constraints. Our
algorithm, on the other hand, requires O(n(m + n)) elementary
operations. Finally, in Section 4, we show that PD || > wj;G is
inapproximable within a factor of 6/5 — ¢ for any ¢ > 0, unless
P = NP; under the increasingly prevalent assumption that the
Unique Games Conjecture holds, we can show that this scheduling
problem is in fact inapproximable within a factor of 4/3 — ¢ for
any ¢ > 0, unless P = NP. The construction used to show these
hardness results, as well as the integrality gap result in Section 2,
is an extension of the construction used by Garg et al. [6].
Recently, Bansal and Khot [3] and Kumar et al. [11] indepen-
dently showed that if the Unique Games Conjecture holds, PD ||
> w;G is in fact inapproximable within a factor of 2 — ¢ for any
& > 0, unless P = NP. In [3], this result is obtained by combining
our inapproximability construction with a new and stronger inap-
proximability result for the minimum vertex cover problem on r-
uniform hypergraphs. In [11], this result is obtained by combining
our integrality gap construction with an integrality-gap-based in-
approximability result for strict constraint satisfaction problems.

2. Linear programming relaxations

The existing mixed-integer programming formulations and
linear programming relaxations for various machine scheduling
problems (e.g. [15]) provide natural starting points for modeling
the problem of minimizing the sum of weighted completion times
in a concurrent open shop. We present two types of mathematical
programming formulations for PD | ) w;C;, one based on
completion time variables, and the other based on linear ordering
variables.

2.1. Completion time variables

Chen and Hall [4] proposed the following linear programming
relaxation of PD || )~ w;G;:

CT1: min ijq (1a)
JEN

st. Y piG = fi(S) forallie M, SCN, (1b)
j€es

G>C; forallieM,jeN, (1¢c)

where Cj; represents the completion time of job j's operation on
machine i, C; represents the completion time of job j, and

2
ﬁ(S):;Zpizj—l—;(ZpU) forallie M, S C N.
jes jes

The constraints (1b) are the so-called parallel inequalities [22,14]
for each of the m machines. These inequalities are known to be
valid for the completion time vectors of jobs on a single machine;
in fact, they are sufficient to describe the convex hull of completion
time vectors for jobs on a single machine. It immediately follows
that CT1 is a valid relaxation for PD || > w;C;.

By substituting the constraints (1c) into the constraints (1b), we
obtain a further relaxation of PD || )  w;C in fewer completion
time variables:

CT2 : min Zw]-c,- (2a)
JeN

st. Y piG = fi(S) forallie M, S CN. (2b)
jes

The relaxation CT2 will serve as the basis of our analysis of the
algorithm presented in Section 3.

2.2. Linear ordering variables

In addition to explicitly modeling the completion times of each
job on each machine, we can model the order in which the jobs
are processed on each machine. For alli € M and j, k € N such
thatj # k, we define the decision variables §;,, where §; = 1 if
the operation of job j precedes the operation of job k on machine i,
and 8}, = 0 otherwise. These variables are known as linear order-
ing variables. Consider the following mixed-integer programming
formulation for PD || > w;G;:

min Z w;G (3a)
JEN

st. 8, +8;=1 forallie M, j.keN, (3b)
8+ 8+ 0o <2 forallie M, j k,1€N, (3c)
8y, € 10,1} forallie M, j, k€N, (3d)
Gi= Y pudlj+py forallieM,jeN, (3e)

kke#l\j_:

G>C; forallieM, jeN. (3f)

For a given machine i, the set of vectors defined by the constraints
(3b)-(3d) is known to define all permutations of N as described by
these §-variables (the convex hull of this set is known as the lin-
ear ordering polytope). It follows that the mixed-integer program
(3a)-(3f) is a correct formulation of PD || Y~ w;C;.

A permutation schedule processes all jobs nonpreemptively,
without unnecessary idle time and in the same order on each
machine. Using concepts of Pareto minimality, Wagneur and
Sriskandarajah [20] showed that one may restrict attention to
permutation schedules without loss of optimality in problem PD ||
f(C) when the objective function f(C) is nondecreasing in the
job completion times C = (Cj)jen (i€, when f is a regular
performance measure). This result, which also implies that there is
no advantage to preemption in problem PD|pmtn|f(C), is in fact
an easy consequence of the optimality of Jackson’s [8] Earliest Due
Date (EDD) rule for minimizing maximum lateness on a single
machine, as we now show. (In a scheduling environment with a
set of jobs N and due dates d; for all j € N, the lateness of a job
j is defined as the difference between its completion time and its
due date: G — d;. Jackson’s [8] EDD rule—schedule jobs in order of
nondecreasing due dates—minimizes the maximum lateness on a
single machine.)

Lemma 2.1 ([20]). Given an instance of PD || f(C), let C = (G)jen
be the completion times of a feasible (possibly preemptive) schedule.
Then, there exists a permutation schedule with completion times C* =
(Cj*)jeN such that C]* < (foralljeN.

Alternative Proof. Leto : {1,...,n} — N be a permutation of N
such that Cy(1) < -+ < Gy, and let (C;)jeN be the completion
times of the jobs on machine i € M scheduled according to the
permutation o. In addition, for each machine i € M, define the
due dates d! = (; for allj € N. In the schedule corresponding
to the completion time vector C, for each machine i € M, the
maximum lateness over all jobs is nonpositive, by construction.
Since Jackson’s EDD rule is optimal, scheduling the jobs according
to o produces a permutation schedule in which the maximum
lateness over all jobs for each machine i € M is nonpositive; that

is, G <d =Ciforallie MandjeN. O

Lemma 2.1 implies that we only need to find one common
ordering of the jobs to determine an optimal solution. Accordingly,
for all j, k € N such thatj # k, we define the decision variables
ik, where & = 1 if job j precedes job k, and §; = 0 otherwise.
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Consider the following mixed-integer programming formulation

for PD || > w;G, now with only one set of linear ordering

constraints:

min ) w;G (4a)
JjeN

st S+ =1 forallj, k € N, (4b
Ok +8u+38; <2 forallj,k,1eN, (4c

ik € {0, 1} forallj, k € N,
G > Z pikékj—i—p,j forallie M, jeN.

keN:

ket
By Lemma 2.1, it follows that the above mixed-integer program-
ming formulation is also valid for PD || ) w;G;.

Let LO3 be the linear programming relaxation of the mixed-
integer program (3a)-(3f) obtained by replacing the binary
constraints (3d) with nonnegativity constraints. Similarly, let
LO4 be the linear programming relaxation of (4a)-(4e) obtained
by replacing the binary constraints (4d) with nonnegativity
constraints.

2.3. Relative strength of LP relaxations

For any linear programming relaxation X of PD || > w;C, let
OPTy be the optimal value of X. We show the following statement
on the relative strength of the four linear programming relaxations
presented above.

Lemma 2.2. For any given instance of PD || Y w;Cj, we have that
OPTcry = OPTer, = OPT o3 < OPT 4.

Proof. To simplify notation in this proof, when referring to a
vector of completion time or linear ordering variables, we omit
the associated set of indices; these sets should be clear from the
context. .

Fix an instance of PD || 3~ w;G. Let (Cj, ), (CP), (83, G, C),
and (8j, C;') be optimal solutions to CT1, CT2, LO3, and LO4,
respectlvell

Clearly, (C ) is feasible in CT2, and so OPT¢r, < OPTerq. Now

define C = C2 foralli € M and j € N. Clearly, (C}, C?) is feasible
in CT1, and S0 OPTCT1 < OPTcr,. Therefore, OPT¢ry = OPTcrs.
Using techniques from [17], it is straightforward to show that

(Cj3) is feasible in CT2, and so OPT¢, < OPT_o3. To show the re-
verse inequality, for each machine i € M we define P' = {(G)

YiesPiG = fi(S) forallsS € N}yand B = {(G) : Yy piG =
fi(N), Zjes piC; > fi(S) forallS C N}. As mentioned earlier, for

eachi € M, the polyhedron P' is the convex hull of completion time
vectors for jobs on machine i. In addition, for each i € M, the poly-
tope B' is the convex hull of completion time vectors corresponding
to permutation schedules on machine i [22,14]. It follows that P* is
the dominant of B' (see [15] ). Therefore, for every machine i € M,
there exists a vector (C; ) € B such that C2 < C2 forallj € N.

Also, for every machmel € M, since (Cz) € Bl represents a convex
combination of permutation schedules on machine i, and each of
these permutation schedules can be represented by a vector of lin-
ear ordering variables and completion time variables that satisfies
(3b), (3¢), (3e), and the nonnegativity constraints restricted to i, it

follows by convexity that there exists a vector ((SJ',f) of linear order-

ing variables such that (51’,3, () satisfies the constraints (3b), (3c),
(3e), and the nonnegativity constralnts restricted to i. Therefore,
(8;,3, C;, C 2) is a feasible solution to LO3, and so OPT g3 < OPTcr,.
So OPTCT2 0PT|_03.

Finally, define 8;,‘} = &) foralli € Mandj, k € N suchthatj # k.

Also, define Cj = (' foralli € M and j € N. Clearly, (8]'3, G, G is
a feasible solutlon to LO3, and so OPT g3 < OPT .. O

The inequality in Lemma 2.2 can be strict. Consider the instance
withm = 2,n =2, wp = Wy = 1,p]1 = 2,p12 = 1,p2] =1,
and p,, = 2. The optimal objective value of LO3 is 14/3, and the
optimal objective value of LO4 is 5.

2.4. Integrality gaps for LP relaxations

Chen and Hall [4], Leung et al. [13], and Garg et al. [6] inde-
pendently observed that scheduling jobs in order of nondecreas-
ing optimal G to the linear program CT1 is a 2-approximation
algorithm for the problem PD || )" w;C;. They showed this using
a proof technique introduced in [17], which also implies that the
integrality gap of CT1 is at most 2. (In this subsection, we slightly
abuse terminology: for any relaxation X of the problem PD ||
> w;C;, we say that the integrality gap of X is sup{OPT(I) /OPTx(I) :
Iis aninstance of PD | > w;G;}, where OPT(I) denotes the op-
timal value of PD || Y w;C; under instance I, and OPTx(I)
denotes the optimal value of the relaxation X under instance I.)
Similarly, one can show that scheduling jobs in order of nonde-
creasing optimal C; to the linear programs CT2, LO3, and LO4 are
also 2-approximation algorithms, and that for all these linear pro-
grams, the integrality gap is at most 2. We show that the analyses
of these LP relaxations are tight: the integrality gap is 2 for CT1,
CT2,L03, and LO4.

Theorem 2.3. The integrality gap is 2 for the following linear
programming relaxations: CT1, CT2, LO3, and LOA4.

Proof. As mentioned above, it follows from [4,13,6] that the
integrality gap of CT1 is at most 2. We next show that the
integrality gap of LO4 is at least 2.

Let (N, E) be a complete r-uniform hypergraph. (An r-uniform
hypergraph is a pair (N, E) where N is a finite set, and E is a family
of r-element subsets of N. The elements of N are called nodes, and
the elements of E are called hyperedges. An r-uniform hypergraph
(N, E) is complete if E is the family of all (:‘) r-element subsets of
N.) We construct an instance of PD || ) w;C; as follows. Each node
j € N corresponds to a job. Each hyperedge i € E corresponds to
a machine, som = (:) Foreachi € M and j € N, the processing
time pj is 1ifj is in hyperedge i, and 0 otherwise. All jobs have unit
weight. Note that in any feasible schedule without unnecessary
idle time, every machine processes jobs only during the first r time
units.

We first show that in any feasible schedule without idle time,
there are at least n—r+ 1 jobs that complete at time r. We consider
two cases.

1. There are at most r — 2 jobs that complete at or before time r — 1.
Therefore, at least n — r 4+ 2 jobs complete at time r, which
directly implies the claim.

2. There are at least r — 1 jobs that complete at or before time r — 1.
Let Abe a set of r — 1 jobs that complete at or before time r — 1.
Since (N, E) is a complete r-uniform hypergraph, for any job
j € N\A, we have that AU{j} is a hyperedge in (N, E). Since there
arer — 1 jobs in A, this implies that every job j € N \ A cannot
complete until at least time r on the machine corresponding to
the hyperedge A U {j}. Since [N \ A| = n — r + 1, there are at
least n — r + 1 jobs that complete at time r.

Let OPT denote the optimal value of this instance. It follows from
the above observation that OPT > r(n — r + 1). Now consider the
following solution to LO4:

S =1/2 forallj ke N:j#k,

G = rlré;?\l/lx[ Z DikOk; —|—p,,] forallj € N.
keN:k#j
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It is straightforward to show that this solution is feasible. Also, note
that G = (r — 1)/2 + 1, and so OPT.os < n(r + 1)/2. Letting
r = n*/4, we have that

OPT 2n¥4(m —n?4 + 1)
OPTios — n(n34+ 1)

which approaches 2 as n goes to infinity.
The result now follows from Lemma 2.2. O

)

3. A combinatorial 2-approximation algorithm

In this section, we present a simple combinatorial 2-
approximation algorithm for PD || )~ w;C;. Our algorithm can be
seen as a primal-dual algorithm, or as a greedy algorithm start-
ing from the end of the schedule. Unlike the LP-based approxima-
tion algorithms mentioned in Section 2.4, our algorithm does not
require the solution of a linear program; in fact, our algorithm re-
quires O(n(m + n)) elementary operations. Although it does not
require solving the linear program CT2, we use this linear program
and its dual in the analysis of our algorithm. Note that the dual of
CT2is

max Y > fi(S)yis (5a)
ieM SCN

st. D pj D Yyis=wjforalljeN, (5b)
ieM SCN:jeS
Yis >0 forallie M, S CN. (5¢)

Our algorithm works as follows. We find a permutation schedule
by starting at the end of the schedule. We determine the last job to
be scheduled by observing that its completion time is achieved on
the machine with the maximum load when all jobs are scheduled;
we choose the job with the minimum weight-to-processing time
ratio on that machine. We adjust the weights of the other jobs to
ensure dual feasibility, and proceed in determining the next-to-last
jobinasimilar manner. A full description of the algorithm is below.
We assume that all jobs require positive processing time on at least
one machine; in other words,

forallj e N, p; > 0 foratleastonei e M. (6)

Note that this assumption is made without loss of generality: we
can set aside the jobs that require zero processing time on all
machines in a preprocessing step, and then schedule these jobs at
the beginning of the permutation schedule for the remaining jobs
constructed by the algorithm below.

Algorithm 3.1. Input: instance of PD || ) w;C;: number of jobs
n; number of machines m; processing times p; € Rx for
alli € M and j € N; weights w; € Rxq forallj € N.

Output: permutation schedule of jobs o : {1,...,n} — N.

1. Initialize:
a. ] < N (unscheduled jobs)
b. Li <= ) ey Pij for all i € M (load of machine i)
c. wj < wj forallj € N (adjusted weights)
2. Fork=n,n—1, ,2,1:
a U <« arg max,eM L (determine machine on which job o (k)
completes)
b. o (k) < arg minj{w;/p, ;} (determine job o (k))
C. 0 < Wok)/Pu.otk)
wj < wj — 6 - p,jforallj € J (adjust weights)
d. Lj < L — pi.o for alli € M (update machine loads)
e. ] < J\ {o(k)} (update unscheduled jobs)
When computing u and o (k), break ties arbitrarily.

To show the performance guarantee of Algorithm 3.1, we need
the following useful property of the set function f;, first proved
by Schulz [17] in the context of completion-time-variable LP
relaxations for other scheduling problems.

Lemma 3.2 ([17]). Forany i € M, and S € N, we have that (Zjes
pi)? < (2 - 25) K.

Now we show the main result of this section.

Theorem 3.3. Algorithm 3.1 is a (
rithm for PD || > w;C;.

2 )-approximation algo-

Proof. For ease of notation, let 1« (k) denote the machine x chosen
in Step 2a at iteration k, let 6 (k) denote the value 6§ computed in
Step 2c at iteration k, and let w;(k) denote the adjusted weights w;
computed in Step 2c at iteration k for all j € N. In addition, let J (k)
denote the set of unscheduled jobs J at the beginning of iteration k;
thatis, J(k) = {o(1),...,0(k)}.

Define the following dual solution: foralli € M and S C N,

{G(k) ifi = u(k), S=J(k) forsomek=1,...,n
yLS = 0

otherwise.

We show that y = (¥is)iem.scn is a feasible solution to the dual
linear program (5a)-(5c). Since w; > 0 for all j € N, Steps 1c,
2a and 2b, along with the assumption (6) imply that 6 (n) is well-
defined and that in fact, #(n) > 0. In addition, at any iteration
k =2, ..., n,the choice of o (k) in Step 2b implies that w;(k) > 0
for allj € J(k). It follows by Steps 2a and 2b and the assumption (6)
thatfork = 1,...,n—1,0(k) is well-defined and in fact, 6 (k) > 0.
Therefore, y is well-defined and satisfies (5c). Next, observe that at
every iterationk =1, ...,n,

n
(k) = wj — Y puw,0() forallj e J(k).
1=k

It follows that y satisfies the constraints (5b), since for any job o (k)

withk =1, ..., n, we have

n
Zpi,o(k) Z Yis = Zp#(z),a(k)y#(z),j(l)
ieM SCN:o(k)eS I=k

n
- ()
= Pur.otOD) = Woty — Do (k) = oy,

I=k

where (i ) holds since Steps 2b and 2c imply that w, ) (k) = 0 for
allk =1,

We now show that the schedule constructed by the algorithm
isa (2—2/(n+1))-approximation. Note that the completion times
(Gj)jen under the permutation schedule produced by the algorithm
satisfy Co(1y < Go2y < -+ =< Cym), and by Steps 2a and 2b,
Coty = Zjej(k) Dutj = Z],F:l Duk),o G forallk = 1,...,n. Let
(CjLP)jeN be an optimal solution to CT2,and let (C) ey be an optimal

completion time vector. The objective value of the permutation
schedule produced by the algorithm is

YwG=y (ZPU > yf,s) G

jeN jeN \ieM SCN:jes
=3 yis > _piG= Zy/uku(k) Y PutoiG
ieM SCN jes jel (k)

n k
= Yutwih ) Puw.o(Cos)
k=1 j=1
(11) k
Z Yutr g | Cotky Z Pputk).o )
=1
11
= Z Ytk J k) Z Puk).o ()
k=1 j=1
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(iv) 2 &
< (2 - n+ 1) ;yu(k).](k)fu(k)(](k))

) 2 p 2 .
2o i) Bonet = (- ) o

jeN jeN
where (ii) holds since C,y > C,(j forallj = 1,..., k, (iii) holds
since Co ) = Zﬁ:] Puk),o ) (iv) holds by Lemma 3.2, and (v) holds
since y is feasible in (5a)-(5c).

Finally, we analyze the running time of the algorithm. The
algorithm runs through an initialization and n iterations. Each
step in the initialization of the algorithm takes at most nm
elementary operations. Each step in each iteration of the algorithm
takes either at most m elementary operations or at most n
elementary operations. Therefore, the algorithm requires O(n(m+
n)) elementary operations. O

The above analysis of the performance guarantee of Algo-
rithm 3.1 is tight. Consider the following instance with m = n,
and

n

- ifj<i,
bi =1 .

0 otherwise

foralli=1,...,nandj=1,...,n

All jobs have unit weight. It is straightforward to show that the total
completion time of the permutation schedule (n,n — 1,...,2, 1)
is n(n + 1)/2. On the other hand, suppose that Algorithm 3.1,
when computing © and o (k), breaks ties by always choosing the
machine or job with the highest index. It turns out that when
using this tiebreaking rule, Algorithm 3.1 outputs the permutation

schedule (1,...,n) which has a total completion time of n.
Therefore, using the objective value of the permutation schedule
(n,n—1,...,2,1) as an upper bound on the optimal value, the

performance guarantee of Algorithm 3.1 cannot be better than
2-2/(n+1).

4. Hardness of approximation

In this section, we give lower bounds on the approximability
of the problem PD || " G (all jobs have unit weight), both un-
der the standard assumption P % NP, as well as under the in-
creasingly prevalent additional assumption that the Unique Games
Conjecture [9] holds. In order to show these inapproximability re-
sults, we make use of the following theorems on the inapprox-
imability of the maximum cardinality independent set problem on
r-uniform hypergraphs. (An independent set of an r-uniform hyper-
graph (N, E) isasubsetI of N such thati\I # ) for every hyperedge
iekE.)

Theorem 4.1 ([5]). For any y € (0,1) and § € (0, 1/2), the
following problem is NP-hard: given an r-uniform hypergraph G =
(N, E) withr > 3, decide whether

(i) G contains an independent set of size greater than or equal to
(1— -5 —=8)IN|, or
(ii) all independent sets of G have size strictly less than y |N|.

Theorem 4.2 ([10]). Assuming the Unique Games Conjecture is true,
forany y € (0,1) and 6 € (0, 1/2), the following problem is NP-
hard: given an r-uniform hypergraph G = (N, E) withr > 2, decide
whether

(i) G contains an independent set of size greater than or equal to
(1—1 —8)IN|, or
(ii) all independent sets of G have size strictly less than y |N|.

Using the above results, we can show the following.

Theorem 4.3. (a) PD || ) C; is hard to approximate within a factor
of 6/5 — ¢ for any ¢ > 0, unless P = NP.

(b) Assuming the Unique Games Conjecture is true, PD || >_ C; is hard
to approximate within a factor of 4/3 — ¢ for any ¢ > 0, unless
P = NP.

Proof. First, we show (a). Let G = (N, E) be an r-uniform hyper-
graph. We construct an instance of PD || ) C; as we did in the
proof of Theorem 2.3: each node j € N corresponds to a job, and
each hyperedge i € E corresponds to a machine. For eachi € M
and j € N, the processing time pj is 1 if j is in hyperedge i, and 0
otherwise. As before, in any feasible schedule without unnecessary
idle time, every machine processes jobs only during the first r time
units. The key observation is as follows: I C N is an independent
setin G if and only if each job in I can be completed by time r — 1.

Let OPT denote the optimal value of this instance of PD || _ C;.
Suppose that condition (i) from Theorem 4.1 holds. Let I be such an
independent set. By the observation in the previous paragraph, we
know that all jobs in I can be completed by time r — 1, and that all
the remaining jobs N \ I can be completed by time r. Therefore, in
this case,

1 1
0PT§(r—l)~<l———8)|N|+r-<—+8>|N|
r—1 r—1

= <(r—1)+—1 +6) IN]|.
r—1

Now suppose that condition (ii) from Theorem 4.1 holds. This im-
plies that in any schedule, at least (1 — y)|N| jobs are forced to be
completed at time r. Therefore, in this case,

OPT= 1-y|N[+7-(1—=y)IN[= (@ — (= 1Dy)IN|.

It follows that a (=2 — ¢)-approximation algorithm for PD ||
(r—1)2+1

> G can solve the decision problem in Theorem 4.1. Whenr = 3,
we have that (,[(Z;lll =6/5.

Using the above ideas in conjunction with Theorem 4.2, and by
setting r = 2, one can show (b). O
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