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The Next Big Barrier

Prove superpolynomial lower bounds for

ACO[p]-Frege systems.

* Why is this so hard, especially when superpolynomial
lower bounds have been known for ACO[p] for over 20
years??

« We don't even have conditional lower bounds (other
than the assumption NP 2z coNP)

« We also don't know if any proof complexity lower bound
implies a circuit lower bound

« This motivates the study of algebraic proofs
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U NSOLVARILITY o POLNOMIAL EQUATIONS

INPUT: A system of PolYNomfa( equatSns over +
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ALGEBRAIC PROOF SYSTEMS

o ALYEDBRALC PROOF SYSTEMS CERTIFY VNSOWARILITY OoF A
STEM OF POLYMOMIAL EQUATIONS OVER [F
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NULLSTELLENSATZ

Let B =2 R0I=0, . ., PnG)=D3 Then @ is unsolvable  over
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IPS (cont'd)
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IP5 (cont'd)
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VP and VNP (Wallunt]

A Aamily ot ?ol\,nomials (F,) is in NP W ds degree and
circsit Size are FOlsl(n)

A family of P°"1"°”"als (f]n) is in VNP f it con be wntten:
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COWNECTING LBs FoR STRONq PROOF SYSTEMS TO CIRwWT LBS ¢
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IPS lower bounds implies VPxVNP

Theorem A super-polynomial lower bound for [constant-
free] IPS implies VNP z VP [VNPO z VPO ] for any ring
R

Key Lemma: Every DNF tautology has a VNPOcertificate.

Proof of Theorem assuming Key Lemma: A super-
polynomial size lower bound on our system means there
are unsat formulas such that every certificate requires
super-polynomial size. Since some certificate is in VNP©
, that function requires super-poly size circuits. QED
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* @ Restnctians of TIPS (eq., multilineor ) [rsTwW (6]
Shub-smale (onjecture — syperpoly TIPS lower bowtds  racur:

X @ 1 T o]

% @ Sopeqﬁab lower beunds on bit c0m/({fvér [ Nekseew' 2]

* @ VP xVNP => superpoly IFS lower bounds for fﬂ? (5T 2]

<+ @ Sueer‘aeL’ L3¢ for Londun"‘-cfe({'h IfS o K UF'?/Z ﬁ“T‘ZZJ
)

* Not for cwF {armu(a.J (f°‘7 kg fed over ﬂ)

& CNP but WMot Efown {o be UNSoT



PROOE (IMPLEX n\/ 200

1Ps

N

Extended Frege

/

PoL( Calculus
G

h 4
Nullstellensatz

Resoluhon |.

Truth Tulde f

Exponenlia)
Li3s known



SEM(-ALgEBRALC PROOF sysTEmMg

SSM\ - AlgEBLAC PROOF S\/IS.TEMS CERTITY VNSOWARILITY ofF A
SSTEM OF pPoLyMOMIAL INEQUALITIES QVERL

GWEN P-3 P(R)*o, A2, .. Pm(XB eoj)
CQfl"\G\( there 1s NO solJtON  Safis (\'(f\j al| QC‘LUC(hdﬂS Oven K
OuR FOCUS 1S ON REFUT NG UNZAT cNF, €O A?PL\, STANDARD TRANMS(ATION

C=C‘AC,_A——- "Cm —b @c = 5Pl)"') Pm) X:-L-*iég K

C- (K‘VX_‘,V?VX —> Pl ORtxae) -l =g



Sos
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THE PMAZING USEFVLNESS OF SOS :LOWER BOuwDS

LOWER BOUNDS IMPLY LOWER BOUNDS FOR A BROAD ELASS
OF ALYOR(THMS
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THE PMAZING USEFVLNESS OF SOS : VPPER. BOUNDS

UPPER BOUNDS CAN AUTOMATICALL GENERATE EFFILIENT ALJS(

o PC /SA/sOS are automatizable
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